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1.Introduction to magnetism 4444444  _ oM

2.Introduction to spin wave theory ,
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3.Applications

1.BEC of magnons in an Antiferromagnet
anomalous longitudinal fluctuations

2.Antiferromagnet in a magnetic field: non Ao
analytic properties of the magnon spectrum [ O

3.Spin waves in thin film ferromagnets \}

with dipole-dipole interactions




* general types of magnetism in condensed _
matter oM

. | X o
— diamagnetism

response to magnetic field due to Lenz’ rule

E|O> =0 §|0> =0 X = —g—muonr?LZa%—lo_‘l <0
— paramagnetism

alignment of magnetic momegt in @ magnetic field
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— collective magnetism
correlation effects of spin degrees of freedom ’
3

X — OO (phase transitions)



e itinerant magnetism in metals

magnetization from occupation of states

M ~ ny — 1y
. magnetlsm Oon mesoscopic scales

D 3 ‘ - "
._‘,;;;« AT oe finite numbers of spins: TiAJo
gE e K s nevertheless collective
R et ] AL behaviour
Q'*"b e {4 — _ method: exact diagonalisation
model: finite string O. Waldmann et al. PRL ('06)
Feig CsFeg even-odd effects V. Paschenko et al. ('07)

K. Removic-Langer et al. ('09)

» magnetism of localized spins in insulators

H=J§1-§2 — HIZJq;jgi'gj ’
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HelSanerg model W. Heisenberg Z. Phys. 49, 619 (1928)



H = Jwg; : S_'}
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* dimensionality
- Mermin Wagner theorem: no spontaneous
ordering in isotropic Heisenberg models at T>0
In D<3, PRrL 17, 1133 (1966))
- different methods e.g. Bethe-Ansatz (D=1), spin-
wave theory (D>1), quantum field theory (NLSM)
* sign of couplings
- ferromagnetism J<0
— antiferromagnetism J>0

* |attice
— hypercubic lattice
- triangular, honeycomb lattice (frustration) 5



» determine ordered classical groundstate

- ferromagnet
classical groundstate=quantum groundstate

- anti-ferromagnet
(2 sublattices, Néel groundstate)

- triangular anti-ferromagnet
(3 sublattices, frustration)

Chernychev, Zhitomirsky ('09)
Velillette et al. ('05)




* expand in terms of bosons (1/S expansion),
Holstein-Primakoff transformation

$t = 28 1—31)
,/1———1——+0—
§~ = Vashiyf1- 2 — 25 ‘s
2

Holstein, Primakoff, Phys. Rev. 58, 1098 (1940)

» determine properties of resulting interacting
theory of bosons

H=> Epblbz+ r3(k1,k2,k3)b;1b,;2b,;3 + ) T*(1,2;3,4)b]blbsbs +
2 B 1,2,3,4
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° ferromagnet ..... /E E A

U g
1J <0:

— quadratic excitation spectrum
- vanishing interaction vertices
T* ~ — (k1 - k2 + ks - ks)
* antiferromagnet ., «
- linear spectrum =
(Goldstone mode)
- two modes in magnetic field
(2 sublattices)

— divergent interaction vertices
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* quantum Antiferromagnet in a magnetic field

~ 01— . o #b(}: ? o
H:§ZJijSi-Sj—hZSf | # | $
1) 7
. g >0 : :
* rotational symmetry around e G s -

magnetic field
U(1) symmetry of Hamiltonian

bbb =¢€% H—-H =H

AK, Hasselmann, Kopietz ('07) ;
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» expansion around ferromagnetic state for
strong field S = Va1 = (st A N

2zl é é S? = S—n,
..... .....» ._) ._) ._)_ ‘ 1
| Hy= ) (g, — )by by,
E,O'::l: 2m
Batyev, Braginskii ('84) >

» describe antiferromagnetic phase using
condensation of magnons =@ condensate densiy
e Important quantities

- . 13 B . .
B — \/ 2 | 900 U(B)em — |k‘ ‘k‘ (k> dispersion of
: € T 2P0 = co lklia i) Goldstone mode
LO

o — | F  spinwave | (gapless, linear)
0 m  velocity  Chernychev et al. ('98)




* infra-red divergences in perturbation theory
» technically: {Hk@q] — i(2m)P8(k — )

- split field :
\If~:\/§9HE+ - P S = .

K aD

/ \/ 2560 k\
transverse longitudinal

- physical interpretation in the case of the magnetic
system: staggered magnetization

I, ~ ek TigE (1 ie4
g ; ‘ %= -1 i€ B
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 correlators in gaussian approximation

MxTlgr) = Og— g — 27 K = (w, k)

w? + cgk?

W

(MgPr/) = 0K, — K’ — quantitatively wrong in

w? + C%k2 Gaussian approximation

579 / mean field theory wrong
XoChk in D=3 and D=2

<(I)K(I)K’> — 5K,—K’ 5 o Castellani. et al. ('00)

w= + cok Pistolesi et al. ('04)

* beyond Bogoliubov (RG approach for Bose
gas) renormalization

/ (mc)? .
w2 me)3 In [wQ - _»2} D=3
w? + c2k 5P0 _3_2D [C‘CJ_QijQ} 1< D<
extra term L2




» physical interpretation of longitudinal
fluctuations
» scattering experiment: longitudinal staggered

structure factor i

Si (Fw) =37 %ﬁCIEI 6 (w—clE]) + Colmeo (o~ C|_l;!>

2
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al critical continuum 5 | D=3
e only valid at w/c< kg = 25|
32 (Ginzburg-scale) 3 2
v 15|
1t il I
0.5¢
0 0 —




» 2 contributions to abnormal propagator

- symmetry breaking kg
— divergent diagrams A(k) = . .
. (mc)® __ 4y2 B 7
el PO NWHNH D=2 >0 5 E
_ __PO S : : : :
kG ~ mce (mec)3d ~= \/Tgee_m D=3 M\
14 0.25 15‘11':'-&. 9
,EME rjﬂ'z J.e’ll /
a 01 ] 0.005 %fin}/
0.05 e
0 -"/ D=3




» spontaneous decay (3-point vertex)

- energy conservation A e
EE - EE1 + EEQ BT
- momentum conservation E a<0
k =k + ko
————t—>
. . |ka|| K1 |&|
e energy dispersion LR
Er =colk| + olkP + OK?) 7] 1 23
: : g~ gk

|k2| |k1| |k|



» description of the antiferromagnetic phase
below the critical magnetic field as BEC of
magnons

* non analytic behaviour of the interacting
bose gas in the symmetry broken phase

* possible measurement |
via neutron scattering ‘\sao loucos! A\

experiment

* restrictions:
— material with reachable

critical field
- D=2



* Non Linear Sigma Model

[Chakravarty, Halperin, Nelson, PRB 39, 2344 (1989)]
- effective continuum theory for staggered spin fluctuations

- continuum theory yields long wavelength results
— simple interaction vertices without singularities
— regularization using arbitrary ultraviolett cutoff: method can

only be used to obtain universal quantities

* 1/S-expansion
[Oguchi, Phys. Rev. 117, 117 (1960), Harris et al. PRB 3, 961 (1971)]

- perturbative expansion in powers of 1/S

— lattice theory to describe short wavelength results

- tedious interaction vertices with infrared divergences whj
anyway cancel in physical quantities

- method can be used to obtain all physical quantities "




_-Lc_)ngfwavelength limit

5 i A E}i = B2+ AEkR,  JSZh-
............ 2 B, 2 7.2
EJ>O§ : EE— - C_k ’
with the spin-wave velocities
3
2 2 2
c — CO(l — ——h )7
= A(2)
1
Cz— — C(2)(1 4 _h2)7

Ag

AK, Sauli, Hasselmann,
Kopietz ('08)

where Ay =4DJS and ¢o is the leading large-S

result for spin-wave velocity for p, = 0.

L
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SNLSM / dT/dDT Z
0

spin fleld _2(3 Q — Zh X Q) ;
spin stiffness and spin wave velocity at '=O
ps = JS2a2_D
c = 2JSaVvD

effect of the magnetic field 5. — 9, — ihx
but the magnon dispersions can not be
characterized by a single c(h)!

L9
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Pz,
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- commutation relations: [Xp,, Py, ] = i0g 00,0
* physical meaning for k£ <« 1

P :uniform spin fluctuations

X :staggered spin fluctuations

* those operators yield regular vertices!
 construct effective action for staggered fluctuati?
20

P. W. Anderson, Phys. Rev. 86, 694 (1952),
N. Hasselmann and P. Kopietz, Europhys. Lett. 74, 1067 (2006)



 eliminate degrees of freedom associated
with the operator of the ferromagnetic

fluctuations P
o~ Sett[X /D _S[PoaXO'] JoSZy T
Eg,
h
EZ_ + w? E-
Seff[Xa] — SO + é Z ka w X—KO'XKO' k= -

Q=

k]
—|—ﬁ\/ Z 5K1—|—K2—|—K30[3'F(3) (K1, Ko, K3) X5, - XK, XKs—

K1K2K3
+2 F(S) -|-(K17 K27 K3)XK1XK2+XK3+}’
K = (k,iwy,) o



SnLsMm (2]

Xo=11,

Seft [ Xo]

* generalization of Non-Linear-Sigma-Model
for QAF subject to magnetic field

—ﬁV%hQ + % L{ Z(wQ alE 2k? 4 mg)H_KJHKG X

—ixh/
0

EE+ =
Ef =
S0t 53

Ko

B
dr / dPrll2 6,11_ + O(113)

\

mAoh + ¢ k? 0.0 — (0, —ihx)Q

EZ_ + w?

X—KO'XKO' +

2 1 _(3) 1 3
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. diagrammatic perturbation theory

SnX,] =By/2 z[g,v(?’)X X_X_+LvO®x_ X+X+]
Ao K K4
Go(K) = FZ + o7 V_ V+l
Ko Ks Ky 4. K

» perturbation theory: 1/S corrections to self

energy

no frequency
dependence,

negligible ’
23



* leading order expansion of self energy
S_(K) = C¥w? + C*EK? + O(w?, k)

Zhitomirsky, Chernychev, '98
* full propagator
Ak_ Z_A0n2

G-(K) = w2+ EZ_ + A Y _(K) ~ 2y c_(h)%k?

non analytic in h?

* spin wave velocity of gapless mode/

2 79

6v3 h 2
C—;zl—A(m?szl— \/2_ ln<7> D=3
C TS h
0
2 2h
Nl Am2C¥ ~1- 22 D=2 r

b=
A 24



* new formulation for the quantum
antiferromagnet in a magnetic field: Combine
NLSM with 1/S expansion (spin wave theory)

» advantage: physical interpretation of field

operators
* results: non analytic dependences of the spin

wave velocity




* Motivation: Experiments on YIG

— Crystal structure:

space group: la3d
Y: 24(c) white

Fe: 24(d) green
Fe: 16(a) brown
0O: 96(h) red

Gilleo et al. ‘58

Magnetic system:
40 magnetic ions in elementary cell
40 magnetic bands

Elastic system:

160 atoms in
elementary cell
3x160 phonon bands

- low spin wave damping
— good experimental control

Observation of the occupation
number using microwave
antennas or Brillouin Light
Scattering (BLS)

Bose-Einstein Condensati
magnons at room temperature!

Demokritov et al. Nature 443, 430
(2006)

Z

k (GHZ)

@ 16a: Fe
C24cY

©24d:Fe o
@®96h: 0

Parametric pumping of magnons
at high k-vectors creates
magnetic excitations

Question:

1\ Time evolution of magnons:

Non-equilibrium physics of
interacting quasiparticles

26



 Microscopic Hamiltonian EEE ________

* Quantum Theory of Magnons

- Linear Spinwave theory: spectrum

- Interactions: damping, energy shift

Y\ N\

2 B 14

L



@ 16a: Fe
C24cY | VO S 08 o o TS A A A
© 24d: Fe {J ’{ ’(
@®9o6h: 0 5
: Apcle el
ferromagnet




quantum spin S ferromagnet

A

Hmag —

IO

7

JFT

12}7@-5--5

r;

‘ 3

Zeeman term

re
hZSZ

dipole-dipole
interactions

Fij)

—Si - Sy

- 33 [Jijaaﬁ + D3| SeS7 —hy S5
. 3 i

1]
 Dipolar tensor

DoP

(¥

:(1

M2

Iri;2

3757

37 zg zg

— 527

material
parameters

a=12.376 A
Gilleo et al. ‘58

4r M, = 1750 G
Tittmann 73

Pex _ 517:10~30e m?

7
Cherepanov et al. ‘93

alternatively
J=1.29 K
S=14.2 pu=2ugp

Tupitsyn et al. ‘08

29



* classical groundstate for stripe geometry

* Holstein Primakoff transformation (bosons)

2 B’L ilho Costa et al. Sol. State
Hy = Z [Az‘jbgbj = 7‘7 (bibj + bjbj)] e 158, 459 (%9|988)t t

©J

D¥* + DYV
Aij = Bizh+ 8(6i; > Jin — Jij) +8|8i5 »_ Dt — — 2 J

s _—

Y

B;: = ——=[D* —2;D?Y — DYY - 0
J 2 Dij "y i dipolar tensor
— H., = H.e,
ﬁb/
TA d=alN




» partial Fourier transformation

w — 00 1 T
* find all branches
E:l — A —B
det ke k ) =0
( -Bx = —El —A;

Z He = Hee, Problems:
1) dipolar sums
A d=aN

=a 2) large matrices




1) numerical 2) evaluation of dipol

diagonalization sums
of 2Nx2N matrix (Ewald summation
technique)
Hy = - k - k Bartosch et al. ‘06
-B'; A

d = 400a ~ 0.5um N =400 H. = 700 Oe

55 g éééé:::! HEREEH RIS

— ), minimum for BEC
:'El S| Eo = \/h(h + 47T:LLMS) Demokritov et al. ‘06
O -
= A9 E, = h+ 2nuM,

X L
- b H.,=H.e,

= hybridization: E
surface mode
10
“



* uniform mode approximation

1b
VN *

* lowest eigenmode approximation

2 T,
be(zi) = HN cos( ~ )bz ’
33

bi(Ti) =




kabT

A B-
_ T k
H = Y| Agblb+ —Ebgby +
k

* dispersion via Bogoliubov transformation
By = \/[h + pexk? + A(1 — f¢)sin® Og][h + pexk? + Af]

A =A47uMsg

Bz }

e no dipolar interaction: a=0 A

E-
EE P peXkZ / r

k




E; =
A =4tuMsg
* uniform mode approximation

= form factor 1= eIkl
compare: Kalinikos et al. ‘86 fE B -
Tupitsyn et al. ‘08 ’k’d

* eigenmode approximation
= different form factor:

Fo 1 (g Rl VR 4 2 (1 + eI
L

g

(E2d2 +7T2)2

AK, Sauli, Bartosch, Kopietz ('09)

1

\/[h + pexk? + A(1 — fz) sin” ©z][h + Pexk? + A fr]

t

0.8

0.6
X

0.4}

0.2f

- - - uniform
lowest
eigenmode

~-~
_______




5.5

E, [GHz]
N

25|

ferromagnetic
 resonance

 blue: analytical (uniform)

- black: numerical

. green: analytical (eigenmode)

AE, [GHZ]

10°

0.08
0.06
0.04
~0.02
0
-0.02

10° 10° 10° 10° 10°

kZ [cm 7]

/

/.1 ————— small deviations

d = 400a ~ 0.5um

H, =700 Oe

EIZ — \/[h + Pex]g2 i A(l — f];) sin? @E] [h + pexlgz + Af];]



4.5

Ek [GHZ]

2.5

2

10

By = \/[h + pexk® + A(1 — f7) sin O]

green: analytical
(eigenmode)

black: numerical

1 2

10

l1<2 [cmlq]

3 4 1

eigenmode approximation
|kd|? + |kd|m2 4272 (1 + e~ kel
(k2d? + 72)2

0.08 QA ;

0.06 co
0.04 SN
~"002 o N
0—-&’;——’ \._‘_f
10"10°10°10°10°10°
k_[cm
,[em 7]

fr=1—|kd|

[GHZ]

AE

minimum for BEC
Demokritov et al. ‘06




* Interplay
— exchange interaction
— dipolar interaction
~ finite thickness

(GHz)

min

B

x 10

2100 0e /11 /

0.1 1
d (um)

2100 Oe >~

1400 0g




E ol
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E

_ 1 1 (22 £ ot
Hy = N Z 551+E2+E3+g4,0((21)2Fk1,k2,k3,k4bklbk2b b_'

—

kqi---ky

+3' T8 o bl b bp by +he}+ o {F(4 0 bebe by b —|—h.c.})

F. Sauli (in preparation)

kl,kg,k3,k4 kl k2,k3 k4

 properties of vertex functions ,_,

min finite size effects

I~ —Jk? '~ M, vertices stay finite at minimum,
ferromagnetic magnons / Sergio Rezende 09 but competing interactions
04 - T T T T T T T 0.4 T T T T T T T T T 0.4 T T T T T
a (—\\ | J K T r(s,(nkk-k: o
S o ' & Ao o '
8 - @ 2) " Y EO'Z_ e r'(—212,2—)1(:k,k " r(—slél—;kkk
i S | e~k Mk—kkk ]
_0'4__ i F'(_4k°)kkk | _0"’///—_ ok |
0 002 004 006 008 0. B 0:006 - 0,008 0.01 10 20 30 40 50 60
k (108 cm~1) k (108 cm~1) kd
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 Bogoliubov shift ¢z = (¢z) + oz
e calculation of Landau function
7 6—55(50@0)

* new features
— condensate at finite wave-vectors
(Dk) = Ok, kmin PO 3
- possible 2 condensates € = €_ T
() = Ok omin @0+ Ok, kimin P o
- explicitly symmetry breaking term ..

1 *
H = > egbtbp+ 5> (vb'6" +~700)

—

k

1

_§ (2,2) ptpt
=+ N I b'b'bb

Ek (GHZ)

05
0
05 Im¢o

Napoleons hat potential 40



* development of interacting spin-wave
theory with dipole dipole interactions
(straightforward)

* interesting properties of the energy
dispersion

* interactions: possible condensation of

bosons at finite wave-vectors

Ex (GHZz)
o w IN
3 w 0 IN o
a&!
S
A
0
|
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» Description of magnetic insulators:
Spin wave theory

* Applications )

- Bose Einstein Condensation of magnons \
in Quantum Antiferromagnets

- Hybrid approach for Quantum
Antiferromagnets in a magnetic field ¢+ x »

- Spin wave theory for thin
film ferromagnets

Ex (GHz)
w IS
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www.itp.uni-frankfurt.de/~kreisel/en
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