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SELF-AVOIDING RANDOM LOOPS VERSUSISING MODEL IN THREE DIMENSIONS*
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On thebasisof a recentlydevelopedlattice model for ensemblesof randomloopswhich containsa parameterinterpolating
betweenself-avoidingandIsing-like loops,we calculatetheaveragelength and thelength fluctuationsof self-avoidingloops in
threedimensions,usinganalyticaswell asMonteCarlomethods,andcomparetheresultswith theIsingcase.Applying finite-size
scalingtechniques,we showthat thecritical behaviorof self-avoidingrandomloops is consistentwith universalitypredictions
basedon theIsingmodel.

I. Introduction Open chainsare suppressedby the highenergyof
their endpoints. In the limit of infinite end point

The statisticalmechanicsof line-like geometrical energy,therewill be only loops.Then, as the tern-
objectsappearstobe a usefultool in manydifferent peratureapproachesthe criticalpointat T0~ 1600C,
fields of physics (for a generaloverview andmany the configurationalentropydominatesandcreatesa
referencesseeref. [1]). Its applicationsrangefrom condensateof infinitely longloops.Sinceinfinitely
quite abstractinvestigationsof polymer-representa- long loops have infinitely many possibilities of
tionsof quantumfield theoryto morepracticaltop- breakinginto pieces,also the breakingentropybe-
ics suchasphase-transitionsincondensedmatter.In comesverylarge. In an actualpolymersystem,the
many casesthesetransitionscanbeexplainedby a endpointenergyis largebut finite, andhenceit can
proliferationof line-like excitatons.Well-knownex- be compensatedby the largebreakingentropy.This
amplesaretheA-transitionin liquid heliumwhich is is why a real polymer systemcontainsalwaysa siz-
causedby the proliferationof vortex-lines,andor- ablefraction of open chainsaboveT0 [2,4]. Also,
dinarycrystalmeltingwherethegrowthofdefectlines evenat very largebut finite endpointenergy,none
causesthe breakdownof crystalline order. In this ofthepolymerscanbecomeanymoreinfinitely long
note,wewantto focuson a third typeof application sothat the systemdoesno longerhavea phasetran-
whereline-like objectshavea direct physicalmean- sition in the strict sense.Still, theexperimentaltran-
ing, namelypolymerizationprocesses[2]. A stan- sition is signaledby asharppeakin the specificheat
dardexampleis thepolymerizationofliquid sulphur [51, just as in a secondorder phasetransition, in-
(for a reviewof the propertiesof liquid sulphursee dicatingthe largenessof the endpoint energy.
ref. [3]) which, around115°C,consistsmainly of Sincewewanttostudythetruly criticaltransition,
S8 rings.With increasingtemperaturethesystemcan we shall confine ourselvesto an ensembleof pure
lower its freeenergyby openingup theS8rings,join- loop-like polymers which, for simplicity, are as-
ingtheends,andforminglongloopsandchains.Each sumedto lie on the links of a simplehypercubiclat-
openedS8ringwill beconsideredasonepolymerele- tice. Furthermore,werequirethat eachlink canbe
ment (= monomer). occupiedat mostby one monomer,so that back-

trackingloopscannotappear.If loopsareallowedto
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respectively (seefig. 1). Forsimplicity, we shall as-

_______ lattice.iiii : sumetheseto lie on thelinks of a simplehypercubic
a)

For self-avoiding loop configurations, it was
pointed out by Hofsässand Kleinert [6] that the

• - • • partitionfunction (1) canberewrittenasan infinite

product of integrals over pure phase variables- . U(x)=e’~~(HK partition function):

Fig. 1. A typical configurationof Ising loops.In theself-avoiding
loop gas, loops which touch eachother at their cornerslike in I ~ d&(x)
graph(c) arenot allowed. Z_ ~ J 2~ [1 + U*2(x)1)

—It

lent to the Ising model,andwe shallcall it an Ising ~j [1 +vU(x)U(x+i)] . (2)
loop gas. When excludedvolume effects are taken xi

intoaccountandsuchcrossing-pointsareforbidden,
we get an ensembleof self-avoidingrandomloops Thatthis is truecaneasilybeverified a posterioriby
(for examples,seefig. 1). Recallingtheduality with noticing that the secondproduct distributesran-
the Isingmodel,it canbeshownthatopenchainsact domly, with a statisticalweightv, pairsofphasevan-
like an external magneticfield. This analogy pro- ables U(x) U(x+ i) over all orientedlinks i whose
vides just anotherway to seethat openchainsde- endpointsareknitted togetherby the integralsover
stroy a well-definedphasetransition~ U”2 (x). The fact that the measureof integration

The purposeof this note is to studythe quanti- containsonly U*2 ensuresthat eachlattice sitecan
tative differencesbetweenensemblesof self-avoid- accommodateat most two endpoints.This is what
ing and Ising loops, and to comparetheir critical distinguishesthe HK partition function of self-
behaviornear the phase transition. We perform avoiding loopsfrom that of the Ising model,which
Monte Carlo simulationsin the recently developed canalsobewritten asanintegralof theform (2) but
spin representationof loop gas models [6,71 and with an infinite sum of powers of U”’2 in the
analyzethe datafor self-avoidingloopsusingfinite- integrand~2

size scalingtechniques.
Thepresentnoteis anextensionof anearlier(and / ~

much simpler) study of the two-dimensionalcase Z ~ J 2~ [l+U*2(x)+U*4(x)+...1)
[8].

x fl [I +vU(x)U(x+i)]. (3)
xi

2. The model
The HK partition function is not yet very useful

for Monte Carlo simulations.A betterversionwas
If e is theenergypermonomer,T thetemperature, foundin ref. [7]. It is basedon introducinganaux-

and v~exp( — e/T) the correspondingfugacity, we iliary sumoverIsingvariabless•(x) living onlinks ~wantto sumthe partiton function andrewriting

~ ~ (1)
loopconf.

where L is the numberof monomers(or the total S2 We have omitted the trivial overall factor 2~(coshfi
11)~’~

(N= numberof latticesites,D= spacedimension)whengoing
lengthof all polymers)in a loop-configurationwhich from the usual Ising model partition function Z,~=

canbechosento containself-avoidingor Isingloops, fJ( ~ = ±i )exp~ s(x)s(x+i)] to the form (3). For

Ising loops,thefugacityis v~tanhfly,.
~ This is well known for Ising loops— but it is obvious that it ~ Thismustnot beconfusedwith theusualIsing variabless(x)

holdsalsoin theself-avoidingcase. whichlive onsites.
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fl [1 + vU(x) U(x+ i)] Forthe Ising model,the “local partitionfunctions”
X,j in (7) become
=fl~ ~ [l+~J~U(x)s~(x)]

x,i si(x)=±l z(x)=l+vc2(s)+v
2c

4(s)+vic6(s)+...+vDc2D(s).

X[l+,J~U(x+i)s~(x)] (9)

= 2-ND fl ~ [1 +~ U(x)s~ (x)] Hence,a simpleinterpolatingmodelcanbeobtained
X,j s~(x)= ±I by multiplying thelastD—1 termsby a parameter~

X[l+,,,/~U(x)s1(x—i)] (4) (=0 self-avoiding,=1 Ising) [8].

whereD is the spacedimensionandN is the total
numberof lattice sites. The productover i canbe 3. TheMonte Carlosimulation
carriedout mosteasily by introducingthe notation
s~(x) s,(x— i) andnumberingthe 2D Ising vari- We havesimulatedthe interpolatingspin-model
ablesaroundeachsite by Sa(X)=SD(X), ..., SD(X). (7)—(9) forboth~=0 and~= I via standardMonte
If s(x) ~ —D Sa (x) denotesthe sum over these Carlo methods(heat-bathalgorithm) [9] on three-
then dimensional simple cubic lattices with periodic

D boundaryconditions.In thisnotewereporton mea-n [1 +\/~U(X)Sa(x)] surementsof thetotal lengthof all loopsandits fluc-
a D tuations.Thetotal length is found from

2D

=1+ ~ (.~[uY’U~(x)c~(s(x)), (5) /~(x)
n=i <L>=v8VlogZ=~(\—~—~), (10)

where
where z(x) is given in (8) and (9), respectively,

c2 (s)= ~

5aSb= ~(~2 — 2D) , ~ vô~,z,andtheaverage< > on the r.h.s.hasto be
a> b takenwith respectto thepartitionfunction (7). The

c
4(s)= ~ SaSbScSd length fluctuationsare

a>.b>c>d
<L

2 > <La> — 2= ~ <L> = (v9~) 2 log Z

=~[s4_(l2D_8)s2+6D(2D_2)], ((.)2) - (~2 ~ (i’~\

\~z, \Z

c
6(s)= ~ Sa...Sj (11)

a>.b>...>f

Notice that thesegeometricalq%tantitiesare related
= [s

6—(30D—40)s4+(180D2—420D to the internalenergyandspecificheatof the loop

gas (1) by
+l84)s2—30D(2D—2)(2D—4)]

U=—i9~IogZ=ev8~logZ=<L> (12)
(6)

and
Performingnow the integralsover8(x) in eq. (2), = fl2ä,U=e2fl2(~~)2logZ=e2fl2<L2>~,
we seethat for self-avoidingloopsonly c

2(s) con- (13)
tributesandwe are left with the simpleexpression

where fl~1/T.

Z= 2-ND n ( ~) fl z(x), (7) Forlow temperaturewecancheckoursimulations
xi s,(x)~±I x againstthe low-fugacity (v-.0) seriesfor <L> and

where <L
2 > ~, which caneasilybe derived from the expan-

sion (for details of graph counting seeref. [10])
z(x)=l+vc

2(s)=l—vD+lvs
2(x) . (8)
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1 D D D 1.5
~logZ=(2)v4+[2(2)+l6(3)]v6 Loop Model (D=3) J

8~8°8Lattice

1.0 •: sing-Model

z + :~.1(Ising Loops) ~ LTS

/D\l /D\ o:~.O(SALoo~s7+(6OO+48c~)(\4)jv
8+[(4+8l~)(\

2) 0.5

+oO

+ (1380+552~+l2~2)(~)+...]Vl0 01 0.2 0.5 0.6

+0(v
12) . (14)

For ~= 1 this expansionagreeswith the well-known 2.0 I

high-(Ising)-temperatureseriesof the Ising model
[11] (where +... in the last bracketmeans+22304 ~ 5 ~- -

x(~)+47616(g)). ~1~0

4. Numerical results ~ - f \lsing
0.5 LTS

Let us startwith a quantitativecomparisonof the b) v-o ex P.

self-avoiding (~=0) and Ising (~=1) loop gas 0 0
models.Our resultson a 8~latticeareshown in figs. 0.0 0.1 0.2 0.3 0.4 0.5 06

2a,2b whereweplot the meantotal loop lengthcor- V

respondingto the internalenergy (a) andthe length Fig. 2. Themeanloop length persite (a) andthelength fluctua-

fluctuationscorrespondingto the specific heat (b) tionsper site (b) of self-avoiding(0) andIsing (+) loopsona

versusv~exp( — e/ T). As a checkof the ~= 1 case, 8~latticeversusthefugacityv= exp( — sIT).For comparison,we
alsohaveplotteddatafrom a MonteCarlosimulationof theor-we havealsoincludeddatafrom a simulationof the dinary Ising model (S). The v—t0 curvesarederivedfrom the

ordinaryIsing model with spins on the sites. The low-fugacityexpansion(14), andthecurveslabeled “LTS” are

agreementis excellent.Up to the transitionaround theusuallow- ( Ising)-temperatureexpansions[13] of theIsing

v~0.22, self-avoidingandIsing loopsare practically model.
indistinguishable,in agreementwith the remarksof
Cordery [12]. This is also seenin the low-fugacity provetheaccuracynearthepeaks,we haveaveraged
(v—~0)expansionsderivedfrom (14) which are al- two such runs with different start configurations
mostidenticalfor ~= 0 and ~= 1. Thecurveslabeled (typically completely ordered or completely
“LTS” aretheusuallow-(Ising)-temperatuneexpan- random).
sions [13] of the Ising model. Finite-size scaling theory predictsthat the loca-

Let us now turnto the critical behaviorof theself- tions of the peaks,v~,(L), scaleon finite latticesof
avoiding loop gasmodel.To this end, we havesim- linear size L as
ulatedthe ~= 0 model on latticeswith linear sizes —v~(L)=v~(oo)+aL / , (15)
L=6, 8, 10, 16 and 20 andanalyzedthe datausing
finite-sizescalingtechniques[14,9]. Our raw data wherev is the universalcritical exponentof the cor-
for the lengthfluctuations(~,specificheat)are dis- relationlength (~ccI 1 —v/v,j ~‘), anda isanon-uni-
playedin fig. 3. Formostof thesepointswe haveused versalconstant.The extrapolationto v~(oo)is not
200000MonteCarlosweepsthroughthelattice,after verysensitiveto the precisevalueof v (in a reason-
discarding50000sweepsfor thermalization.To im- ablerange,say v=0.58 0.64), andwe find the
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2.5 ........ valuesof the critical exponentsv and a, then plot-
ting the l.h.s. of (17) versusx, the data of lattices
with different sizesshouldfall onto a singlecurve.

SA Loops (D3) Here we performthis analysis,expectingthat theself-
2.0 • 6~ avoiding 1oop gas should fall into the same univer-

+ 8~
• 1 o~ salityclassasthe Ising model,havingthe exponents

- (the numberfor v is the averageof field-theory es-
Z1.5 O~

~ 20~ timates using resummedg- and �-expansions,re-
A portedin ref. [17])

c’J
-J
V 1.0

- 2

SA Loops (D-3)n~1expon.
0.5 ° V<VC

° 1.5

__________________________ I ~ Slope..-0.2160.0 -~133—
0.20 0.25 0.30 z

A

Fig. 3. Length fluctuations (nspecific heat) per site ~_i ~Q1O85

(L
2>~/N=(<L2> — <L>2)/Nofself-avoidingloopsin threedi- -~- +

mensionsnearthephasetransitionpointfor variouslatticesizes. 1 • 1 O~
The curvesareonly to guidetheeye. ° 1 6~

x 20~ vivj
a)

almostunbiasedestimate~“
0.1 1 10 100

v~~v~(co)=0.222±0.00l. (16) (1~v/v~)L~’

Notethat thiscritical valueis only 1.8% largerthan 4

the corresponding one of the Ising model, v~’=
0.218090(5) [16]. (Thenumberin parenthesesis V>V~

the errorin the lastdigit. Seealso ref. [24].)
Another important prediction of finite-size scaling :__j 3 275(v/Vc

+0

tions (,~specific heat) in the vicinity of v,, z
AL~”[<L2>~(t,L)/N—b

1~]=J(x) , (17) C”theoryis the scalingrelation for the length fluctua- ~ 2.75 —
-J
it-

where t_= I l—v/v~and x_=IL”’. The critical ex-
ponent a (= 2— Dv) controlsthe singularityof the 2
specific heat in the infinite system (<L

2>~/Ncc
C/N= (A ~/a)t~), and b~ account for regular b)
background terms above (+) and below (—) v,~.

0.1 1 10 100Consistency requires that for large x (in the sense
tc~<lfixed,L—i~oo) (vIv

0-1)L
1~

Fig. 4. Finite-sizescalingplot (seeeq.(17)) ofthe lengthflue-
f~(x)—‘ (A~/a)x~°. (18) tuations(aspecificheat)forv<v~=0.222(a)andv>u

0(b)in
log—log representation.Thedataarethe sameasthosein fig. 3.

Thus if oneexpects,on theoreticalgrounds,certain For thecriticalexponents,wehavechosenIsingvalues,v=0.6305,
a=0.1085, and the background parametersareb~=1.5, —

~ We haveconfirmedthis valueby othermeansto be reported bd = —2.3. The straightlines a I 1 —v/v~I~ confirmthe
in a futurepublication [15]. expectedx—.cobehavior(18).
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v=0.6305, a=0.l085 - (19) universalityhypothesesbasedon Ising exponents.It
mustbe pointedout, however,that usingthis tech-

This is suggestedby the fact that both typesof loop nique with the presentlyavailable computerfacili-
gasesfollow thesamefield theoreticmodel [6], with tiesandreasonableoperatingtimes, it is very hard
the only differencebeingthe numericalvalueof the to exclude possibleotherexponentsof nearbyuni-
parameter~. Wejudgethequality of thevalues(19) versality classes such as the n~0 exponents
by monitoring the degreeof clusteringof our data. (u=0.5880,a=0.2360) [21] (seealso ref. [17])
By “trial and error” we have found that with of a single self-avoidingloop [22]. This is not as-

— 1.5, b~ —2.3 the aboveexpectationsare tonishingif onekeepsin mindthatsimilarfinite-size
indeedreasonablysatisfied.Thisis demonstratedin scaling analyses[23] of Monte Carlo data of the
the log—log plots in fig. 4. In this representation,the Isingmodel, the bestknownmodel of statisticalme-
asymptoticlaws (18) aregiven by the straightlines chanics,provideat mosta consistencycheckof crit-
with slope —a. Notice that, for v<v~(fig. 4a), one ical exponentswith numbersalready known from
must be careful not to misinterpret an apparent large order seriesexpansions.Only very elaborate
asymptoticbehaviorfor intermediatex, indicatedby Monte Carlo simulationson special purposecorn-
thedashedstraightline with slope —0.216.As afur- puters [16], or extremelytime consumingMonte
thertestof thescalingproperties,from theordinates Carlo renormalizationgroup studies[24] havepro-
of the asymptoticstraight lines at x= 1, we canread videdindependentresultsof comparableaccuracy.
off the ratio of the leadingamplitudesbelow (—)

andabove(+) v~
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