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Motivation

droplet formation

cluster formation in protein solutions#

?

semiflexible filament network+

(e.g. actin)

?

# from A. Stradner et al., Nature 432, 492 (2004).
+ from R. J. Pandolfi et al., Phys. Rev. E 89, 062602 (2014); see also H. J. Kouwer et al., Nature 493, 651 (2013).
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Free-energy barrier of droplet formation
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Free-energy barrier of droplet formation

Free-energy barrier proportional to the interface:

β∆F = σ∂VD ∝ σV
2/3
D

However,
VD ∝ N3/4 → β∆F ∝ τeffN

1/2

Additional logarithmic corrections from shape fluctuations yield

β∆F = τeffN
1/2 + a lnN + c

M. Biskup, L. Chayes, and R. Kotecký, Europhys. Lett. 60, 21 (2002).
J. Zierenberg and W. Janke, Phys. Rev. E 92, 012134 (2015).
A. Nußbaumer, E. Bittner, and W. Janke, Prog. Theor. Phys. Suppl. 184, 400 (2010).

4 / 13



Introduction Theory & Numerics Models Results Conclusions

Free-energy barrier of droplet formation

Free-energy barrier proportional to the interface:

β∆F = σ∂VD ∝ σV
2/3
D

However,
VD ∝ N3/4 → β∆F ∝ τeffN

1/2

Additional logarithmic corrections from shape fluctuations yield

β∆F = τeffN
1/2 + a lnN + c

M. Biskup, L. Chayes, and R. Kotecký, Europhys. Lett. 60, 21 (2002).
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Estimating the free-energy barrier
The free-energy barrier is related to the logarithmic suppression in
the canonical energy probability distribution at βeqh

Pβ(E ) =
1

Z
Ω(E )e−βE
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Estimating the free-energy barrier
The free-energy barrier is related to the enclosed area of the
inverse microcanonical temperature and βeqa = βeqh

β(E ) =
∂

∂E
ln Ω(E )
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Density of states? Multicanonical simulations!

• efficient MC method for first-order phase transitions

• enhance sampling of suppressed states by e−βEp →W (Ep)

• iteratively adapt W (n)(Ep) based on probability distribution

• since each step in equilibrium: distribute to parallel processes
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J. Zierenberg, M. Marenz, and W. Janke, Comput. Phys. Comm. 184, 1155 (2013); Physics Procedia 53, 55 (2014).
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Role of kinetic energy
total energy E = Ep + Ek potential energy Ep
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Pβ(E ) = 1
Zβ

Ω(E )e−βE P̂β(Ep) = 1
Ẑβ

Ω̂(Ep)e−βEp

Ω(E) =
∫
DxDp δ(E − Ep(x)− Ek (p)) Ω̂(E) =

∫
Dx δ(E − Ep(x))

For N momenta Zβ = (2πm/β)3N/2Ẑβ and we find

Pβ(E ) =

∫
dEp P̂(Ep) PMB(E − Ep) = (P̂β ∗ PMB)(E )

with the Maxwell-Boltzmann distribution PMB(Ek)
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We thus expect
β∆F̂ > β∆F
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Particle & Polymer Model

• Lennard-Jones potential: VLJ(rij) =

((
1
rij

)12
− 2

(
1
rij

)6
)

Cutoff at rc = 2.5
Domain Decomposition

• FENE potential: VFENE(r) = −(KR2/2) ln[1− (r − r0)2/R2]

• fixed density ρ = 10−2
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So what do we expect?

finite-size scaling: β∆F = τeffN
1/2 + a lnN + c

β∆F̂ (potential energy) > β∆F (total energy)
but τ̂eff = τeff
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Finite-size scaling particles
Free-energy of droplet formation in a supersaturated/undercooled
particle gas up to N = 2048 particles at fixed density ρ = 10−2

0

5

10

15

20

25

30

35

40

45

0 5 10 15 20 25 30 35 40 45 50

β
∆
F

N

Ep
E

• Leading behavior is clearly N1/2

• incl. logarithmic corrections N > 320; Q ≈ 0.3;
τeff = 0.939(4) and τ̂eff = 0.935(4)

J. Zierenberg, P. Schierz, and W. Janke, arXiv:1607.08355 (2016)
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Finite-size scaling polymers
Similar picture for flexible bead-spring polymer aggregation:
up to N = 64 polymers (13 monomers) at fixed density ρm = 10−2
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• here logarithmic corrections seem to be more relevant
• incl. logarithmic corrections N > 16; Q ≈ 0.2;
τeff = 1.06(3) and τ̂eff = 1.03(3)

J. Zierenberg, P. Schierz, and W. Janke, arXiv:1607.08355 (2016)
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Conclusions

• Free-energy barrier:
expected N1/2 leading scaling plus logarithmic corrections

• kinetic energy lowers the droplet formation barrier due to
convolution with Maxwell-Boltzmann distribution

• Finite-size scaling at fixed (low) density suggests a close
analogy of particle condensation and polymer aggregation
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Relation between energy-probability distributions

Pβ(E ) =
1

Zβ
Ω(E )e−βE

=
1

Ẑβ

∫
DxDp δ(E − Ep(x)− Ek(p))

(2πmβ)3N/2
e−βEpe−βEk

=
1

Ẑβ

∫
Dx e−βEp

∫
Dp fMB(p) δ(E − Ep(x)− Ek(p))

=
1

Ẑβ

∫
Dx e−βEp

∫
dEk PMB(Ek) δ(E − Ep(x)− Ek(p))

=

∫
dEp P̂(Ep) PMB(E − Ep)

= (P̂ ∗ PMB)(E )
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