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G~ven the densRy operator p, as an mltml value of a Hamiltoman motion that evolves in a time interval At to P2. Then At AE, 
AE being the energy dispersion (or energy uncertainty) oftbe motion, can be esumated from below by comparing the length of 
the Hamiltonlan curve with a geodesic joimng the mltml and the final density operator The lengths are calculated m the Bures 
metric. 

Let the curve o f  the density operators t~p=p(t)  
be a solution o f  

ihb=[H,p], H = H ( t ) ,  (1) 

and assumepj=p(tj) for j =  1, 2 with t~ <t2. Using an 
idea o f  ref. [ 1 ] it is my aim to derive the a priori 

inequality 

12 

f x/trpH 2-  ( t r p H )  2 dt>~hy~2, 
tl  

(2)  

where 

0~< Yt2 ~ ½re, 

COS YI2 ~--"t'12 := t r  x/pl/2p2pl/2 . (3)  

The physical meaning of  the quanti ty r~2 is as follows 
[2 ]: Let ~u~ and ~'2 be two pure vector states o f  a 
(possibly fictitious) larger quantum system and let 
their reduced density operators coincide with p~ and 
P2. Then I (~u,, I//2)1 should be not larger than r~2, 
and Zl2 is the smallest number  with that property. In 
short, zt2 is the supremum of  I (¢~, ¥2) I if  the pair 
of  unit vectors ¥~ and ¥2 runs through all possible 
simultaneous purifications o f  the pair pj and P2. 

In case the Hamil tonian is time independent, the 
expectation values L e and ~72 o f  H and H 2 are con- 
stants o f  mot ion and inequality (2)  simplifies to 

At AE>_. h arccos ~2 ,  

At=t2 -q ,  AE=x/ /~  2 -  (/~)2 . (4)  

A further important  special case appears if 
p ( t ) = I ~ (t)  ) ( ~ (t)  ] describes a curve of  pure states 
which is a solution o f  a Schri~dinger equation 
ih~b=H~. Now eq. (4) looks like [3] 

AtAE>~h arccosl (~ ( t , ) ,  ~ ( t2 ) )  [ .  (5)  

Finally, if ~(tt ) and ~(t2) are orthogonal then the 
right-hand side o f  (5)  takes its maximal value ~h. 
This is a result o f  Anandan and Aharonov [ 1 ]. 

Theproofof (2)  and (3)  is in two steps, and will 
be done for non-singular density operators. The gen- 
eral case follows by continuity. 

The first step starts by lifting the curve o f  density 
operators into the Hilbert space o f  Hilbert-Schmidt  
operators, W, with scalar product 

(W, W ' ) = t r W ' W * ,  (6)  

i.e. we purify this curve by an ansatz 

t ~ W = W ( t ) ,  wi thp( t )=WW*.  (7)  

There is a gauge freedom IV(t ) ~ IV(t ) U(t)  with ar- 
bitrary unitaries U(t) for these purifications. The 
freedom can be diminished by choosing a curve (7)  
which is as short as possible in the metric given by 
the scalar product  (6).  This variational demand pro- 
duces the paraUelity condition [ 4 -6  ] 

W ' W =  W ' I V .  (8) 
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Eq. (8) can be satisfied, as shown in ref. [5], by a 
Schr6dinger motion 

~hiv=HW- W~Q, /~=/~*,  (9) 

where 

kI=2W*YW, withH=pY+Yp, (10) 

and the last equation uniquely determines an oper- 
ator Y= Y(t). Inserting (9) into (8) yields 

2W*HW= W*W~+ nW*W.  (11) 

As is easily seen (9) is compatible with ( 1 ) and im- 
plies in addition 

~h-~p=[H,~], with/~= W*W. (12) 

Now inserting (9) into ( IV, IV) and using ( 11 ) 
gives 

h2( I~, I~) = t rpH2- t r /~ /~  2 . (13) 

Taking the trace of ( 11 ) yields 

tr pl4=tr pH. (14) 

Taking this into account one gets by the help of the 
Schwarz inequality from (13) the relation 

tr pH 2- (tr pH)2>~h2 ( IV, IV) , (15) 

with which step one of the proof ~s done. 
The final step is in proving 

12 IQ 

J ~ IV) dt>~yl2, (16) 
tl 

which gives, together with (15), the desired m- 
equality (2). This will be done by the aid of the Bures 
metrics [ 7 ]. To calculate the Bures distance between 
p~ and P2 one considers a general simultaneous 
purification 

W~ =W(tl)Ut, W2=W(t2)U2, 

m order to get 

~=w, wT, 
(17) 

I I P 2 - P t  lib .... = i n f x / (  Wl -- W2, W I -  W2) 

= ~ ,  (18) 

where the infimum runs through the unitaries Ul and 
U2. The r12 is given by (3). The proof of (18) can 

be found in refs. [2,8]. Now let WI and W2 be a pair 
of points on the unit sphere tr WW*= 1. Its Hilbert 
space distance d equals d=2  sin ½y, where y denotes 
the length of a geodesic arc on the unit sphere con- 
necting Wt and I4"2. This follows because the geo- 
desic arc is a part of a large circle on the unit sphere 
crossing W~ and W2. But the length of any curve on 
the unit sphere of the W-space connecting W~ and 
W2 cannot be shorter than y. Therefore, having in 
mind ( 18 ) and (3), the left-hand side of ( 16 ) can- 
not be smaller than Y~2. However, YJ2 fulfills 

2 sin ~Yl2 = v / 2 -  2rl2 = liPz -P l  lib .... (19) 

and this relation implies (3). This finishes the proof. 
Remarks. (i) Appropriate changes of the operator 

H and the parameter t produce mathematically 
equivalent but physically different inequalities. As 
an example one may choose instead of H the pro- 
jectlon of the angular momentum onto an axis and 
the rotation angle instead of the time parameter. 

(il) Under the condition (8) the right-hand side 
of ( 15 ) is equal to the line element of the Bures met- 
nc (up to the square of the Planck constant and re- 
stricted to the density operators). Defining G by 

p=pG+Gp (20) 

according to refs. [ 5,9 ] one gets W= G W for curves 
satisfying the parallelity condition (8), and this gives 

= t r p G / =  ½ trG/J (21) 

Thus the inequality (15 ) can be rewritten as 

t rpH 2 -  (tr pH)2 >/½h z tr G/~. (22) 

(lii) Restricting on pure states there is no need of  
the step one of the given proof. Furthermore, for pure 
states the metric of Bures is nothing but the Fubini- 
Study metric. Based on that the inequality (5), also 
in the form including time dependent Hamiltonians, 
has been derived already in ref. [ 3]. 

(iv) The square of z12 as given by (3) has been 
called a (generahzed) transttion probablhty in ref. 
[ 2 ]. Using results of ref. [ 10 ] it could be shown in 
ref. [ 11 ] that the same expression results from a quite 
different definition given in ref. [ 12 ]. 

For useful discussions I like to thank P.M. Albert~, 
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J. A n a n d a n ,  B. Crell ,  M. Hi ibner ,  and  G. Rudo lph .  
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