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Statistical ensembles

@ Grand-canonical, canonical, microcanonical ensembles

@ At equilibrium, and V — oo: ensemble equivalence
=-Free choice of ensemble for thermodynamic properties
Choice of ensemble can be dictated by the physics of the system

@ In a MC simulation: finite V
How does a finite-V observable converges to the V — oo limit?
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Statistical ensembles

@ Grand-canonical, canonical, microcanonical ensembles

@ At equilibrium, and V — oo: ensemble equivalence

=-Free choice of ensemble for thermodynamic properties

Choice of ensemble can be dictated by the physics of the system
@ In a MC simulation: finite V

How does a finite-V observable converges to the V — oo limit?

Goals:

@ Study the finite-volume corrections in the canonical and
grand-canonical ensembles

@ New QMC method for fermions in the canonical ensemble

Caveat: we consider a finite mass gap (finite &)
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Statistical ensembles: notation

Quantum model Classical Ising model
E N particle number operator Map to the classical lattice gas model
S
S|Han=HoDH1D ... M < n
©
c
2 9 s SiS; 'S
S| Zee = Trag op(—BA + ul) | Zge = 3 &2 55005
{Sk=+1}
g Zean(n) = Tryy, exp(—BH) Zean(m) = Z B i SiSiHh Y Si
g {Sk==£1}
S )
0(m, v 22 5i)
Fixed-magnetization ensemble
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Finite-size corrections

@ We consider a finite mass gap (finite £), periodic b.c.

@ How O(L) approaches O(L = o0) for L — o0?
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Finite-size corrections

@ We consider a finite mass gap (finite £), periodic b.c.
@ How O(L) approaches O(L = o0) for L — o0?

@ Grand-canonical: O(L = 00) — O(L) o exp(—L/¢)
Field theory Lischer, 1086; Neuberger, 1989; Miinster, 1085
MC simulations
Exact solutions: 1D Ising model
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Finite-size corrections

@ We consider a finite mass gap (finite £), periodic b.c.

@ How O(L) approaches O(L = o0) for L — o0?

@ Grand-canonical: O(L = 00) — O(L) o exp(—L/¢)
Field theory Lischer, 1086; Neuberger, 1989; Miinster, 1085
MC simulations
Exact solutions: 1D Ising model

@ Canonical: constraint introduces long-ranged interaction
= 1/V finite-size corrections neuberger, 1989
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Finite-size corrections in the Canonical ensemble

Fean(n0, V) — Fic(V) = 50 In(27V) + 2 In <B>+O<V12>

Xc = charge susceptibility ~ particle-number fluctuations

o If F(V =00) — Fye(V) oxx exp(—L/§),
= 1/V corrections in the canonical ensemble, controlled by x.
"R 0 (xc/5) /08
Xc
Ecan(V) — E(V =) = W
@ Generalized to other observables
@ Exact solution of the 1D Ising model in the canonical ensemble

J e 1
Ecan = —Jtanh(8J) + 7 + O (e /€, 1_2)
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Auxiliary-field Quantum Monte Carlo

2
A=>"eT,e+Y U (Z efvife, + ak>
X,y k Xy

~~

.i_

1%

o Trotter decomposition exp(—BH) ~ [exp(—A7 T) exp(—Ar V)]V
@ Hubbard-Stratonovich decomposition
T

ATAZ 1 Z ,y(/)e\/ﬁn(/)/i
I=+1,42
= Any observable computed using
G (1) = (eley)
@ ALF: Algorithms for Lattice Fermions
alf.physik.uni-wuerzburg.de
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Quantum Monte Carlo for the canonical ensemble

@ We supplement the Hamiltonian 012, et
L=16 =
H()\) = H + HA’ . 0.08 | \\\‘\\\\\ .
2 = Lo
Ay = A (/v - NO) ool ]
e
q .
Zean(No) = lim Tr [e‘BH(A)} . s

A—00 0 1 2 4 10

BA

@ Monitor convergence measuring charge susceptibility xc

@ (N — Np)? long-ranged interaction: can kill acceptance ratio
Solution:

N
e—ﬁH — H —ATT —ATV **Hx . e*KHA

Vv
T=1 ny-times
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1D Hubbard Model 5 = 0.5
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1D Hubbard Model 5 = 0.5
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2D Hubbard Model g = 0.5
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2D Hubbard Model g = 2.0
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Lower temperature: increased &, reduced x.
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2D Hubbard Model g = 2.0 3/8-filling
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Mild sign problem at 8 = 2.0
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@ We studied the finite-size corrections with a finite mass-gap (finite &),
periodic b.c., in the grand-canonical and canonical ensemble

@ Distinct approach to the thermodynamic limit
O(V = 00) — Oge(V) x e7L/¢
O(V =) = Ocan(V) x 1/V
@ Exact formula for the finite-size correction in the canonical ensemble

Exact solution for the 1D Ising model

@ QMC method for fermionic systems in the canonical ensemble

Ref: Z. Wang, F. F. Assaad, FPT, Phys. Rev. E 96, 042131 (2017)
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