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Motivation

Minkowski spacetime (Rd,η)

Observable alg CCR(Rd) for m = 0.
Vac. 2-pt. function W+

0 (x− y).

Rindler spacetime (M+, g+)

Observable alg CCR(M+) ⊂ CCR(Rd).
Unruh (1976)-DeWitt (1979) detector

τ 7→ c(τ) :=

(
sinhκτ

κ
,
coshκτ

κ
, 0, . . .

)
Unruh (1976) effect

β−1 = κ/2π
√

−η
(
c′(τ),c′(τ)

)
Response function (Fewster, Juárez-Aubry, &

Louko, 2016)

Rd(E) =

∫
R
dτ e− iEτ χ(τ)W+

0 (τ)

R4 = E/2π(1− e−βE) ... ”Bose-Einstein statistics” (Takagi, 1985, 1986).
R3 = 1/2(1 + e−βE) ... ”Fermi-Dirac statistics” (Takagi, 1985, 1986).
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Klein-Gordon QFT =⇒ Bose-Einstein statistics

Thermal 2-pt. functions W±
β of CCR(Rd).

Pauli-Jordan function iG = W+
β −W−

β .

Thermal covariance function H+
β := W+

β +W−
β .

KMS-condition

Fτ 7→EW+
β (τ,x− y) =


i

1− e−βE
Fτ 7→EG(τ ;x− y),

1

1 + e−βE
Fτ 7→EH+

β (τ,x− y)

H+
β depends on β.

G independent of β.
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Klein-Gordon QFT =⇒ Bose-Einstein statistics?

c× c : R× R 7→ (τ, ς) 7→
(
c(τ), c(ς)

)
∈ Rd × Rd

KMS-condition

Fτ 7→EW+
β

(
t(τ),x(τ)− y(0)

)
=


i

1− e−βE
Fτ 7→EG

(
t(τ),x(τ)− y(0)

)
,

1

1 + e−βE
Fτ 7→EH+

β

(
t(τ),x(τ)− y(0)

)
G depends c′′(τ) = κ↔ β?
d = 4 (Ooguri, 1986):

G(τ) =
1

2π
δ′(τ)⇐⇒

{
Fτ 7→EG(τ) = E/2π = P1(E),

suppG = {0} = Huygens’

d ≥ 4 even (Duistermaat & Kolk, 2010; Friedlander, 1975; Güttinger, 1966; Methée, 1954)

G(x) =
1

2πd/2−1
δ(d/2−2)(−x2)

Statistics inversion (Ooguri, 1986)

Fτ 7→EW+
β (τ) = P(a)P(E)/(1 + e−βH)
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Huygens’ Operators

(M , g) globally hyperbolic d ≥ 3-dimensional spacetime.

Klein-Gordon op. □ := −div ◦ grad+m2 + λscal : C∞(M )→ C∞(M )

Pauli-Jordan op. G := Gret −Gadv : C∞
c (M )→ C∞

sc (M ).

G ∈ I−3/2(M ×M , C ′) (Duistermaat & Hörmander, 1972).

C ′ := {(x, ξ; y, η) ∈ T∗
0M × T∗

0M |∃s ∈ R : (x, ξ) = Φs(y, η)}.
□ op. of Huygens’ type if (Friedlander, 1975; Günther, 1988)

suppG ⊆ CM×M := {(x, y) ∈M ×M }
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Hadamard criterion

Set V ⊂ TxM ... starshaped wrt. 0 : X ∈ V ⇒ λX ∈ V for 0 ≤ λ ≤ 1.

Set V ⊂M ... geodesically starshaped wrt. x ∈ V :

∃V ⊂ TxM starshaped, expx : V ∼= V

Convex domain: V ⊂M geodesically starshaped wrt. all of its points.

Hadamard coefficients Uk ∈ C∞(U × V ) for □ at each x ∈ U ⊂ V :

U0(x, y) = 1/
√
µx(y)

for k ∈ N:

Uk(x, y) =
−k
√
µx(y)

∫ 1

0
dλ
√
µx

(
Υ(y, λ)

)
λk−1 (□(2)Uk−1)

(
x,Υ(y, λ)

)

µx := det(d expx) ◦ exp−1
x ∈ C∞(V ,R+) local density function along

(unique) geodesic γ from x = γ(0) to y = γ(1),
V × [0, 1] ∋ (y, λ) 7→ Υ(y, λ) := expx

(
λ exp−1

x (y)
)
∈ V .

□ Huygens’ op ⇔ Ud/2−1(x, y) = 0 (Günther, 1988).
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∃ Huygens’ op. ⇐⇒ geometric restriction

□ trivial Huygens’ op. if ∃
(
U ⊂M , (x1, . . . , xd)

)
: □↾U ←→ □m=0:

Weyl curv = 0⇒ (M , g) is locally conformally flat,
Cotton invariant of □ vanishes ⇔ m2 =

(
d−2/4(d−1)− λ

)
scal.

Massive case ⇒ λ ̸= (d− 2)/4(d− 1), scal ̸= 0. Can m depends on d?
Conformal coupling case: λ = (d− 2)/4(d− 1).
Minimal coupling case ⇒ m2 = (d− 2)/4(d− 1)scal.

Non-trivial Huygens’ op.

d = 4, U1 = 0 (Schimming, 1978)

m2 +

(
λ− 1

6

)
scal = 0, Bach tensor = 0

d = 6, U2 = 0 (Belger & Schimming, 1997)

6 scal Cotton+Weyl curv2 + 90Cotton2 = 0

d = 8, U3 = 0 (Belger & Schimming, 1997), ...
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Statistics inversion in curved spacetime
(M , g, Ξ,K ) globally hyperbolic
stationary spacetime w. stationary
bifurcate Killing horizon

Right-wedge (M+, g+)

Hawking temp. (Kay & Wald, 1991)

1

β
=

κ

2π
√
−g

(
c′(τ), c′(τ)

)

K

M

M+

Σ

KMS condition

Fτ 7→EW+
β

(
t(τ);x(τ),y(τ)

)
=


i

1− e−βE
Fτ 7→EG

(
t(τ);x(τ),y(τ)

)
,

1

1 + e−βE
Fτ 7→EH+

β

(
t(τ);x(τ),y(τ)

)
G =

∫
Rd e

iφ(x,y;θ) a(x, y; θ)dθ + C∞ (Duistermaat & Hörmander, 1972).

□ Huygens’ =⇒ G =
∫
eiφ(x,y;θ) a(x, y; θ)dθ.

Statistics inversion ⇐⇒ Huygens’ op. ⇐⇒ geometric constraint.
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Summary

Statistics inversion ⇐⇒ absence of Huygens’ op. odd d.

Curved spacetime: statistics inversion ⇐⇒ geometric restriction.
No statistics inversion for fermions (Louko & Toussaint, 2016).

Alles Gute zum Geburtstag!

Buchholz, D., D’Antoni, C. & Fredenhagen, K., The universal structure
of local algebras, Comm. Math. Phys. 111, 123 (1987)
Buchholz, D. & Wichmann, E. H., Causal independence and the
energy-level density of states in local quantum field theory, Comm.
Math. Phys. 106, 321 (1986)
Buchholz, D., D’Antoni, C. & Longo, R., Nuclear maps and modular
structures. I. general properties, J. Func. Anal. 88, 233 (1990)
Buchholz, D., D’Antoni, C. & Longo, R., Nuclear maps and modular
structures. II. applications to quantum field theory, Comm. Math. Phys.
129, 115 (1990)

Thank you for your kind attention! Questions & Comments?
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