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Relativistic KMS-Condition

The relativistic KMS-condition

Definition

Let i€ {1,...n—1}, A; > 0 and 377" \; = 1. Wightman distributions 23
satisfy the relativistic KMS-condition at inverse temperature 3, if there exists a
positive timelike unit vector e and an analytic continuation of QU%" to the

domain

R+ i(M(VE N (Be+ Vo)) x ... x R4+ i(An(VT N (Be + V-))).

Remarks

@ We denote the analytic continuation again by QU%").

@ Bros and Buchholz formulated several versions of the relativistic
KMS-condition, among them one on the level of the algebra of
observables.
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Relativistic KMS-Condition

The relativistic KMS-condition

Rd

If we are in the rest frame of the thermal system e is just the time unit vector.

Vs =V n(Be+ V) ={(t,x) € R ||t| <inf(x, — x)}
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Reconstruction of two Models

Covariance and Gaussian Measure

Let Sg be the circle of circumference 3 and S(S x R) the Frechet space of
Schwarz functions. For f,g € S(Sg x R), m > 0, Dy = —i0x and Do = —i0q
define the covariance:

C(f,g) = (f, (Do + D + m*) 'g).

The functional
E(f) _ efc(f,f)/Z

satisfies the conditions of Minlos' theorem, establishing the existence of the
Gaussian measure d¢c. Let Q := Sgp(Sp x R) and ¢(f) : Q — R, g — (q, f),
then

f e Su(Ss x R) : / e 4 = e CFN/2,
Q
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Reconstruction of two Models

Time zero fields

In two dimensions Wick ordering is sufficient to resolve the ultraviolet problem.
Let h € Sr(R), g € Sr(Sg) and a € S5, x € R.

o(a, h) = k[mm¢(6k(. —a)® h), o(g,x) = KILmooqﬁ(g ® 0x(. — X)),

lim /Rh(x) :9(0,84(. — x))":¢, dx,

K—00

Jim [ 8(@) 0(5i(.~ 1.0, do

k,k! — o0

lim / f(a,x) :d(0k(- — @) @ dpr (- — x))":c dadx.
SgXR

All exist in LP(Q, X, déc), 1 < p < oo, where X is the Borel o-algebra on Q.
We will write [ h(x) :¢(0,x)":¢, dx, fsﬁ g(a) :¢(,0)":c, dar and

fsﬁxR flo, x) (e, x)":c dadx respectively.
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Reconstruction of two Models

The interacting measure

Let P be a polynomial, bounded from below and introduce a cutoff parameter
/> 0. Let

dp,/ — %67fsﬁx[—l,l]:P(d’(a’x)):C da dx d¢c
i

Z; is a constant, such that fo dpy = 1. The limiting measure exists:
dp = /Iim dp.

This has been done by Hgegh-Krohn [2] and Gerard, Jakel [3] [4].
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Reconstruction of two Models

Reconstruction

Reflection maps R, R':

(R)(a, x) := d(—a, x)
(R'¢)(ex, x) = (e, —x)

For 0 <y < 3 (resp. 0 < y) we denote by ¥, (resp. Y01 the o-algebra
generated by the functions ¢(f) with supp f C [0,7] x R
(resp. supp f C Sg x [0, y]).
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Reconstruction of two Models

Scalar products:

VF, G € LQ(Q,2[0’5/2]7le‘) : (F, G) = / R(F)Gdﬂ 2 0
Jq

VF,G e 1*(Q, £ du): (F,G) = / R'(F)Gdu > 0.
Q

By factoring out the kernels A" and N of (-,-) and (-,-)’ respecitvely, we can
define the physical Hilbert spaces.

Hp = 12(Q, p.5/2,dm)/N and Hc := [2(Q, X0, du)/N".

Let V: LX(Q,Zp0,5/9,dp) — Hg and V' @ L2(Q, X*°°) du) — Hc denote the
canonical projections, then

Qs :=V(1), Qc :=V'(1).

Lastly - without any detail - the Osterwalder Schrader programme provides us
with the generators of time and space translations. On H¢ we have the
selfadjoint operators Hc and Pc, on Hg we have Lg and Pg.
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Reconstruction of two Models

Wightman distributions

Then with ¢c(a+ o, s+ ') = e'Hc=2"PA g (a, s)e("He="Pc) (similarly
for ¢g) define the Wightman functions:

Wén)(oﬂ? S1, 02,82, ..., Qn, s”) = (QC, ¢C(a17 51) e ¢C(a”7 sﬂ)QC)

W (b, 50, e xn) 1= (s, da(t,x1) -+ Bp(tn, x0)Qp)

Wé") satisfies the KMS-condition. Since both models are translation invariant:

Qﬁ(cn)(ocz—oq, S$2—S1,...,0p—Qp—1, Sn—5n71) = (Qc, qbc(oq, 51) s qbc(ozn, Sn)Qc)
W (t— 1,30 —x1, -t —ta 1, X0 —Xn1) 1= (Qp, da(t1, 1) - D(tn, x0)Qp)
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Nelson Symmetry

Nelson Symmetry

Observe the following property of the covariance C:
@ For hi, hy € Sg(Ss) and v == (D? + m?)™1:

e~ I—xlv

lim C(hl®5k(~—X1),h2®5k1(~—X2)):(hl,

k k! —o0 2v

h)

Define Ca(h1, h2) := (h1, 5= h2).
@ And for hy, ho € Sr(R) and ¢ := (D2 + m?*)™%:

e l—ule e~ (B—lta—t1])e

ohim_ COl—t)@h, 0 (- —t2)@he) = (h, 2¢(1 — e—Pe) )

Define Co(hs, hy) = (h1, 7225 o).
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Nelson Symmetry

Nelson Symmetry

B B
— [ 25 (L :P(¢(ax)):gy dx) da = JLJ 25 P($(ax))icy da) dx
2 doc = e 2

e doc
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Nelson Symmetry

Nelson Symmetry

B B
— [ 25 (L iP(¢(ax)):igy dx) da = JLJ 25 P($(ax))icy da) dx

lim e 72 —2
— 00

doc = Ilim e doc
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Nelson Symmetry

Nelson Symmetry

B B
— [ 25 (L iP(¢(ax)):igy dx) da = JLJ 25 P($(ax))icy da) dx

lim e 72 —2
— 00

doc = Ilim e doc

With more work:
For0< o1 <...<an1<%andxeR:

n)g- . n - -
Ell]g)(/al,xl, ey /a,,_1,xn_1) = QI](C )(Oél7 IX1,...,Qp—1, IX,,_1)
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The Theorem

The Theorem

Theorem
Let Tp :=R?+iVs, i€ {1,...,n—1}, \; > 0 and 3.7 ' \; = 1. The thermal
correlation functions QU,(E,")(tz — t1,X2 — Xi,...,th — th—1,Xn — Xn—1) Of the

translation invariant P(¢)2 model admit an analytic continuation into the
product of domains (A73) X -+ X (An—173).
Strategy of Proof:

@ Find analytic continuation of QI](C") using locality on the circle and the
Edge-of-the-Wedge theorem.

@ Use Nelson symmetry to carry this information over to Qﬁ(ﬁ").

@ The spectral theorem finishes off.
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Outline of Proof

Outline of Proof

Heifets and Osipov proved the following theorem.

Theorem

The joint spectrum of Hc and Pc is purely discrete and is contained in the
forward light cone Vy :={(E, p) | |p| < E; E > 0}.

It follows, that the Fourier series 221]&") of the correlation function has its
support in the forward light cone. Thus we can define a function F, which is
holomorphic in

(S xR+ iVY) x ... x (S5 x R+ iVY)

and whose boundary value (in the sense of distributions) is DR

F(& + imy ..., &no1 + inn—1)

27r)n—1
(2m) pk€o(Pc,Ec)
ke{1,..., n—1}
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Outline of Proof

Locality on the Circle

Letie{l,....,n—1}, A >0, >-"°' X\ = 1. The restriction
Qﬁ?)hlvﬁx...mn,lvﬁ is real.

Remark

|

QU(C ) is real on a larger domain. This carries through the proof resulting in a
larger domain of analyticity of QB("), than is demanded by the relativistic
KMS-condition.
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Outline of Proof

Proof of Lemma

If the relative coordinates in A1V X ... X As—1Vj are spacelike the fields
commute:

WC(Oél, S1y...,Qp, Sn)
= (Qf—‘v ¢(O‘1’ 51) e ¢(O‘"7 SH)QC)
= (957 ¢(a"7 5") T ¢(&1, Sl)QC)

= We(au, s1,- .-, Qn, Sn)

n:Ss xR — R (a,s) — |a| +|s]
W:={(a,s) € Sg xR |a<s}, nw:=nlw
AVg = Vig = {(Oz, S) ew | nw(a,s) < )\ﬁ}
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Outline of Proof

Proof of Lemma (continued)

An (a,s) € W is spacelike, iff (a,s) € V. Therefore we have to show, that
Vi,je{1,...,n} : nw((ej,s;) — (e, si)) < . Without loss of generality i < j.

nw((cy, ) = (aissi)) = nw((ey, 5) — (-1, 5-1) + (-1, 5-1) — . .. (v, 57))
< nW((og — 1,5 — Sj71)) + ...+ nw((oc,'+1 — i, Si+1 — S,‘))

n—1
<NoaB+. A NB<BY N=p O

i=1
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Outline of Proof

Edge-of-the-Wedge Theorem

Theorem

Let © € C" open and containing some open, real environment E € R".
Furthermore let C an open convex cone in R". Defining D+ := (R" +iC) N O,
suppose, that two functions F and F_ are analytic in D+ and D_ respectively.
Finally the common boundary values are to be a distribution T € D'(C").

thng)/E Fi(x+iy) f(x) dx = T(f)

lim | F_(x—iy)f(x) dx = T(f)

Then there exist a complex neighbourhood N of E and a function G, which is
analytic in N and coincides with F, in D, and with F— on D_. N can be
chosen independently of F1 and F».

Taken from Streater, Wightman; PCT, Spin and Statistics and all that.
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Outline of Proof

Outline of Proof

Define
F+ = F|(A1VﬁXAAAXAH71V[3)+;V+n.
Applying the Schwartz reflection
principle define a second analytic
function F_ on
(MVs X oo X Apo1 V) + (V) t
by

F_(z) := FL(2).
By the Edge-of-the-Wedge theorem
we now get a complex
neighbourhood N of
A1Vg X ... Aa—1Vg and an analytic
continuation G to

N U (i(v+ U v*)”*l) .
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Outline of Proof

Outline of Proof

Recalling our result from Nelson symmetry, for 0 < a1 < ... < ap—1 < g and
x; € R:

Qﬁ(ﬂn)(im,n, i1, xne1) = W (an,ixa, . a1, iXe1),
we now have an analytic continuation of Qﬁg) to
((v+ SR e r) FiaVs X . X A1 Vi)
where I = —iN/. Finally, applying the spectral theorem to
(s, ¢5(0,0)e™ 18 71PRg5(0,0) - e~ (rm1ta 1P (0, 0)),

we get the analyticity in A (R? + iV5) X ... X Ap—1(R? + iVj).
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Outline of Proof
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