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Blume-Capel model

H=—-J Z aiaj—i-AZa?—HZUi
i

<ig> i
Spin variables o; = {—1,0,1}, A is the crystal field coupling (controls the density
of vacancies), H is the external magnetic field.

T
- Second order line: Ising universality
class.
- Tricritical point at A; = 2.84479(30),
T, = 1.4182(55) 1. Tl T
- First order line transition. 4 A
Ay

B Upper critical dimension d,,. = 3 at the tricritical point! MFT exponents are
expected.

tM. Deserno. Phys. Rev. E, 56, 5204-5210 (1997)
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Blume-Capel model

Scaling hypothesis:
fsing (t, h) _ L_deing(Lytt, LY h)

Ising universality class in 3D: Conformal bootstrap methods give!:

Yt Yh
1.587374(4) 2.48180(14)

Table: 3D Ising universality class

Second order line of 3D Blume Capel model has been studied in several
papers *.

tF. Kos, D. Poland, and D. Simmons-Duffin, Journal of High Energy Physics (2014)

iN.G. Fytas and P.E. Theodorakis. The European Physical Journal B, vol. 86, no. 2 (2013). ; M. Hasenbusch. Physical Review
B, vol. 82, no. 17 (2010). ; J. Zierenberg, N.G. Fytas and W. Janke. Physical review. E, Statistical, nonlinear, and soft matter
physics. 91. (2015)
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Blume-Capel model

Tricritical Ising universality class — d,, = 3 is the upper critical dimension!
The critical exponents take their tricritical mean-field values and
multiplicative logarithmic corrections emerge.

Scaling hypothesis at the upper critical dimension:

S8 (¢ g h) = L™4F (LY (In L)%, LY (In L)% g, LY (In L)* h)

tri
Tricritical point — ¢% Landau expansiont :
)
Yo=235 Uh=5: Y=1
o1 4
yg_3’ yh_67 yt_15

tl. D. Lawrie and S. Sarbach, Phase Transitions and Critical Phenomena, Vol. 9 (edited by C. Domb and J. L. Lebowitz, 1984
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Quantities and numerical simulations

Magnetic susceptibility x, magnetocaloric susceptibility coefficient xr,
specific-heat-like quantity x2, magnetocaloric-like coefficient x12

2y 2

x = SOAME -~ i) - By
B

xo = ZRLABSY o Bala) - (Ba) ()
B

The logarithmic derivatives of the n*-order of the magnetization are studied
(K =1/T)

dln(M™)  (M"™H) Aln(M™) (M"Ea) e
oK (Mm) — (), a—A:K(<EA>_<M—n>A>}_>L/

Ty ~ T, + aL = (1 + bL™¥) AL ~ Ay + aL=Ye(In L)¥s
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Quantities and numerical simulations

Cumulant method: A way to extract the Fisher zeros or Lee-Yang zeros from
the energy/magnetization cumulants.

The magnetization cumulants are defined by the derivatives of the free energy
with respect to the external field A

(M™(H))) = (-1)"N~'9 In 2 = (M — (M))")/N,

Different studies® show that one can extract the first zero hg by studying

1 M?2n((

(M (O)) ~ Lm0, hg o L0

, form>>1
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Quantities and numerical simulations

The cumulative distribution function of the zeros is given by
Gr(ry) = (2(j +1) — 1)/2L%,

where 7 is the (j + 1)*M-zero of the partition function, j labels the zeros.
Lee-Yang zeros case: The cumulative density for finite systems behaves as’

GL(hJ) ~ alh]’(L)az 4F as.

The value of as determines whether the transition is of first or second order:

— In the case of a first-order transition, as ~ 1, and a; oc Ae for the Fisher zeros
(or magnetization for the Lee-Yang zeros).

— In the case of a second-order transition, as = d/yp, for the Lee-Yang zeros.

— The term a3 indicates a phase transition when it is very close to zero.

tW. Janke and R. Kenna, Journal of Statistical Physics 102, 1211 (2001)
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Quantities and numerical simulations

Monte-Carlo simulations: Hybrid Wolff single-cluster update for the +1 spins and
a single-spin-flip Metropolis update to account for the vacancies.
— MC simulations at

(Ac, T:) = (0,3.1952) (A, T}) = (2.8450,1.4182)

— Histogram reweighting method, which allows us to extrapolate data obtained
from simulations at fixed values of the crystal field (temperature) to nearby
temperature (crystal-field) ranges

— Periodic boundary conditions

— System sizes: L =12 — 22

— We perform 900 x N Monte Carlo steps per spin to ensure equilibration,
followed by 900 x 5 x N Monte Carlo steps per spin for the collection of
numerical data
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Results

Goal: At the critical point A, = 0, the goal is to locate accurately the
location of the transition.

hO ~ CLL_2'4819(1 + bL_O'832), <<M8>> ~ aL16‘8552(1 + bL—0.832)

- T=3.1958, 2 =21.6976

*

=3.1958,
T=3.1960,
T=3.1962,

At T = 3.1962, the quality of the fit is good.
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FSS - Density of the LY zeros

Gp(ho) ~ alhg/yh + a3, a3 =0 in the vicinity of T,

& =1.2033 +/- 0.0002 A
--— T=3.1962, x2 = 0.8262, & = 1.2057 +/- 0.0001 .
--- T=3.1964, x? = 2.4763, & = 1.2081 +/- 0.0002

-

--- T=3.1960, x? = 1.8484,
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Results

FSS
Ty ~Te+aL ¥ (1+bL7%), Ok In(M™Ty)) ~aL ¥ (1+bL™)

=3.1964(3) 3 1.6045 +/- 0.0006

— Determination of 7.: The joint fit on all quantities in the left figure gives

T, = 3.1964(3). T. = 3.1952(8)" obtained from the shift behavior of T}, of the C and x

peaks (L = 8 — 24)

— Determination of y:: The best fit is for = 1 with corrections where y: = 1.5809(81),

close to the expected value i = 1.587374(4)

tN.G. Fytas and P.E. Theodorakis. The European Physical Journal B, vol. 86, no. 2 (2013).
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Results

Goal: Extract the hatted exponent ¢, from the LY zeros and the 8th cumulant at
the estimated tricritcal temperature T; = 1.4182

ho ~ L™%2(InL)=%, ((M®)) ~ L'7(In L)%~

A=2.8441, x? = 4.072, (8 1.8434 +/- 0.0621
13121 -
)= 1.3340 +/- 0.0622
0.8164 +/- 0.0623
0.2907 +/- 0.0624

a7

-0.2361 +/-
-0.1719 +/-

- A=2.8442,aL" 1.4352
A=12.8443, x; . -0.1065 +/-
-0.0398 +/-

— At A = 2.8442, the estimated exponent ¢y, is really close to the expected
value.
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Results

Observables Reference exponent Measured exponent 2

ho -1/6 —0.17(1) 1.68
((M1)) 2/3 0.62(3) 1.52
(M) 1 0.99(5) 1.62
((MB)) 4/3 1.33(6) 1.64
m(Ap, Ty) 1/6 0.16(1) 1.49

Table: A summary of the measured hatted exponents in this work at
Ay = 2.8442, T, = 1.4182
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Results

Goal: Let's study the crossover phenomena by studying the LY zeros near the
TCP...

We expect
- yp = 2.48180(14) and d/yn, = 1.2088(5) along the second order line.
- yp = 2.50 and d/y;, = 1.20 at the tricritical point.
- yp = d =3 and d/y; = 1 along the first order line.
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Results

Ar ~ A+ aL =Y (In L)%, AaIn(M™(AL)) ~ aL~Ys

Ay =2.8442(3) ——— v 0494,y =  1.9955 +/- 0.0024
2.0003 +/- 0.0024
2.0147 +/- 0.0022

— Determination of A;: the joint fit on all quantities in the left figure gives

¢ = 2.8442(3). A, = 2.8446(3) T obtained from the shift behavior of Ay, of the
specific-heat peaks (L = 20 — 28).
— Determination of y,: the extracted exponents are close to the expected but x? is
poor: fitting da In(M™(Ar)) ~ aL Vs (In L)~/ improve the quality but the exponent

deviates.
tJ. Zierenberg, N. G. Fytas, and W. Janke, Physical Review E 91, 032126 (2015).
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Conclusion

- It is possible to accurately determine the characteristics of a phase
transition through small-scale numerical simulations for the 3d BC model.
- The study of the density of zeros can determine the tricritical point with
precision, and the order of the transition.

- It is possible to determine the value of ¢, thanks to the sensitivity of the
zeros, even for small sizes.

— Next: study of the phase diagram of the 4D Blume-Capel model!
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The End
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Goal: Extract the hatted exponent ¢ from the LY zeros and the 8th
cumulant at 7} = 1.4181

ho ~ L™°2(In L)%, ((M®)) ~ L'7(In L)%

0.0621

- 0.0622
- 0.0623
0.0624

0.2496 +/- 0.0077
0.1855 +/- 0.0078

=-0.1203 +/- 0.0079 ~~_
A=2.8444, x2 = 0.5333, —y,= -0.0538 +/- 0.0080 T=14181

At A = 2.8442, the estimated exponent gy, is really close to the expected

value.
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Goal: Extract the hatted exponent ¢ from the LY zeros and the 8th
cumulant at 7; = 1.4182

ho ~ L™°2(In L)%, ((M®)) ~ L'7(In L)%

1.3340 +/- 0.0622
08164 +/- 0.0623
02907 +/- 0.0624

0.2361 +/- 0.0078
0.1719 +/- 0.0078

=-0.1065 +/- 0.0079 "~

A =28444, x2 = 0.6691, —y,=-0.0398 +/- 0.0080 T=14182

At A = 2.8442, the estimated exponent gy, is really close to the expected

value.
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Goal: Extract the hatted exponent ¢ from the LY zeros and the 8th
cumulant at 7; = 1.4183

ho ~ L™°2(In L)%, ((M®)) ~ L'7(In L)%

2260 +/- 0.0622
07075 +/- 0.0623
0.1810 +/- 0.0624

1583 +/- 0.0078
3035
0927 +/- 0.0079 >+,

0259 +/- 0.0080 T=1.4183

At A = 2.8442, the estimated exponent gy, is really close to the expected

value.
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Goal: At the critical point, the goal is to locate accurately the location of the
transition.

h() ~ L_2'4819a(l+bL_0'832+CL_2(0‘832)), <<M8>> ~ L16.8552a(1+bL—04832+CL—2(0.832))

3.1958, x? =3.3372

T=3.1964, x2 =0.6105
T=3.1966, x] = 0.3944

g

T=3.1964, x2 =0.617
3.1966. x2 = 0.396

At T = 3.1962, the quality of the fit is really good.
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