On the phase structure of 3D Abelian one-Higgs model on the
lattice
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What is the U(1) lattice Higgs model?

0
t

Degrees of freedom:
> Higgs field ¢(x) = p(x)el?(),
©(x) € [, ) on sites x
> Gauge field 0,(x) € [-m,7) on
links
» plaquette angle

G;W(X) = 8uol/(x) - 8u9u(x)
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What is the U(1) lattice Higgs model?

6 u:x
!
- N
bx
PR A
Action:
S=S¢+5Ss
Se=0 Y [1—cosb,,(x)]
X, u<v

Degrees of freedom:
> Higgs field ¢(x) = p(x)el?(),
©(x) € [, ) on sites x
> Gauge field 0,(x) € [-m,7) on
links
» plaquette angle

G;W(X) = 8uol/(x) - 8u9u(x)

So ==k p(x)p(x + 1) cos [Aup(x) = 6. ()] + D {pz(X) +A [P0 -1}

x,p

k controls inter-coupling!

A controls Higgs self-coupling!
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Objectives and Method

» Goals:
» phase structure and nature of transitions

» study and contrast behaviour of
geometric (cluster) properties
vs.

thermodynamic observables

» Method: Monte Carlo

» Metropolis, Heat-Bath update
» Multicanonical Method

» fix 3 and trace out (A - k) phase diagram
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Standard Observables

> energy (densities)
£33 Aot + ) sl ) ()
» mean Higgs amplitude square
() =733 P
» susceptibilities

Xo = (0%) — (0)*

» Binder ratios
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Example for Standard Observables
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Definition of Vorticity — Continuum Case

» consider a vector field 6(x)
» define vortex with charge m:

m~V x¥6 %d@—%rm
c
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pictures by O. Kapikranian



Definition of Vorticity — Lattice Case
Ny

> vortex (flux line) n =V x A

> on lattice V x A is just
plaquette angle 0,

Vv —
» flux comes in naturally quantized units of 27 since

O =a+2mn o€ (—m,n

ne[0,£1,...] is called excitation
» can also define monopoles M =V - n

» generalization to gauge invariant definition possible
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Networks and Network-Observables

Definitions:

> cluster = set of all
connected vortex segments

Observables:
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Networks and Network-Observables
Definitions:

> cluster = set of all
connected vortex segments

» network = set of all clusters

Observables:

» P probability that one
cluster spans whole system
(percolation)

» P, largest cluster size of
network

> can just ask for the density
of vortex lines (no cluster
observable)
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Example for Percolation Probability (A = 0.2)

Percolation probability
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Phase Diagram
[ fixed (lattice spacing), A — k plane

0.40 |- confined

0.38 ! ! ! ! ! ! ! ! ! -
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A
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Phase Diagram
[ fixed (lattice spacing), A — k plane
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0.40 |- confined
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A

> question what is characteristic of transition line? Will discuss
two cases (blue lines)
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Phase Diagram
[ fixed (lattice spacing), A — k plane
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Case 1: First-Order Region

Reweighted histograms P(S) at A = 0.025

0.001

» metastability!
1(»01;""

» first order region for
A <=0.03

le-05

le-06

le-07

le-08
-2

Look at scaling of Binder ra-
§ oA tios:

» ordinary energy (black)

» maximal cluster size

» both scalel!

0.4235 0.424 0.4245 0.425 0.4255
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First-Order Region(2), Finite-Size Scaling

0.4253 | ]
0.4250 | e
- B(Py)
B B(M)
< 0AuT| T Y
04244 | e
0.4241 | e
1/20° 1148 1/12° 1/10°
/L3

» within error bars, infinite volume critical point agrees for both
normal and cluster observables
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Case 2: Percolation Region

now change parameter A = 0.2

0.56 T T T T T T T T T T

0.44 -

0.42 -

0.40 |- confined

0.38 ! ! ! ! ! ! ! ! ! L
0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.22
A
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Percolation Region, Finite-Size Scaling (A = 0.2)

compare scaling of susceptibilities of cluster observables vs.
density observables for different lattice sizes:

cluster observable:
Susceptibility of maximal cluster size

300 . .
=2 ——
L=32 +x
250 |- Eaasy =26
=22 =
200 | ;
N
150 | U e
F o -
100 |
“ sosos
SO*EEBMEEDDWE’“W R
0

50 L L L L L L L L
053 0532 0534 0536 0538 054 0542 0544 0546
K

have diverging quantity
percolation transition
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Percolation Region, Finite-Size Scaling (A = 0.2)

compare scaling of susceptibilities of cluster observables vs.
density observables for different lattice sizes:

cluster observable: density observable:
Susceptibility of maximal cluster size Susceptibility of vortex density
300 T T T T T T 34 T T T T
L=42 —— L=12 —— whlE
L=32 32 L=16 ol ot
250 - Eaasy L=26 E L=18 @ SR
_." - . L=22 e 3 L=26 s";‘ |3
200 - hY 1 28 i i
150 - ‘ 26 i %
24t ¥ ¥
100 | 22l e i
; 8
50 2r o H
18} it ;ﬁﬁ i
04 q T ]
. ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ i.i E g™ ‘ ‘ ‘ ‘ ‘ Eh
) 053 0532 0534 0536 0538 054 0542 0544 0.546 .0.52 0.53 0.54 0.55 0.56 0.57 0.58
have diverging quantity no diverging quantity
percolation transition no phase transition
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Critical Exponents of Percolation Transition

» what are the exponents describing the percolation

transition?

» we determine critical exponents by collapsing data onto a

universal curve

K — K¢

OL(k) = LY/ o (xLM"), x = .

> exponents:  Vper

/3per

Yper

Ke

correlation length
POO — L_ﬁper/yperf (XLI/Vper)

X(Poo) — L’Yper/’/perg (XLl/VDer)
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Exponent v from Data Collapse

Binder cumulants of maximal cluster size
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Exponent v from Data Collapse

Binder cumulants of maximal cluster size
07 . . . . . ..
L maximize collapse

L2 quality!

0.45 | Quality of data collapse

1/o
0.35 - /
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0.25 -
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0.
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Exponent v from Data Collapse

Binder cumulants of maximal cluster size
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K

best collapse —-
v = 0.881(2)
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Exponents 3 and
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Critical Exponents — Results

Vper 6per “per
0.881(2) | 0.43(2) | 1.76(2)
reference!:  0.879 0.44 1.8

vortex network has ordinary 3D percolation exponents!

“taken from Stauffer & Aharony
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Summary and Interpretation
» throughout phase diagram have two distinct phases which
are separated by a line.
» for small A first-order line
» line then continuous as a percolation line of networks with no
thermal phase transition

0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
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Summary and Interpretation
» throughout phase diagram have two distinct phases which
are separated by a line.

» for small \ first-order line

» line then continuous as a percolation line of networks with no
thermal phase transition
H

0.57
0.55
058 large clusters small clusters
5

0.51
0.49

0.47

045 Tc T
0.43
0.41

0.39

cmp. to Ising model

0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
A

A Kertész Line!
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Conclusion

» analysed behaviour of vortex network in U(1) Lattice Higgs
model

» clarified nature of transitions

> in phase diagram can distinguish two cases

local observables | cluster observables

First-Order

region both types show typical scaling. Percolation

threshold agrees with therm. critical point

Kertész line no scaling, no singu- | diverging quantities,
larities, crossover ef- | percolation  expo-
fect nents




Thank You
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Remaining Problems
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