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Statistical ensembles

Grand-canonical, canonical, microcanonical ensembles

At equilibrium, and V → ∞: ensemble equivalence

⇒Free choice of ensemble for thermodynamic properties

Choice of ensemble can be dictated by the physics of the system

In a MC simulation: finite V

How does a finite-V observable converges to the V → ∞ limit?

Goals:

Study the finite-volume corrections in the canonical and
grand-canonical ensembles

New QMC method for fermions in the canonical ensemble

Caveat: we consider a finite mass gap (finite ξ)
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Statistical ensembles: notation

Quantum model Classical Ising model

G
ra
n
d
-c
an
on

ic
al N̂ particle number operator Map to the classical lattice gas model

Hfull = H0 ⊕H1 ⊕ . . . M ↔ n

Zgc = TrHfull
exp(−βĤ + µN̂) Zgc =

∑

{Sk=±1}
eβJ

∑
<ij> SiSj+h

∑
i Si

C
an
on

ic
al

Zcan(n) = TrHn exp(−βĤ) Zcan(m) =
∑

{Sk=±1}
eβJ

∑
<ij> SiSj+h

∑
i Si

·δ(m, 1
V

∑

i Si )

Fixed-magnetization ensemble
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Finite-size corrections

We consider a finite mass gap (finite ξ), periodic b.c.

How O(L) approaches O(L = ∞) for L → ∞?

Grand-canonical: O(L = ∞)− O(L) ∝ exp(−L/ξ)
Field theory Lüscher, 1986; Neuberger, 1989; Münster, 1985

MC simulations
Exact solutions: 1D Ising model

Canonical: constraint introduces long-ranged interaction
⇒ 1/V finite-size corrections Neuberger, 1989
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Finite-size corrections in the Canonical ensemble

Fcan(n0,V )− Fgc(V ) =
1

2V
ln (2πV ) +

1

2V
ln

(
χc

β

)

+ O

(
1

V 2

)

χc = charge susceptibility ∼ particle-number fluctuations

If F (V = ∞)− Fgc(V ) ∝ exp(−L/ξ),
⇒ 1/V corrections in the canonical ensemble, controlled by χc

Energy:

Ecan(V )− E (V = ∞) =
∂ (χc/β) /∂β

2V (χc/β)
.

Generalized to other observables

Exact solution of the 1D Ising model in the canonical ensemble

Ecan = −J tanh(βJ) +
J

L
+ O

(

e−L/ξ,
1

L2

)
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Auxiliary-field Quantum Monte Carlo

Ĥ =
∑

x ,y

ĉ†xTx ,y ĉy

︸ ︷︷ ︸

≡T̂

+
∑

k

Uk

(
∑

x ,y

ĉ†xV
(k)
x ,y ĉy + αk

)2

︸ ︷︷ ︸

≡V̂

Trotter decomposition exp(−βĤ) ≃ [exp(−∆τ T̂ ) exp(−∆τ V̂ )]N

Hubbard-Stratonovich decomposition

e∆τλÂ2
≃

1

4

∑

l=±1,±2

γ(l)e
√
∆τλη(l)Â

⇒ Any observable computed using
Gxy (l) ≡ 〈ĉ†x ĉy 〉l
ALF: Algorithms for Lattice Fermions
alf.physik.uni-wuerzburg.de

τ

space
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Quantum Monte Carlo for the canonical ensemble

We supplement the Hamiltonian

Ĥ(λ) = Ĥ + Ĥλ,

Ĥλ ≡ λ
(

N̂ − N0

)2

Zcan(N0) = lim
λ→∞

Tr

[

e−βĤ(λ)
]

 0
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χ c

βλ 

L=4
L=8

L=16

Monitor convergence measuring charge susceptibility χc

(N − N0)
2 long-ranged interaction: can kill acceptance ratio

Solution:

e−βĤ =

N∏

τ=1



e−∆τ T̂ e−∆τ V̂ e
−∆τ

nλ
Ĥλ · · · e

−∆τ

nλ
Ĥλ

︸ ︷︷ ︸

nλ-times



 .
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1D Hubbard Model β = 0.5
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2D Hubbard Model β = 0.5
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2D Hubbard Model β = 0.5
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2D Hubbard Model β = 2.0
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Lower temperature: increased ξ, reduced χc
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2D Hubbard Model β = 2.0 3/8-filling
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Mild sign problem at β = 2.0
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Summary

We studied the finite-size corrections with a finite mass-gap (finite ξ),
periodic b.c., in the grand-canonical and canonical ensemble

Distinct approach to the thermodynamic limit

O(V = ∞)− Ogc(V ) ∝ e−L/ξ

O(V = ∞)− Ocan(V ) ∝ 1/V

Exact formula for the finite-size correction in the canonical ensemble
Exact solution for the 1D Ising model

QMC method for fermionic systems in the canonical ensemble

Ref: Z. Wang, F. F. Assaad, FPT, Phys. Rev. E 96, 042131 (2017)
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