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We study flexible polymer macromolecules in a crowded �porous� environment, modeling them as self-
attracting self-avoiding walks on site-diluted percolative lattices in space dimensions d=2,3. The influence of
stretching force on the polymer folding and the properties of globule-coil transitions are analyzed. Applying the
pruned-enriched Rosenbluth chain-growth method, we estimate the transition temperature T� between col-
lapsed and extended polymer configurations and construct the phase diagrams of the globule-coil coexistence
when varying temperature and stretching force. The transition to a completely stretched state, caused by
applying force, is discussed as well.
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I. INTRODUCTION

Long flexible polymer macromolecules in a good solvent
possess configurational statistics which is perfectly captured
by the model of self-avoiding �random� walks �SAWs� on a
regular lattice �1�. This corresponds to the regime of polymer
coils which holds provided that the temperature T is above
the so-called � temperature. In this regime, the mean end-
to-end distance of an N-step chain scales as RN�N�SAW,
where �SAW is a universal exponent, which depends on space
dimension d only ��SAW�d�4��1 /2, �SAW�d�4�=1 /2�.
When lowering the temperature, the effect of monomer-
monomer attraction grows and the polymer radius shrinks. At
T=T� the effective repulsion due to the volume exclusion
constraint is exactly balanced by attractive interactions. At
this particular temperature a crossover occurs from high tem-
perature SAW behavior to � statistics with exponents ���d
=2�=4 /7 �2�, ���d�3�=1 /2. Below the � temperature, the
entropic effects, which make the polymer chain swell, are
overcome by interaction energy and a collapse to the globule
regime �with collapsed size exponent �c=1 /d� occurs. It is
generally accepted �1� that the coil-globule transition is of
second order in the sense that the density of an infinite glob-
ule is zero at T=T� and increases continuously when T is
lowered further; more precisely, it is a tricritical point with
the upper critical dimension dc=3.

The coil-globule transition is one of the fundamental
problems in polymer physics �1,3,4�, being deeply connected
with problems such as protein folding, DNA condensation,
and chromatin organization. The properties of polymers in
the vicinity of the � point can be successfully studied on the
basis of self-attracting self-avoiding walks �SASAWs�,
where a nearest-neighbor interaction is included. The coil-
globule transition of flexible polymers has been so far the
subject of numerous studies �5–13�. Note that the � tempera-
ture is a nonuniversal quantity, depending on the lattice type;
in particular it appears to be proportional to the connectivity

constant � of a SAW on a given type of lattice �numerical
estimates of � and � temperatures on simple square and
cubic lattices are compiled in Table I�.

The recent progress in experimental techniques employ-
ing optical tweezers �14�, atomic force microscopy �15�, and
soft microneedles �16� makes it possible to monitor the be-
havior of various polymers under tension and stress. In par-
ticular, applying a force on an isolated protein, the mecha-
nism of force-driven phase transitions was studied, such as
the unfolding of the giant titine protein �17� or the stretching
and unzipping of collapsed DNA molecules �18�. Of special
interest in biophysics is the stretching of a collapsed poly-
mer, i.e., of a polymer in a poor solvent below the � tem-
perature. Unfolding proteins in this way could give important
information on their spontaneous folding pathways. An in-
triguing question is whether intermediate stages observed in
different protein denaturating processes under applied force
would always correspond to folding pathways in an enforced
environment �19–21�. Note that varying temperature alone, a
polymer cannot acquire the conformation of the completely
stretched state with size exponent �=1. Hence force not only
influences the elastic, mechanical, and structural properties
of polymers but also introduces a new stretched state �regime
of string� which is otherwise not accessible. The properties
of force-induced globule-coil and coil-string transitions in
d=2,3 have been studied intensively both analytically
�25–29� and applying numerical simulations �27,30�. The ex-
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TABLE I. Values of connectivity constants and � temperatures
for SASAWs on pure regular lattices and site-diluted percolative
lattices for different space dimensions d.

d � T� �pc
T�

pc �our study�

2 2.6385�1�a 1.499�2�b 1.565�2�c 0.92�2�
3 4.68404�9�d 3.717�3�e 1.462�2�c 0.71�2�

aReference �22�.
bReference �11�.
cReference �24�.
dReference �23�.
eReference �10�.
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istence of many intermediate states was found when unfold-
ing under an applied force, which are not the same as the
thermodynamically stable intermediate states. The phase dia-
grams of the globule-coil and coil-string coexistence when
varying temperature and stretching force were constructed.

New challenges have been raised recently in studying pro-
tein folding in the natural cellular environment �31�. Real
biological cells can be described as a very crowded environ-
ment built of various biochemical species, which occupy a
large fraction of the total volume; the “volume exclusion”
arises due to the steric repulsion between molecules �32�. In
the language of lattice models, the crowded environment
with structural obstacles can be considered as a disordered
lattice, where some amount of randomly chosen sites con-
tains defects. Of particular interest is the case when the con-
centration p of lattice sites allowed for the SAWs equals the
critical concentration pc �pc�d=2�=0.592 746 �33�, pc�d
=3�=0.311 60 �34�� and the lattice becomes percolative. An
incipient percolation cluster appears in the system, on which
infinitely long SAWs can reside. In this regime, the scaling
law for the end-to-end distance holds with a new exponent
�pc

��SAW �24,35–41�. A hint to the physical understanding
of this phenomenon is given by the fact that the percolation
cluster itself is a fractal object with fractal dimension dpc

F

dependent on d. In this way, scaling law exponents of SAWs
change with the dimension dpc

F of the �fractal� lattice on
which the walk resides. Note that studying the scaling of
SAWs on a percolative lattice, one is interested rather in the
backbone of the percolation cluster, which is defined as fol-
lows. Assume that each site of the cluster is a resistor, the
neighbor sites are connected by conducting bonds, and an
external potential drop is applied at two ends of the cluster.
The backbone is the subset of the cluster consisting of all
sites through which the current flows; i.e., it is the structure
left when all “dangling ends” are eliminated from the cluster.
The SAWs can be trapped in dangling ends; therefore infi-
nitely long chains can only exist on the backbone of the
cluster, which is characterized by its own fractal dimension
dpc

B �dpc

B �d=2�=1.650�0.005 �42�, dpc

B �d=3�=1.86�0.01
�42��.

Whereas the scaling behavior of SAWs on percolative lat-
tices served as a subject of numerous studies since the early
1980s �see, e.g., Ref. �43� for a review�, less attention has
been paid to peculiarities of the influence of the fractal struc-
ture of the underlying lattice on properties of the coil-globule
transition. The upper critical dimension shifts to dc=6 for
both SAW and �-point statistics on a disordered lattice at the
percolation threshold. The scaling of polymer size at the coil-
globule transition point is governed by ��

pc ��� for d	6
�e.g., ��

pc�d=2�=0.74�0.02 �44�, ��
pc�d=3�=0.60�0.02

�44��. It is established that the value of the � temperature is
lowered due to the presence of disorder �43–49�, but esti-
mates for T�

pc were found up to now only for the case of bond
percolation. The existing estimates are T�

pc�d=2�=0.62�6�
�45�, T�

pc�d=3�=0.43�6� �43� �note that the corresponding
values of connectivity constants for SAWs on bond-diluted
percolative lattices read as �pc

�1.29 and 1.05 for d=2 and
3, respectively �43��.

The response of a polymer in crowded media to the
stretching force modeled by the SASAW model on percola-

tive lattice has been considered so far only in d=2 for rela-
tively short chains by exact enumeration �50�. However,
much more important is studying this problem in three di-
mensions, which describes real polymer systems. This still
needs a careful analysis and clarification. Also, a quantitative
description of the globule-coil transition under applied force,
in particular the estimate of � temperatures in disordered
environments under stretching, still remains an open ques-
tion.

The aim of the present study is to apply state-of-the-art
numerical simulations to analyze the properties of SASAWs
on site-diluted lattices at the percolation threshold �modeling
flexible polymers in a crowded environment� under applied
external stretching force in space dimensions d=2,3. We es-
timate the shift of the � temperature of the globule-coil tran-
sition under the influence of stretching and analyze the effect
of applied force on the phase transitions between collapsed,
extended, and stretched phases.

The outline of the rest of the paper is as follows. In Sec. II
we describe the details of the numerical algorithm used in
our study. In Sec. III we present our results of coil-globule
transition peculiarities for SAWs on percolative lattices, and
in Sec. IV we analyze the influence of stretching force on
properties of the transition between collapsed and extended
states. We end up by giving conclusions and an outlook in
Sec. V.

II. METHOD

We consider site percolation on regular lattices of edge
lengths up to Lmax=400,200 in dimensions d=2,3, respec-
tively. Each site of the lattice was assigned to be occupied
with probability pc and empty otherwise. To obtain the back-
bone of a percolation cluster on a given disordered lattice,
we apply an algorithm consisting of the following two steps:
first finding the percolation cluster based on the site-labeling
method of Hoshen and Kopelman �51� and then extracting
the backbone of this cluster �52� �the algorithm is explained
in detail in our previous papers �41,53��. We constructed
1000 clusters in each space dimension.

To study SASAWs on the backbone of percolation clus-
ters, we apply the pruned-enriched Rosenbluth method
�PERM� �10�, taking into account that a SASAW can have its
steps only on the sites belonging to the backbone of the
percolation cluster. PERM is based on the original
Rosenbluth-Rosenbluth �RR� method �54� and enrichment
strategies �55�. The polymer grows step by step, i.e., the nth
monomer is placed at a randomly chosen empty neighbor site
of the last placed �n−1�th monomer �n	N, where N is the
total length of the chain�. The growth is stopped if the total
length of the chain is reached. In order to obtain correct
statistics, any attempt to place a monomer at an already oc-
cupied site would result in discarding the entire chain. This
leads to an exponential “attrition” �the number of discarded
chains grows exponentially with the chain length�. The bias
due to avoiding this case is corrected in the RR algorithm by
means of giving a weight Wn��l=2

n ml to each sample con-
figuration at the nth step, where ml is the number of free
lattice sites to place the lth monomer. This method is particu-
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larly useful for studying � polymers since the Rosenbluth
weights of the statistically relevant chains approximately
cancel against their Boltzmann probability.

Population control in PERM suggests pruning configura-
tions with too small weights and enriching the sample with
copies of high-weight configurations �10�. These copies are
made while the chain is growing and continue to grow inde-
pendently of each other. Pruning and enrichment are per-
formed by choosing thresholds Wn

� and Wn
� depending on the

estimate of the partition sum of the n-monomer chain. If the
current weight Wn of an n-monomer chain is less than Wn

�, a
random number r=0,1 is chosen; if r=0, the chain is dis-
carded, otherwise it is kept and its weight is doubled. Thus,
low-weight chains are pruned with probability 1/2. If Wn
exceeds Wn

�, the configuration is doubled and the weight of
each copy is taken as half the original weight. For updating
the threshold values we apply similar rules as in �56� and
�57�: Wn

�=C�Zn /Z1��cn /c1�2 and Wn
�=0.2Wn

�, where cn de-
notes the number of created chains having length n and the
parameter C controls the pruning-enrichment statistics. After
a certain number of chains of total length N are produced, the
iteration is finished and a new tour starts. We adjust the
pruning-enrichment control parameter such that on average
ten chains of total length N are generated per each iteration
�57� and perform 106 iterations.

One end of the chain is subjected to an external force F
acting in a chosen direction, say x �see Fig. 1�, while the
other end �the starting point� is kept fixed. The stretching
energy Es arising due to the applied force for an n-step tra-
jectory is given by

Es = − Fx , �1�

where x�xn−x0 denotes the x component of the distance
from the starting point. The Rosenbluth weight factor Wn is
thus taken to be

Wn = �
l=2

n

mle
−��El−El−1�−F�xl−xl−1��/kBT, �2�

where El denotes the energy of the l-step chain �El=zl
 with

 being an attractive energy between two nearest neighbors

and zl being the number of nearest-neighbor contacts for a
given chain� and kB is the Boltzmann constant. In what fol-
lows, we will assume units in which 
=−1, kB=1.

When a chain of total length N is constructed, a new one
starts from the same starting point until the desired number
of chain configurations is obtained. The configurational av-
eraging, e.g., for stretching in x direction, is then given by

	x
 =

�
conf

WN
conf�xN

conf − x0
conf�

�
conf

WN
conf

, �3�

where x0
conf and xN

conf denote the x coordinates of start and end
points, respectively, and WN

conf is the weight of an
N-monomer chain in a given configuration.

Note that in studying SAWs on disordered lattices, we
have to perform two types of averaging: the first average
	¯ 
 is performed over all SAW configurations on a single
backbone of a percolation cluster; the second average 	¯ 
 is
carried out over different realizations of disorder, i.e., over
many backbone configurations.

III. Θ TRANSITION OF SASAW ON PERCOLATIVE
LATTICE

Statistical fluctuations of the energy E of a polymer chain,
expressed by the behavior of the specific heat CV, signalize
thermodynamic activity in the system, and thus the peak
structure of CV as a function of temperature indicates transi-
tions or crossovers between physically different states. In the
case of a polymer system, this corresponds to the transition
between globule and coil regimes. CV can be expressed via
energy fluctuations as follows:

CV�T� =
1

NT2 �	E2
 − 	E
2� . �4�

It is worthwhile first to discuss the behavior of the energy
distribution Prob�E� with varying temperature of the system,
as presented in Fig. 2. Since the energy distribution shows
one peak only, the transition could be denoted as being
second-order-like. The width of the distribution grows with
increasing temperature until it has reached its maximum
broadening value. This happens in the vicinity of the �
point. At higher temperatures, the distribution becomes nar-
rower again.

For comparison with available results and testing our
methods, we performed also simulations on pure lattices.
Figures 3 and 4 show the specific-heat behavior of SASAWs
on a pure lattice and the backbone of percolation clusters in
d=2,3 for several different chain lengths. Note that the
curves of the specific heat show additional shoulders in tem-
perature ranges below the coil-globule transition. In fact, at
temperatures below the � point, another transition can occur,
called crystallization or freezing transition, leading to addi-
tional signals in the specific heat. These correspond to a tran-
sition to the maximally compact ground states. Recent stud-
ies of freezing and collapse of flexible polymers in d=3 can
be found in Ref. �13�. Note that the maximum of the specific

F

FIG. 1. �Color online� Self-avoiding walks on the backbone of a
percolation cluster in d=2 under stretching force F.
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FIG. 3. Specific heat per monomer as a function of temperature for a SAW in d=2 on a pure lattice �left� and backbone of percolation
cluster �right�. Squares: N=50, diamonds: N=100, and triangles: N=150.
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FIG. 4. Specific heat per monomer as a function of temperature for a SASAW in d=3 on a pure lattice �left� and backbone of percolation
cluster �right�. Squares: N=40, diamonds: N=80, and triangles: N=120.

−E

Pr
ob

(E
)

0.08

20 40 60 80 100 120 140
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0

−E

Pr
ob

(E
)

0.1

60 80 100 120 140 160 180
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08
0.09

40

FIG. 2. Energy distribution for N=180-step SASAWs in d=2 at different temperatures. Left: pure lattice; T=0.6 �squares�, T=1.0
�diamonds�, and T=1.5 �triangles�. The broadening of the distribution curve emerges close to T�=1.499�0.002. Right: backbone of
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heat per monomer grows with N for SAWs on a pure lattice,
whereas for the case of the backbone of percolation clusters
it decreases with increasing N. For finite chain length N, the
temperature defined by the position of the specific-heat
maximum TCV

max�N� is well below the collapse transition �

temperature. This finite-size deviation of TCV

max�N� from T�

obeys scaling behavior with N. Figure 5 presents the chain-
length dependence of the specific-heat peaks for pure and
percolative lattices. For the case of a pure lattice, d=3 is the
upper critical dimension for the � transition, and the mean-
field Flory-Huggins theory �58� suggests

TCV

max�N� − T� �
1

�N
+

1

2N
. �5�

In the general case, the approach of TCV

max�N� to its limiting
value obeys

TCV

max�N� − T� � aN−�� +
b

N
, �6�

where a, b are constants and �� is the size exponent of a
SAW at the � point,

d = 2, pure lattice:�� = 4/7 �Ref. �2��, �7�

d = 2, pc:��
pc = 0.74 � 0.02 �Ref. �44��, �8�

d = 3, pc:��
pc = 0.60 � 0.02 �Ref. �44��. �9�

Note that we consider the special case of the collapse
transition on site-diluted percolative lattices, which was not
studied before.

Our estimates for T�
pc are obtained by least-squares fitting

of Eq. �6�, taking into account Eqs. �8� and �9�, and presented
in Table I. As it was already mentioned, the collapse transi-
tion temperature is a nonuniversal property, which depends
on the lattice type and, in particular, on the connectivity con-
stant. As expected, the values of T�

pc appear to be smaller
than the pure lattice values as far as the relation �pc

��
holds. In addition, due to the fact that �pc

decreases with d,
the same tendency is reflected in the transition temperature
behavior: T�

pc�d=2��T�
pc�d=3�. This is in contrast to the val-

ues on the pure lattice but coincides with the tendency of
bond-diluted percolation values cited in Sec. I. Let us note,
finally, that our values for T�

pc of site percolation are larger
than those of bond percolation, which can be explained again
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by the difference of the connectivity constants of these two
fractal lattice structures.

IV. Θ TRANSITION OF SASAW ON PERCOLATIVE
LATTICE UNDER STRETCHING FORCE

Let an additional stretching force F now act in the x di-
rection of a SASAW trajectory, fixed at its starting point �see
Fig. 1�. The energy distributions Prob�E� at fixed tempera-
ture and varying F are presented in Fig. 6 for the cases of the

pure lattice and the backbone of percolation clusters for com-
parison. We have chosen the value of T in both cases to be
well below the corresponding � temperatures, so that at F
=0 we restore the energy distribution of the globular state.
With increasing F, the averaged energy of the chain
decreases—applied force stretches the polymer globule. The
width of the distribution changes at increasing F and reaches
its maximum broadening in the vicinity of the � point. The
value of the transition temperature is now shifted by the
presence of force. At higher values of F, the distribution
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FIG. 11. Averaged extensions of a SASAW under applied force. Upper row: d=2, left: pure lattice �T=0.2�, and right: backbone of
percolation cluster �T=0.2�. Lower row: d=3, left: pure lattice �T=1.8�, and right: backbone of percolation cluster �T=0.4�. Squares: N
=20, diamonds: N=50, and triangles: N=100.

TABLE II. Values of the � temperature on the backbone of percolation clusters in d=2,3 at varying force F.

F 0 0.2 0.4 0.6 0.8 1.0

T�
pc�d=2� 0.92�2� 0.84�2� 0.74�3� 0.56�2� 0.40�4� 0.18�5�

T�
pc�d=3� 0.71�2� 0.66�2� 0.60�2� 0.48�3� 0.35�2� 0.20�2�
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becomes narrower again—the chain is in an extended state.
To study the � transition of SASAWs, when the external

stretching force is acting in the environment, we are working
in the “constant-force” ensemble. Fixing the value of F, we
study the specific-heat behavior �Figs. 7 and 8�. Analyzing
the peak structure of the specific heat, we immediately con-
clude that increasing the value of F leads to decreasing the
transition temperature. Figure 9 presents the chain-length de-
pendence of the specific-heat peaks for the pure and perco-
lative lattices at several different values of F.

For finite chain length N, the temperature defined by the
position of the specific-heat maximum TCV

max�N� is well below
the collapse transition � temperature. Our estimates for T�

pc

in the presence of force are obtained by least-squares fitting
of Eq. �6� with Eqs. �7�–�9�. Results are presented in Fig. 10
in the form of a phase diagram of transitions from globule to
extended state and listed in Table II. For the pure lattice in
d=2, we compare our results with an exact enumeration
study of Kumar et al. �30�, where SASAWs of length up to
N=55 under stretching force were studied. Our results also
appear to be in good correspondence with that in Ref. �27�.

The averaged extension in x direction, giving information
about the internal structure of the polymer configuration un-
der applied force, is presented in Fig. 11 for the cases of a
pure lattice and the backbone of percolation clusters. At
small forces, a polymer chain is still in the compact folded
state and slightly oriented along the force direction. At larger
forces, the polymer chain has a conformation similar to the
extended �swollen� structure. Note that completely stretched
states, corresponding to 	x
 /N�1, can be obtained only in
the pure case and are not accessible on the percolative lat-
tices due to the complicated fractal structure of the underly-
ing percolation cluster. Our estimates of 	x
 /N in d=2 appear
to be in a good correspondence with that of available exact
enumeration studies �30,50�.

V. CONCLUSIONS

We studied the self-attracting self-avoiding walks on dis-
ordered lattices in space dimensions d=2,3, modeling flex-

ible polymer macromolecules in porous environment. We
considered the special case when the concentration of disor-
der is exactly at the percolation threshold, so that an incipient
percolation cluster of sites, allowed for SAWs, emerges on
the lattice. In our study, SASAWs reside only on the back-
bone of the percolation cluster, which has a fractal structure.

In the first part of our study, attention has been paid to the
influence of the fractal structure of the underlying lattice on
properties of the coil-globule transition. Applying the
pruned-enriched Rosenbluth algorithm �PERM�, we obtain
estimates of the collapse transition temperature T�

pc of
SASAWs on site-diluted percolative lattices in d=2 and 3
dimensions �note that so far only estimates for the bond-
percolation case have been found�. The values of T�

pc appear
to be smaller than the pure lattice values. This can be ex-
plained, remembering that the collapse transition temperature
is proportional to the connectivity constant � of SAWs on a
given lattice. In addition, due to the fact that �pc

decreases
with d, the same tendency is reflected in the anomalous tran-
sition temperature behavior: T�

pc�d=2��T�
pc�d=3�.

Next, keeping one end of a SASAW trajectory on the
backbone of a percolation cluster fixed, we applied a stretch-
ing force, acting in some chosen direction �say, x�. Especially
interesting was to study this problem in d=3, which corre-
sponds to real polymer systems and was not considered be-
fore. We estimated the shift of the � temperature of the
globule-coil transition under the stretching and constructed
phase diagrams of collapsed and extended states coexistence
in d=2,3. As expected, the presence of stretching force in
environment leads to a decreasing �-temperature value.
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