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Exact solutions to plaquette Ising models with free and periodic boundaries




Motivation

» your first Monte Carlo simulation of spin-lattices was (is) erroneous almost surely
» compare to enumeration, exact solutions for finite lattices

Exact solutions:
» 1d Ising model: {free, fixed, (anti)periodic}-boundary conditions

» 2d Ising model: {(anti)periodic, Brascamp-Kunz,. . . }-boundary conditions, no solution
for free boundaries
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Spin-Bond transformation: solving the 1d Ising chain

» for free boundary conditions:

—1
—Zﬂi0i+1, g € {+1,—-1},

Z1d free = Z exp (,B Z UIUI+1>

{c}
» spin-bond transformation:
{o1,00,...00} = {m,72,... 7L}

where 71 = o102, T2 = 0203, ...,TL—1 = 01—10L and setting
71 = o1, the mapping {o} — {7} with an inverse relation of the
formoj = 7, 711 TL_2-- - Tj is one-to-one

» partition function factorises:

Zig, free = Y OXP <BZT,> =2 H > exp(Bm) = 2"ch(B)"

{7} i=1 7j=%+1
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Spin-Bond transformation: solving the 1d Ising chain (again)

» for periodic boundary conditions:

L T
H:—Zo’ia/+1, UiE{+1,—1}
i=1
» spin-bond transformation:
{01,02,...01} — {T1,T2,...TL}
T = 0102, Tp = 0203, ...,TL = 0.01+1 = 001, With an inverse relation of the form

oj =01 X Ty T2 T3 - - - Ti—1, Mapping is two-to-one and we have the constraint
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Spin-Bond transformation: solving the 1d Ising chain (again), cont'd

» partition function:

L
Zig, periodic = Y_, €XP <5 > Uiffi+1>

{c} i=1

=2) exp (ﬁi},) 5 <§T,,1>

{7}
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Spin-Bond transformation: solving the 1d Ising chain (again), cont'd

» partition function:

L
Zig, periodic = Y_, €XP <5 > Uiffi+1>

{c} i=1

=2) exp (ﬁi},) 5 <ﬁ7’,’,1>

{r}
L L
= Zexp <,BZT,-> <1 + HT[)
{r} i=1 i=1
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Spin-Bond transformation: solving the 1d Ising chain (again), cont'd

» partition function:

L
Zig, periodic = Y_, €XP <5 > 0i0i+1>

{c} i=1

=2) exp (ﬁi:ﬂ) 5 <ﬁ7’,’,1>

{r}
L L
= Zexp <,BZT,-> <1 + HT[)
{r} i=1 i=1

L L
= [H ST epBr)+]] Do TieXP(ﬁTi)]

i=1 ri==%1 i=1 mj==£1

— 2Lch(B)t [1 +th(5)L] .
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Spin-Bond transformation, highlights

solving the 1d Ising chain

free

periodic

o oo o3 4

o @ @
T
last spin, o remains untransformed
cause of “2” summing over o
z 2keh(B)H1

is transformed
two-to-one transformation
additional constraint

2bch(B) [1 + th(B)]
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Plaquette model (in 3d)

E 0iTjoKT|

liri k1]

» particular limit of 3d model of the gonihedric string

H = —2/&20/0] z oioj — 1—x Z 0iTjoKT|

(o) ((0:f)) [isfsk,1)

5

D. A. Johnston, A. Lipowski, and R. P. K. C. Malmini, in Rugged Free Energy Landscape,s, Vol. 736 of Lecture Notes in Physics, Berlin Springer
Verlag, edited by W. Janke (2008), pp. 173—-199.
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Anisotropic plaquette model

Haniso({o'})

—Jx >, 0000 —Jy > cooo —J; Y oooo
Oy Ozx Oy

Ly
:;lsiy {o}) _JZZ |: Z aaaa:|

z=1 L2d O

Zhd™ = e (I (o)
{o}

- (ZZd, gonihedric) ke
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Two dimensional plaquette model: free boundaries in y-direction

» Spin-bond-transformation in y-direction, 7x,y = ox,yox,y4+1, With the condition
Tx,Ly = Ox,Ly
» partition function factorises:

ZZd, gonihedric, free

i SRBS
= Zexp B Z Z Ox,yOx,y+10x+1,y Ox+1,y+1 '-u’-u’-u’...’
{o} x=1 y=1 P s 2 2o
Loy *9-9--9
729)(‘3 52 ZTxyTxH,y 9999
mo Todsés

=25 (Zq, Ising)Ly71

» the factor 25x comes from the Ly sums over Tx,Ly = Ox,Ly = +1 which do not appear
in the exponent

!
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Two dimensional plaquette model: mixed boundary conditions

2lily g (8)(be—1lLy—1)
?-u?-u?-u?-u’
499

olxly ch (IB)LX(Ly—U (1 +th (ﬁ)Lx)Ly_1
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Two dimensional plaquette model: periodic boundaries
» Consider periodic boundary conditions in y-direction: Ox,L,+1 = Ox,1, here also in
x-direction o, 11,y = 01,y

» Spin-bond-transformation in y-direction, 7x,y = ox,yox y+1 is two-to-one and imposes
Lx constraints [ ], 7,y = 1

Lx L.V
Z2d gonihedric, periodic = 2bx z exp | B Z Z Tx,yTx+1,y H 1 H Tx,y,
{r} x=1y=1

» the funny “trick” of rewriting the §-constraints leads to complicated products — we go
straight to the high-temperature representation
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Two dimensional plaquette model: periodic boundaries

» high-temperature representation

ZZd gonihedric, periodic

X L}/
= okx Zexp (,BZZTX,}/Txﬁ,y) H5 (H X,y )
x=1

{7} x=1 y=1

Ly Lx
= 2bxch(B)trly Z |:H H (1 +th(B8) 7« yTX+1,y):| H5 (H Xy )
x=1

{r} Ly=1x=1

» similar to counting loops in the 2d Ising model, but simpler: only coupling in x-direction
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Two dimensional plaquette model: periodic boundaries

Ly Ly Lx Ly
2beh(B)Y S T T (1 +th (ﬂ)Tx,yTx+1,y):| 119 (H Tx,y71>
y=1

{7} Ly=1x=1 x=1
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Two dimensional plaquette model: periodic boundaries

Ly Ly Lx Ly
2beh(B)Y S T T (1 +th (5)Tx,y7’x+1,y):| 119 (H Tx,y71>
y=1
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Two dimensional plaquette model

solving the 2d plaquette model
free-free periodic-free

periodic-periodic

top line, Ox,Ly not transformed transformed
cause of “2Lx” summing over top row two-to-one
additional constraint
Lyl Ly—1)(Ly—1
ZZd, gonihedric, free = 2> ch (IB)( =Dy =1)

Z2d, gonihedric, mixed

2bxly ch (B)bx (=1 (1 +th (B)LX)Ly—1

L,
1 L AL
ZZd, gonihedric, periodic = (E) 2LXLy Ch(B)LXLy Z ( \;{) (th(ﬂ)v + th(ﬁ)LX V) Y
v=0
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Anisotropic plaquette model (again) - “fuki-nuke”

Heukinuke({0}) = —dx Y, oooo —Jdy > oooo
Oy Oz
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Three dimensional plaquette model: free boundaries in z-direction
» Spin-bond-transformation in z-direction 7x,y,z = 0x,y,z0x,y,z+1 in a cuboidal
L x L x Lz, for one-to-one correspondence: equality on one plane 7y .1, = oxy,1,
» partition function factorises:

L L Ly—1

Hfuki-nuke({T}) = - Z Z Z (Tx,y,sz+1,y,z + Tx,y,sz,y+1,z)

x=1y=1 z=1

Zruki-nuke = Z exp (_ﬁHfuki-nuke({T}))
{}

2 Ly—1
= 2" (Zg 15ing) *
» the factor ol comes from the L x L sums over 7y, 1, = ox,y,1, = %1 which do not
appear in the exponent
» free energy contributions

. 1 IN2 + By 1si
Bftuki-nuke = — Ll_l[noo L IN Zruki-nuke = Bfd Ising — Tsmg
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Interlude: topology
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Interlude: topology
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Interlude: topology
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Three dimensional plaquette model: periodic boundaries in z-direction

» Spin-bond-transformation in z-direction 7,y z = ox,y,20x,y,z+1 is two-to-one and
imposes L x L constraints [ ], 7x,y,z = 1

Lz

L L
Heuki-nuke ({7}) = Z Z Z (Tx,y,sz+1,y,z + Tx,y,zTx,y+1, z ,

x=1y=1 z=1

{r}

L L
Zu i-nuke — 2L ( ﬁHu i-nu. e({T})) 9 Tx, Z’ Q
fuki-nuk ZeXP fuki-nuk }—11;1_[1 (zl_! Y //'

{7} x=1

L L
= ZGXP( BHfukl—nuke {T})) H H (1 + H Tx,y,z )
y=1
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Three dimensional plaquette model: periodic boundaries in z-direction

quki—nuke %

Ly
= exp (—BHrukinuke ({7})) (1 +> > [[nwzt+0 (7'7')> S,

{r} x=1y=12z=1

= (Zed 15ing) (1 2.0 (<Tx’y>z2d Isi“g)LZ * O(TT)> i //

x=1y=1

» assuming translational invariance in each layer (2d periodic Ising model)
L
Zrukinuke = (Z2d, Tsing) ~ (1 + 1207 + O(TT))

> Ci = (T1,1)z2y Ising is the normalized one-point function (magnetization)
» O(r7) =
1 L L L L Lz
3 | 2ox=t1 2pi=1 2ot 2oyt ((TX1 I Tx2.Y2) Zag Ising) —1)+0(rr7)
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Three dimensional plaquette model: periodic boundaries in z-direction

quki-nuke
L L Lz
= Z exp (_ﬁHfuki—nuke({T})) (1 + Z Z H TX,y,z2 + 0O (7—7—)>
{r} x=1y=1z=1

x=1 y=1

L L
L L
= (Z2d 15ing) ~ (1 + Z Z ((Tx,y)de Ising) + O(TT))
» assuming translational invariance in each layer (2d periodic Ising model)
_ Ly 2 AL,
quki—nuke = (ZZd, Ising) (1 + L C1 + (@) (TT))

> Ci = (T1,1) 24, 1ing IS the normalized one-point function (magnetization)
» O(r7) =
1 L L L L Lz
2 2x1:1 Zy1:1 ZX2:1 Zy2:1 ((TX1 S TX2,Y2) Zog Ising) 1) +0(rr7)
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Fuki-Nuke: full-periodic

(<Tx,y>22d Is;ng)LZ + o(’TT))

L L
x=1y=1

(Zea Ising)LZ (1 +

ind periodic boundaries

Exact solutions to plaquette Ising models with free a




Fuki-Nuke: full-periodic

LoL
(Zea Ising)LZ (1 + Z Z (<Tx,y>22d Ising)LZ + O(TT))

x=1y=1

» without the power L, in O(r7) —
(high-temperature) susceptibility of the 2d Ising
model, no closed-form expression

» too late, discovered in loop-matrix calculations
already

T. Jonsson and G. K. Savvidy, Phys. Lett. B 449 (1999) 253;
T. Jonsson and G. K. Sawvidy, Nucl. Phys. B 575 (2000) 661;
G. K. Sawvidy, J. High Energy Phys. 09 (2000) 44;

G. K. Savvidy, Mod. Phys. Lett. B 29 (2015) 1550203.
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Conclusion

» identical spin-bond transformation can be treated explicitly for the 1d Ising and 2d
plaquette models

7
— E
- 1

» the 3d fuki-nuke model: explicit closed-form solution, as long as one boundary is free
and 2d Ising model boundary is known

» the 3d fuki-nuke model: fully-periodic lattice creates sum over non-trivial n-point
correlation functions

» the (full) 3d plaquette model: to be investigated (or maybe not)

! !
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