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What is the U(1) latti
e Higgs model?PSfrag repla
ements θµ;x x µ
φx

Degrees of freedom:
◮ Higgs �eld φ(x) = ρ(x)eiϕ(x),

ϕ(x) ∈ [−π, π) on sites x
◮ Gauge �eld θµ(x) ∈ [−π, π) onlinks

◮ plaquette angle
θµν(x) = ∂µθν(x) − ∂νθµ(x)A
tion:S = Sg + SφSg = β

Xx,µ<ν

[1 − 
os θµν(x)]Sφ = −κ
Xx,µ

ρ(x)ρ(x + µ) 
os [∆µϕ(x) − θµ(x)] +
Xx n

ρ
2(x) + λ

ˆ

ρ
2(x) − 1˜2o

κ 
ontrols inter-
oupling! λ 
ontrols Higgs self-
oupling! 3 / 23
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Obje
tives and Method
◮ Goals:

◮ phase stru
ture and nature of transitions
◮ study and 
ontrast behaviour ofgeometri
 (
luster) propertiesvs.thermodynami
 observables

◮ Method: Monte Carlo
◮ Metropolis, Heat-Bath update
◮ Multi
anoni
al Method

◮ �x β and tra
e out (λ - κ) phase diagram 4 / 23



Standard Observables
◮ energy (densities)El =

1L3 〈−κ
∑x ,µ

ρ(x)ρ(x + µ) 
os [∆µϕ(x) − θµ(x)]〉
◮ mean Higgs amplitude square

〈

ρ2〉 ≡
1L3 ∑x ρ2(x)

◮ sus
eptibilities
χO = 〈O2〉 − 〈O〉2

◮ Binder ratios B =
〈O4〉
〈O2〉2 5 / 23



Example for Standard Observables
C

Londonλ = 0.5
λ = 0.2
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De�nition of Vorti
ity � Continuum Case
◮ 
onsider a ve
tor �eld θ(x)
◮ de�ne vortex with 
harge m:m ∼ ∇× θ

∮

C

dθ = 2πm

m = 1 m = −1pi
tures by O. Kapikranian 7 / 23



De�nition of Vorti
ity � Latti
e CasePSfrag repla
ements
µ̂

ν̂

λ̂

nνµ nµλ

−→

−→

−
→

◮ vortex (�ux line) n = ∇× A
◮ on latti
e ∇× A is justplaquette angle θµν

◮ �ux 
omes in naturally quantized units of 2π sin
e
θµν = α + 2πn α ∈ (−π, π]n ∈ [0,±1, . . . ] is 
alled ex
itation

◮ 
an also de�ne monopoles M = ∇ · n
◮ generalization to gauge invariant de�nition possible 8 / 23



Networks and Network-ObservablesDe�nitions:
◮ 
luster = set of all
onne
ted vortex segments
◮ network = set of all 
lustersObservables:
◮ P probability that one
luster spans whole system(per
olation)
◮ P∞ largest 
luster size ofnetwork
◮ 
an just ask for the densityof vortex lines (no 
lusterobservable) 9 / 23
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Example for Per
olation Probability (λ = 0.2)
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Phase Diagram
β �xed (latti
e spa
ing), λ − κ plane

λ

κ

0.220.200.180.160.140.120.100.080.060.040.02

0.560.540.520.500.480.460.440.420.400.38

Higgs

confined

◮ question what is 
hara
teristi
 of transition line? Will dis
usstwo 
ases (blue lines) 11 / 23
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Case 1: First-Order Region
(b)

Reweighted histograms P (S) at λ = 0.025

S/V
-0.6-0.8-1-1.2-1.4-1.6-1.8-2

0.10.010.0011e-041e-051e-061e-071e-08

L = 14
L = 10
L = 20
L = 12

κ

0.42550.4250.42450.4240.4235

10

1

0.1

◮ metastability!
◮ �rst order region for

λ <= 0.03Look at s
aling of Binder ra-tios:
◮ ordinary energy (bla
k)
◮ maximal 
luster size
◮ both s
ale! 12 / 23



First-Order Region(2), Finite-Size S
aling
B(Eh)

χ(P∞)

χ(P1D)

χ(M)

B(M)

B(P∞)

1/L3

κ

1/1031/1231/1431/203

0.4253

0.4250

0.4247

0.4244

0.4241

◮ within error bars, in�nite volume 
riti
al point agrees for bothnormal and 
luster observables 13 / 23



Case 2: Per
olation Regionnow 
hange parameter λ = 0.2

λ
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Higgs

confined
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Per
olation Region, Finite-Size S
aling (λ = 0.2)

15 / 23have diverging quantityper
olation transition

luster observable:
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ompare s
aling of sus
eptibilities of 
luster observables vs.density observables for di�erent latti
e sizes:



Per
olation Region, Finite-Size S
aling (λ = 0.2)

15 / 23no diverging quantityno phase transitionhave diverging quantityper
olation transition
density observable:
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Criti
al Exponents of Per
olation Transition
◮ what are the exponents des
ribing the per
olationtransition?
◮ we determine 
riti
al exponents by 
ollapsing data onto auniversal 
urve

OL(κ) = LλO/ν fO (xL1/ν
)

, x ≡
κ − κ


κ
 .

◮ exponents: νper 
orrelation length
βper P∞ = L−βper/νperf (xL1/νper)
γper χ(P∞) = Lγper/νperg (xL1/νper) 16 / 23



Exponent ν from Data Collapse

17 / 23
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maximize 
ollapsequality!
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Exponent ν from Data Collapse

17 / 23
best 
ollapse =⇒
ν = 0.881(2)
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Exponents β and γ

L = 22
L = 26
L = 30
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γ = 1.76(2) 18 / 23



Criti
al Exponents � Results
νper βper γper0.881(2) 0.43(2) 1.76(2)referen
e1: 0.879 0.44 1.8vortex network has ordinary 3D per
olation exponents!

1taken from Stau�er & Aharony 19 / 23



Summary and Interpretation
◮ throughout phase diagram have two distin
t phases whi
hare separated by a line.
◮ for small λ �rst-order line
◮ line then 
ontinuous as a per
olation line of networks with nothermal phase transition

λ

κ

0.200.180.160.140.120.100.080.060.040.02

0.570.550.530.510.490.470.450.430.410.39

Higgs

confined

A Kertész Line! 20 / 23



Summary and Interpretation
◮ throughout phase diagram have two distin
t phases whi
hare separated by a line.
◮ for small λ �rst-order line
◮ line then 
ontinuous as a per
olation line of networks with nothermal phase transition

λ

κ

0.200.180.160.140.120.100.080.060.040.02

0.570.550.530.510.490.470.450.430.410.39

Higgs

confined 
mp.toIsingm
odel KPSfrag repla
ements H

TT
large 
lusters small 
lusters
A Kertész Line! 20 / 23



Con
lusion
◮ analysed behaviour of vortex network in U(1) Latti
e Higgsmodel
◮ 
lari�ed nature of transitions
◮ in phase diagram 
an distinguish two 
aseslo
al observables 
luster observablesFirst-Orderregion both types show typi
al s
aling. Per
olationthreshold agrees with therm. 
riti
al pointKertész line no s
aling, no singu-larities, 
rossover ef-fe
t diverging quantities,per
olation expo-nents 21 / 23
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Remaining Problems
χ(v)

χ(M)

χ(Eh)

1/L

κ

0.100.080.060.040.020.00
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χmax(P1D)

χmax(P3D)
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