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Contact	process	

Prototype	of	stochas*c	laJce	models	
LaJce	sites:	empty		
																							occupied	by	one	par*cle	(A)	
Con*nuous	*me	Markov-process:	
																																							two	processes:	
	
•  																						par*cle	at	site	l	disappears	
	with	a	rate		
•  																									new	par*cle	is	produced	on	empty	sites	
with	a	rate	
n:	coordina*on	number,	p:	number	of	occupied	neighbours	
local	control	parameter:		

(Ø)

(A ! Ø)
µ(l)

ØA ! AA
p⇤(l)/n

�(l) = ⇤(l)/µ(l)



Homogeneous	contact	process	

��c

� = �� �c, control� parameter

⇢ ⇠ �

� , order� parameter

⇢1 ⇠ �

�1 , surf.order� parameter

⇠k ⇠ |�|�⌫k , correlation� length

⇠? ⇠ |�|�⌫? , correlation� length

�c 3.29785(2)
� 0.276486(8)
�1 0.73371(2)

⌫k = ⌫k,1 1.733847(6)
⌫? 1.096854(4)

Parameters	in	1d	



Inhomogeneous	contact	process	
Forms	of	inhomogeneity	
•  Free	surface:	
	
	
	
•  Internal	defect:	
												Irrelevant	perturba*on,	exponents	are	unchanged	
	
•  Spa*al	disorder:	
										Infinite-disorder	cri*cality:		
	
•  Temporal	disorder:	
										Conven*onal	disorder	cri*cality:	
	
•  Fractals,	complex	networks	

⇢ ! ⇢1

� ! �1

⌫k, ⌫? ! unchanged

⇠? ⇠ (ln ⇠k)
 ,  = 1/2

⇠k ⇠ ⇠z?



Inhomogeneous	contact	process	

New	types	of	inhomogeneity:	
	
•  Mul*ple	junc*on:	
				M=1		free	surface	
				M=2	internal	defect	
				M>2	
																																																	relevant	perturba*on.	
•  Smoothly	varying	(surface)	inhomogeneity:	
																																																
	l	distance	from	the	surface	
Scaling	transforma*on:	
	
	
marginal	perturba*on	with:			

. . .
2 .

.

3

1 M

�(l)� �(1) = Al�s

M(�1/⌫k) > 1

��0(l0) = b1/⌫?��(l) �! A0 = Ab1/⌫?�s

s = 1/⌫?



Numerical	simulaIon	

•  Time-steps:	t=1,2,…,106	
•  No	ac*ve	sites:	N(t)	
•  Ac*ve	sites	picked	randomly:	
								-		made	inac*ve	with	pr.		
								-		ac*vate	one	neighboring	site	with	pr.	
								-		for	end	site	ac*va*on	with	pr.	
•  Seed	simula*on:	
							ini*ally	all	but	the	surface	site	are	inac*ve	
•  Measuring	the	survival	probability:	P(t)	(frac*on	of	ac*ve	sites)	
									in	the	long-*me	limit:	
•  Effec*ve	decay	exponent:	

	

1/[�(l) + 1]

�(l)/[�(l) + 1]

1/2�(l)/[�(l) + 1]

P (t) ! ⇢1

�e↵(t) = � lnP (t)� lnP (t0)

ln t� ln t0



Smoothly	varying	inhomogeneity:	 ��(l) = Al�s
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Smoothly	varying	inhomogeneity:	 ��(l) = Al�s

Surface	phase-transiIon	

P (t) ⇠ t��(A)																																			second	order	
																																							
						decay	exponent	is	a	func*on	of	A																
	
																												correla*on	length	
	
which	can	be	measured	from	
	
										and	does	not	depend	on	A:				

⇠k ⇠ |�|�⌫k,1(A)

P (t,�) = t��(A)f(�t1/⌫k,1(A))

�(A)

⌫k,1(A) = ⌫k

A < Ac P (t) ⇠ t��(A)



Smoothly	varying	inhomogeneity:	 ��(l) = Al�s

Surface	criIcal	exponents	
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Smoothly	varying	inhomogeneity:	 ��(l) = Al�s

Surface	phase-transiIon	

A > Ac mixed-order	 P (t) ' b(A)t��0(A) + p(A)
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Smoothly	varying	inhomogeneity:	 ��(l) = Al�s

A > Ac mixed	order	surface	transi*on	

correla*on-length	scaling	is	asymmetric	
� < 0 inac*ve	phase	 ac*ve	phase	� > 0
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Smoothly	varying	inhomogeneity:	 ��(l) = Al�s

Surface	criIcal	exponents	
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Smoothly	varying	inhomogeneity:	 ��(l) = Al�s

A = Ac tricri*cal	point,	logarithmic	decay	
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MulIple	juncIons	 . . .
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MulIple	juncIons	 . . .
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correla*on-length	scaling	is	asymmetric	
� < 0 inac*ve	phase	 � > 0 ac*ve	phase	
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MulIple	juncIons	 . . .
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λc

Pc

∆> 0< 0∆

M
,

β∼ ∆

ξ ∼|∆|= − ,M=ν − ,M=ν
,

ξ ∼∆=

P

λ

⌫k

�0
M = �0M⌫0k,M

M Pc �0M ⌫k,M
3 0.391(2) 0.34(1) 2.20(3)
4 0.507(2) 0.81(3) 3.00(10)
5 0.546(2) 1.25(10) 3.7(1)
6 0.564(2) 1.8(1) 4.5(1)

A3 ⇡ 4.75

A4 ⇡ 7.3

A5 ⇡ 9.5

smoothly		
varying	

inhomogeneity	



Mixed-order	transiIon	-	Scaling	consideraIons	

L1032 Letter to the Editor 

\ I  

Figure 1. ( 0 )  m = 3 semi-infinite planes of king spins joined together by surface spins and 
( b )  the corresponding system in the strip geometry. 

and 

Here u'(y, x) = *I are king spins at position y, x on the pth plane, and /3 = I /k ,T .  
For m = 1 and m = 2 we obtain a semi-infinite system and two semi-infinite systems 

joined by a defect line, respectively, while for m = 3 as a possible physical realization 
one can imagine interacting magnetic ions segregated along various planar grain 
boundaries, three of which meet along a linear junction. Due to pair interactions in 
the junction (equation (3)) the perturbation represented by Vis marginal in the ordinary 
surface transition point for all m # 1; thus to clarify the actual critical behaviour one 
needs detailed investigations. 

Now we show that the multiple junction problem is connected to the RSFI model 
defined by the Hamiltonian: 

m 

-Pfig=-PH,+ Z h(y)8 (y .  1) (4) 
y=-m 

where the random surface field h(y) has a Gaussian distribution: 

Since the disorder is quenched, it is the free energy rather than the partition function 
which must be averaged. Using the replica trick: (log 2) = lim,,,[((Z") - l ) / m ]  one 
can easily show that the effective Hamiltonian of the problem is just the m + 0 limit 
of equations (1)-(3) with J =A2. 

In general we are interested in the critical behaviour near to the junction, e.g. we 
look for the critical exponent )I, describing the decay of spin-spin correlations 
(~"(0, l)sp(y, I))= I Y I - ~ * * ~  when the system is at the bulk critical point. Now we suppose 

t, ⇠k

x, ⇠?

⇠k ⇠ ⇠z?

Equivalent	(1+1)-dimensional	
sta*c	problem	

local	free-energy	per	site	

f(�, h1,�1, t)

local	control	parameter	

local	ordering	field	

scaling	rela*ons:	 x ! x/b

f(�, h1,�1, t) = b�zf(�b1/⌫? , h1b
yh1 ,�1b

y�1 , t/bz)

⇠k(�, h1,�1, t) = bz⇠k(�b1/⌫? , h1b
yh1 ,�1b

y�1 , t/bz)

scaling	exponents	
local	order	parameter	(survival	probability)	 P = @f/@h1

P (�, h1,�1, t) = b�z+yh1 f(�b1/⌫? , h1b
yh1 ,�1b

y�1 , t/bz), ! yh1 = z



Mixed-order	transiIon	-	Scaling	consideraIons	

�1 irrelevant	variable	 y�1 < 0

P (�, h1,�1, t)� Pc = by�1 P̃ (�b1/⌫? , h1b
yh1 , t/bz)

b = t1/z, � = h1 = 0, P (t)� Pc ⇠ ty�1/z, �0M = �y�1/z

b = ��⌫? , �0
M = �y�1⌫?

� > 0 ac*ve	phase	–	harmless	variable	–	analy*c	in	�1

scaling	rela*on:	

� < 0 inac*ve	phase	–	dangerous	variable	–	non-analy*c	in			�1

assump*on:	 ⇠k(�, h1,�1, x) = ��✏
1 ⇠̃k(�, h1�

�✏
1 , x)

⇠k(�, h1,�1, x) = b

z�✏y�1
⇠̃k(�b

1/⌫?
, h1b

z�✏y�1
, x/b)

b = x = ⇠?, ⇠k ⇠ ⇠

zM
? , zM = z � ✏y�1

⌫k,M = ⌫k � ✏y�1⌫? = ⌫k(1 + ✏�0M ), ✏ = (⌫k,M/⌫k � 1)/�0M



Smoothly	varying	inhomogeneity:	 ��(l) = Al�s

Surface	criIcal	exponents	
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Summary	

•  Contact	process		
																		at	a	smooth	(surface)	inhomogeneity	
	
																			
																		at	a	mul*ple	junc*on	
	
•  Second-order	transi*on	for																									and	
	
•  Mixed-order	transi*on	for																											and	
	
									the	cri*cal	exponents	are	non-universal	(A	and	M	dependent)	
	
									scaling	theory	with	(dangerous)	irrelevant	variables	

��(l) = Al�s

. . .

2 .

.

3

1 M

A < Ac M  2

M > 2A > Ac



Thank	you	for	your	a_en*on!	


