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Introduction to aging
Physical aging

Change of properties in materials over time
Out-of-equilibrium system with slow relaxation

t=0 t=s

Quench
below TC

Begin of 
measurement

Phase-ordering kinetics
Characteristic length scale ℓ(t) ∼ t 1

z
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Observables depending on both - observation time t and
waiting time s > t
Here: Unconnected two-time autocorrelation function

C(t, s) = ⟨σ(⃗r , t) · σ(⃗r , s)⟩

C(t, s) ∼
(

t
s

)− λC
z

Three hallmarks of aging
1 Slow relaxation
2 Broken time-translational invariance
3 Scaling behavior
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Experimental examples

Aging in liquid crystals (reproduced from1)
ALMEIDA AND TAKEUCHI PHYSICAL REVIEW E 104, 054103 (2021)
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FIG. 7. (a) Two-time autocorrelators C′
t (t, t0 ) [Eq. (24)] for the TNLC experiment (symbols) versus t (inset), and y = t/t0 (main panel)

according to the dynamic scaling hypothesis. The solid orange, dashed black, and dash-dotted blue lines are guides to the eyes whose slopes,
−λ/z, are set by the Fisher-Huse (−5/8), OJK (−1/2), and the theory of unstable growth (TUG; ≈ −0.644) predictions, respectively. (b) Same
TNLC data compared with forms for the following theoretical predictions: HLSI(y) [solid orange line; Eq. (23) with E1 = −0.601, E2 = 3.94,
E3 = 0.517, and λ = λFH, which is a solution of the LSI theory that describes the 2DIM correlator (see text)], HOJK(y) [dashed black line;
Eq. (20) derived from the OJK theory], and HTUG(y) [dashed-dotted blue line; Eq. (21) derived from the TUG theory]. Inset displays the same
data, but the horizontal axis is displayed in logarithmic scale. In both the panels, error bars indicate one standard deviation.

y � 102 [Fig. 8(b)]. The decay is quantified by the expo-
nent, θeff (t, t0) = −d[ln Q(t, t0)]/d (ln t ), shown in the inset
of Fig. 8(b) for t0 = 2.66 s and 5.33 s. Both of the θeff (t, t0)
curves fluctuate around their mean values for 8 � y � 50.
Averaging θeff data in this interval gives 0.1938(14) and
0.1976(27) for t0 = 2.66 s and 5.33 s, respectively. We also
evaluate θ by applying a least-squares fit individually to
Q(t, t0) data of each realization, constrained to the interval
8 � y � 50, and then ensemble averaging; the results are:
θ = 0.1941(26) and 0.199(4) for t0 = 2.66 s and 5.33 s. In-
tegrating these results, we report

θ =
{

0.196(3) (effective exponent)
0.196(4) (power-law fit) , (27)

where uncertainties include (sum up) both the uncertainty
from each estimate and the deviation between the two esti-
mates for t0 = 2.66 s and 5.33 s. We remark that these results
do not significantly change when the interval 8 < y < 60 s/t0
is used, since it corresponds to the interval t � 60 s predomi-
nantly used in Sec. III.

Results in Eq. (27) agree with systematic 2DIM out-
comes [99] [θ ≈ 0.195 and θ = 0.199(2) for free and periodic
boundary conditions, respectively], but they significantly dif-
fer from θDIF = 3/16 = 0.1875 [100] and, hence, from the
OJK theory as well [93]. This may suggest, based on a con-
crete experience, the former as the true θ for 2D Model A
systems.

To probe morphological aspects of persistence, we define
an index χ (r, t ) such that χ = 1 if sgn[φ(r, t̃ )] does not
change during t̃ ∈ [t0, t], with t0 hereafter pinned at t0 =
2.66 s, and χ = 0 otherwise. The index χ (r, t ) can only

change from 1 to 0; such change happens only when an
interface crosses the position r for the first time since t0.

Snapshots of {χ (r, t )} are presented in Fig. 9; they reveal
how a single χ = 1 cluster is progressively fragmented be-
cause of the interface motion in real space. Surviving clusters
develop ragged edges in both the internal and external con-
tours resembling fractal objects (see Supplemental Videos 3
and 4 [121]). The fractal dimension d f of this morphology is
estimated by combining the gliding-box method [134] and the
method in Ref. [135]. Here a square of side ζ glides over each
{χ (r, t )} image while counting the number of χ = 1 pixels
inside the ith box, gi, with i = 1, 2, . . . , n(r); n(r) is the total
number of distinct boxes that contain at least one χ = 1 pixel.
The mean counting is G(ζ , t ) = 〈〈gi〉n〉e, where 〈...〉n is the
average over n(r) boxes glided on a snapshot at t . For fractal
objects [135,136]:

G(ζ , t ) ∼ ζ d f (a � ζ � Lsys). (28)

In the experiment, G exhibits a crossover from fractal to
Euclidian length scales at a certain correlation length ζ ∗(t )
[Fig. 10(a)]. The fractal regime is progressively built in time
since it is confined to emerge for a � ζ � ζ ∗(t ), with a grow-
ing length, ζ ∗(t ), that starts from ζ ∗(t0) = 0. This progressive
building is captured by d f −eff (ζ , t ) = d (ln G(ζ , t ))/d (ln ζ )
[Fig. 10(b)] which shows a concave dependence with ζ and
forms a plateau around a t-dependent minimum. For ζ �
ζ ∗(t ), d f −eff crossovers to d = 2. Finite-size and finite-time
effects preclude observation of clear t-independent plateau for
ζ � ζ ∗; however, from the plateau at the minimum of d f −eff

for large times, t = 1365 s, we roughly read d f ≈ 1.65(3)
[Fig. 10(b)]. The number in the parentheses indicate one stan-
dard deviation.

054103-10

1Renan A. L. Almeida and Kazumasa A. Takeuchi. “Phase-Ordering Kinetics in the Allen-Cahn (Model A) Class:
Universal Aspects Elucidated by Electrically Induced Transition in Liquid Crystals.” In: Phys. Rev. E 104.5 (2021), p. 054103.
doi: 10.1103/PhysRevE.104.054103.

https://doi.org/10.1103/PhysRevE.104.054103
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Current estimates

Direct measurement of λ/z C(t, s) ∼
(

ℓ(t)
ℓ(s)

)−λ

Theoretical ansatzes:
Fisher and Huse: λ ≤ 1.25
Mazenko et al.: λ ≈ 1.2887

Simulations:
Lorenz et al.: λ ≈ 1.24(2)
Midya et al.: λ ≈ 1.32(4)

...



7/26

Here
Provide a new method of measuring aging in lattice systems via
finite size effects
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Theory

Heuristic derivation
for large y : C(t, s) = fC(y) ∼ y−λ/z =

(
t
s

)−λ/z
∼

(
ℓ(t)
ℓ(s)

)−λ

With characteristic length scale ℓ(t) ∼ t1/z in the 2D Ising
model with nearest-neighbor interactions

In finite lattices, the domains cannot outgrow the lattice itself,
limiting ℓ(t) → L

Thus: C(t, s) →
(

L
s1/z

)−λ

Specifically
C∞ ∼ s λ

z with L = const. and C∞ ∼ L−λ with s = const.
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Model and simulation
Model

2D Ising model with nearest neighbor interaction and periodic
boundary conditions
H = −J ∑

⟨i ,j⟩ σiσj with spins σi = ±1 and ferromagnetic
interaction J = 1
Kinetic Monte Carlo (n-fold way) since T < TC

Basic setup of non-equilibrium simulation
1 Initialize system with random spins (T = ∞)
2 Quench to T < TC (here: t = 0)
3 Advance simulation by local update
4 For every waiting time s > t: Snapshot current state of the

lattice
5 Calculate C(t, s)
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Measurement and analysis
1 Extract C∞ from plateau in C(ys, s)
2 Form Jackknife blocks containing all initializations but one
3 Perform fit for each Jackknife block
4 Repeat procedure for each constant parameters s or L
5 Correlation-weighted average over all constant parameters

Note
Highly correlated estimates can yield counterintuitive results

x

y
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Gauging and eliminating systematic errors
(1) Lower bound of s: Via microscopic timescale τmicro Necessary
for scaling argument C(t, s) = fC(y) ∼ y−λ/z

t, s, t − s ≫ τmicro
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(2) Upper bound of s and lower bound of L: Via deviations
from finite-size scaling

Condition: L2

s ≫ 1
Stems from demand that ℓ(s) ∼ s1/z

Effectively: L ≫ ℓ(s)
Necessary, as system would equilibrate too quickly otherwise
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(3) Upper bound of L:
For finite systems: t

Lz large enough
Systems under study must be fully equilibrated
Difficult for low temperatures owing to metastable states -
stripes

At low T > 0: lifetime τ ∼ L3 · e
4J

kBT for all metastable states

Difficulty
Inhomogeneity in the number of striped states between L
=⇒ Plateau heights C∞(s, L) hardly comparable

Question
How can metastable states be dealt with?
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Full equilibration

Parameters:
Temperature T = 0.2 TC

Number of distinct initializations: 25 600
waiting times: s ∈ {16, 32, . . . , 256}
length: L ∈ {384, 448, 512, 640, 768}
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Full equilibration
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Plain estimate at T = 0.1TC

Metastable states as premature finite-size effects
Estimates fully compatible
C(ys, s) ∼

(
L−w(L)

s1/z

)−λ

C∞
L−λ ∼

(
1 − w(L)

L

)
Diagonal stripes must evaporate beforehand
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Statistically equilibrate stripes
T = 0.1 TC
Based on probability that majority phase dominates
Only works, since even stripes can be described as columns of
1D random walks
=⇒ Revisit metastable states and randomly assign a
fully-aligned state via pminor ≈ w

L

- + +
+

-
-

- +
-
-

-

(a) (b) (c)
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Summary:
Estimates are fully compatible to other variants
Fate of metastable states can be estimated without full
equilibration

However: Only usable on very low temperatures with solely
rectangular stripes
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Conclusion

Development and honing of method to estimate exponents λ
and z using deliberately small lattice sizes
Mathematically simple structure allows spotting systematic
errors, especially compared to direct fitting
Role of metastable states in aging processes
Things to keep in mind:

Only valid for specific s and L ranges
Simulations and experiments must be performed until
equilibration, if possible
Demand for homogeneity between different L is obligatory and
not always possible (3D Ising, Potts model ?)



22/26

Thank you

Thank you for your attention!
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Physical aging of PVC (reproduced from2)

2L. C. E. Struik. “Physical Aging in Plastics and Other Glassy Materials.” In: Polymer Engineering & Sci 17.3 (1977),
pp. 165–173. doi: 10.1002/pen.760170305.

https://doi.org/10.1002/pen.760170305
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Local scale invariance in ageing Potts models

Table I: The quench temperature and all determined free parameters of the scaling functions. For a comparison to the q= 2
measurements in ref. [19] we assumed the values for A, B and E given there.

T2 λC A B E r0 r1
q= 2 0.7500 1.24(2) −5.41 18.4 1.24 1.24(2) −1.18(2)
q= 3 0.4975 1.19(3) −0.05 2.15 0.6 1.01(1) −0.91(1)
q= 8 0.3725 1.25(1) −0.07 1.98 0.4 0.55(1) −0.50(2)
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Fig. 1: Scaling behaviour of the autocorrelator for two-dimensional q-state Potts models with q= 2, 3 and 8 in comparison with
the prediction from LSI. The error bars are smaller than the data symbols.

we implemented the checkerboard update scheme because
of run-time advantages. This affects only the non-universal
amplitudes of the response function by a uniform factor.
To prepare the initial state at T1 = T∞, we let the spins
take one of the possible q states with the same probability,
taking special care thatM(t= 0)≈ 0 to prevent the initial
rising of the magnetization known from short-time dynam-
ics. After preparation, the q= 3, 8 systems were quenched
to T2 ≈ Tc/2 (cf. table I). This is a good compromise to
prevent a crossover to critical behaviour on the one hand
and to verify scaling with z = 2 for non-zero tempera-
tures T2 > 0 on the other. The q= 2 model was quenched
to T2 = 0.75≈ 0.66Tc in order to enable a comparison
with previous numerical tests made with the random
update scheme.

Autocorrelation. To test the scaling function for
the autocorrelator (eqs. (11) and (17) in ref. [19]) we
measured the autocorrelation function of the Potts
models according to

C(t, s) = 〈φ(t)φ(s)〉= 1

q− 1

(
q

N

N∑
i=1

〈
δσi(t),σi(s)

〉− 1
)
,

(7)
where the sum yields the lattice average and the angu-
blar brackets mean an average over several runs with
different initial states and thermal noise. To prevent early

finite-size effects for simulation times up to s= 800 and
x= 100 (i.e., t= 80000), we had to use a lattice of size
L= 1600. The usage of the checkerboard update scheme
accelerates the domain-growth with a factor larger than 2
in comparison to the random update scheme which can be
explained straightforwardly by the fact that in a random
update only about N/e different spins are touched on the
average within a sweep1. The advantage in computer time
compensates the additional expenses of larger systems
easily (at least in our implementations). The measure-
ments for the q= 2 model were done for L= 800 only
up to s= 400. This was sufficient to ensure the equiv-
alence with the data presented in ref. [19]. For the
models with q= 3 and 8, measurements up to s= 200
were carried out for L= 800, and for s= 400, 800 on the
larger L= 1600 systems. For averages and error bars, 500
runs with different random initial states were recorded for
L= 800 and 125 runs on the L= 1600 systems. Our data
shown in fig. 1 clearly confirm the expected dynamical
scaling behaviour (3).
To proceed with the test of local scale invariance, we

first estimated the exponent λC from a fit of C(t, s)

C∞x−λC/z in the interval x∈ [80, 100] for the largest
waiting times s. In all three cases, our results given

1Note that consequently also the waiting time s is not directly
comparable to that in random updates.

10003-p3

Fit via local scale invariance (reproduced from3)

3E Lorenz and W Janke. “Numerical Tests of Local Scale Invariance in Ageing Q-State Potts Models.” In: Europhys. Lett.
77.1 (2007), p. 10003. doi: 10.1209/0295-5075/77/10003.

https://doi.org/10.1209/0295-5075/77/10003
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