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1 Description of the problem1.1 IntroductionOne of the theoretical challenges associated with strongly interacting many-body systemsis how to calculate the fast relaxation that takes place on a timescale of the order of thedynamic memory time of individual particles. The challenge here always comes from thesimple fact that generic problems of this kind do not have enough small parameters to besolved in a controllable approximation.In this thesis, we consider systems of interacting spins|both classical and quantum|and develop a theory of the time-dependent in�nite temperature correlation functions. Thecalculation of the correlation functions of our choice belongs to the general class of thefast relaxation problems, because these correlation functions decay on the timescale of theindividual spin motion.A few words about our motivation: Why have we chosen to treat the spin systems? |and why at in�nite temperature? The answers to these questions have two closely relatedaspects | \applied" and \fundamental."The practical applications of the theory we are pursuing lie primarily in the �eld ofnuclear magnetic resonance (NMR), where the experimental temperatures are almost alwaysmuch greater than the typical energy of a nuclear spin. The description of the spin-spinrelaxation in the solid state NMR is usually formulated in terms of in�nite temperaturespin correlation functions. The unsettling truth about this subject is that, at present, theaccuracy of the NMR experiments measuring the spin-spin relaxation frequently surpassesthe accuracy of the �rst principles theories aimed at calculating the measured quantities.At the same time, the demand for an adequate theory of the spin-spin relaxation isparticularly strong, because NMR is an important source of the microscopic information incondensed matter physics, chemistry and biology. For all those applications, it is a ques-1



tion of practical importance how to calculate the result of measurements directly from themicroscopic hypothesis.Another �eld which uses in�nite temperature spin correlation functions is inelastic mag-netic neutron scattering. At high temperatures, that technique is not as accurate as NMR,but it can access a wider variety of spin correlation functions.The fundamental aspect of the spin problems is related to the generic nature of thedi�culties we face while trying to solve them. It is,therefore, our hope that the progressin the theory of the many-body spin dynamics can have important implications for similarproblems in other �elds.One of the advantages of spin systems in comparison with systems having the transla-tional degrees of freedom is that spin systems are better amenable to numerical investiga-tions, and, therefore, any quantitative theory of spin dynamics can be extensively testednumerically. In addition, the NMR experiments in calcium 
uoride (CaF2), for which theinternuclear spin-spin interaction is known from the �rst principles, provide exceptionallyaccurate tests of the theory in the regime not accessible to the numerics.Another important advantage of the spin systems is the possibility of de�ning the in�nitetemperature.In order to illustrate the importance of that limit, we �rst note that the di�cultiesassociated with the description of the microscopic dynamics are, typically, less severe at lowtemperatures. The low temperature paradigm is a dilute gas of excitations (eg. magnons,for spin systems). For such a gas, the Boltzmann kinetic equation provides a well-justi�eddescription.At higher temperatures, the dynamics of the system is less dominated by the collectiveparticle motion in the form of propagating waves and more by the motion of individualparticles. It is the latter motion that represents a major di�culty at �nite temperatures: Incondensed systems, each particle, while moving, interacts continuously and simultaneously2



with many other particles.A straightforward way to investigate the properties of the individual particle motionwould be to go to the in�nite temperature limit. The in�nite temperature limit leavesus only with non-trivial dynamics | in contrast to �nite temperature problems that mayexhibit interference between non-trivial dynamics and non-trivial equilibrium. It is, however,problematic to de�ne the in�nite temperature limit for condensed systems with translationaldegrees of freedom, because the kinetic energy of particles in these systems is not boundedfrom above. At the same time, the de�nition of in�nite temperature equilibrium in spinsystems is very simple: it is the state where all possible orientations of every spin have equalprobability.Finally, we would like to mention that, from a wider perspective, the quantitative de-scription of the fast relaxation should be the �rst step in solving the more general problemof deriving the statistical description of the many-body systems from the microscopic dy-namics. For the latter problem, it is thought that the concept of microscopic chaos has arole to play. In this context, an important result of the present work is that we show howto exploit the assumption of microscopic chaos to extract non-trivial long-time properties ofthe spin correlation functions.1.2 General formulationThe general goal of the present work is to understand and to approximate the behavior ofthe in�nite temperature correlation functions de�ned on an in�nite spin lattice as:G(t) = h S�0 (t) Pncos(q � rn) S�n(0) ih S�0 (0) Pncos(q � rn) S�n (0) i ; (1:1)where S�n is either the classical projection or the quantum spin operator representing the�th (x,y or z) spin component on the nth lattice site; rn is the translation vector betweenthe zeroth and the nth sites; and q is a wave vector corresponding to a spatial period com-3



mensurate with the lattice periodicity. The notation h:::i implies either a classical ensembleaverage or a quantum-mechanical trace. The lattice can have any Bravais structure in one,two or three dimensions. Each spin on the lattice interacts with a �nite number of neighborsaccording to the HamiltonianH = Xk<n[JxknSxkSxn + JyknSykSyn + J zknSzkSzn]; (1:2)where J�kn are coupling constants. These constants must be such that the Hamiltonian (1.2)is invariant with respect to lattice translations.Formula (1.1) distinguishes the zeroth spin from other spins only for the convenience ofthe later discussion. We also use the convention that both the Planck constant �h and thegyromagnetic ratio of spins are equal to 1. We will also use the variable S without any indexto denote the maximumvalue of one quantum spin, or the length of one classical spin vector.The above description of the problem is general enough to cover all examples presentedbelow. However, in principle, the theory to be developed in this thesis is applicable toa wider class of spin problems, meaning a more general form of the Hamiltonian with,possibly, several non-equivalent spin species and also more sophisticated lattice structures(in particular, those of higher dimensions).In the context of inelastic neutron scattering, the correlation functions (1.1) are referredto as intermediate structure factors [1]. If q = 0, Eq.(1.1) can also represent the free inductiondecay in nuclear magnetic resonance (NMR)[2],[3].Given the Hamiltonian (1.2), the timescale of individual spin motion, referred to belowas \fast," \short," or \mean free time," is well-represented by the time � de�ned as� = "S2Xn;� J�kn2#�1=2 : (1:3)Unless special conservation laws exist, this timescale also characterizes the decay of G(t).This general situation without the separation of timescales is the primary focus of the presentwork, which, in particular, leaves untouched the widely discussed issue of spin di�usion[4],[5].4



(Spin di�usion problems require the conservation of, at least, one component of the totalspin.)As a result of the time reversibility of the spin dynamics, G(t) is an even function of t,which, in particular, implies dGdt jt=0 = 0. In general, G(t) can be expanded in even power oft: G(t) = 1� M22! t2 + M44! t4 � :::+ (�1)nM2n(2n)! t2n + ::: ; (1:4)where the coe�cients M2n are called moments.The in�nite-temperature limit o�ers a unique advantage which will be important for oursubsequent treatment. Namely, the correlation function G(t) can be considered as propor-tional to the polarization of the zeroth spin hS�0 (t)i averaged with the initial distributionfunction (or quantum density matrix)�(0) ' exp[ �0 Pncos(q � rn) S�n(0) ]; (1:5)provided the inverse temperature �0 is very small, and only the �rst order of �0 is kept inthe expansion of hS�0 (t)i.In other words, we are dealing with the decay of the average spin polarization on thezeroth site, given a weak initial polarization on each site proportional to cos(q � rn).For the sake of physical interpretation, one can imagine that, at t < 0, the Hamiltonian(1.2) was switched o�, and the spin system was equilibrated at very high temperature in anexternal �eld varying as cos(q � rn). Then, at t = 0, the environment and the external �eldwere switched o�. Simultaneously, the Hamiltonian (1.2) was switched on, and the systemstarted evolving to a new equilibrium, which, to the �rst order in �0, corresponds to in�nitetemperature.This interpretation is visualized in Fig. 1.1 for classical spins.5



(a) -6z x(I)(b)- - - - - - -����������������������������(II)? ? ? ?6 6 6����������������������������(III) ? ?6����������������������������(IV)? ?? 6 6 6 ?����������������������������-3 -2 -1 0 1 2 3Figure 1.1: These pictures visualize the nonequilibrium problem correspondingto the initial probability distribution (1.5) for classical spins. Picture (a)represents an example of the initial and the �nal probability distributionsof the zeroth spin. The tip of the spin vector moves on a spherical surfaceshown as a white disk. The thickness of the outer black layer around that discrepresents the probability to �nd the spin oriented in the corresponding radialdirection. The arrow in the middle of the white disc indicates the average spinpolarization. Thus the problem is one of calculating the time dependence of theaverage spin polarization, given that the probability density on the sphericalsurface evolves from a weakly anisotropic distribution (left) to the completelyisotropic in�nite temperature distribution (right). Picture (b) shows examplesof the initial conditions for fragments of in�nite spin chains. The arrowsindicate the direction and the relative size of the weak spin polarization att = 0. The numbers in the bottom line are the indices of the spin sites.Examples (I-IV) correspond to the calculation of the correlation functions ofform (1.1), provided (I) �! x, q = 0; (II) �! z, q = �; (III) �! z, q = �=2;(IV) �! z, q = �=3. 6



The representation of G(t) in terms of the nonequilibrium decay of certain average spinpolarization is quite natural in the context of NMR[6], because the free induction decay isthe decay of the nonequilibrium spin polarization in the Larmor rotating reference frame.However, with one recent exception[7], this representation is largely unappreciated in therest of the spin literature, where the correlation functions (1.1) appear as formal quantitiesdescribing inelastic neutron scattering.The problem formulated in this Section has a long history. Therefore, we chose to post-pone the detailed discussion of our theoretical goals until Section 1.7, i.e. after the existingknowledge about the problem is reviewed in Sections 1.3-1.6. That review is organized as fol-lows: Section 1.3 presents the analytically solvable limits; Section 1.4 discusses the problemof exchange narrowing; Section 1.5 summarizes the empirical (experimental and numerical)knowledge about the correlation functions (1.1); and, �nally, Section 1.6 contains discussionof previous attempts to �nd the approximate solution of the problem.Our original contributions to the subject are mostly exposed in Chapters 2 and 3. How-ever, the theoretical treatment actually starts in Section 1.7 of this Chapter. That Sectionmotivates our theoretical approach and puts the contents of Chapters 2 and 3 in a singleperspective. For convenience of discussion, the present Chapter also contains the originalresults of our own simulations of the classical spin systems. These results are presentedSection 1.5 together with other pieces of empirical knowledge.A large part of the present work has already been published or submitted for publicationin physics research journals (Refs.[6], [8], [9]).1.3 Analytically solvable limitsIn this Section, we summarize the existing knowledge of the limits in which the entire formof the correlation functions (1.1) can be obtained analytically. These limits will serve asimportant reference points in our subsequent treatment of the general case, which does not7



admit analytic solutions.1.3.1 Ising-like caseWhen, in the Hamiltonian (1.2), all interaction constants Jxkn and Jykn are set equal to zero,the remaining part has the Ising-like formH = Xk<n J zknSzkSzn: (1:6)In this case, any correlation function of form (1.1) can be obtained analytically, becausethe problem has an in�nite number of constants of motion. Those constants of motion arethe z-components of spins.The obvious consequence of the above fact is that the correlation functions (1.1) for thez-components of spins (i.e. �! z) do not decay at all.The general result for �! x(or y) and for any q isG(t) =Yn sin h(S + 12)J zknti(2S + 1) sin h12J zknti (1:7)In the limit of a large number of neighbors, the right hand side of Eq.(1.7) becomesGaussian, which is a consequence of the central limit theorem.Two special cases of formula (1.7) will be used in our subsequent treatment. Namely, forspins 1/2, this formula gives G(t) =Yn cos�12J zknt� ; (1:8)and for classical spins | G(t) =Yn sin (SJ zknt)SJ zknt (1:9)The above result for spins 1/2 and q = 0 was �rst derived by Lowe and Norberg[2].Because the Ising-like limit will play an important role in our treatment, the derivationof Eq.(1.7) will be given in Section 3.2.1. 8



An interesting generalization of the Ising-like case is the problem with S = 1=2; � ! x,q = 0 and with a Hamiltonian which is the sum of the in�nite-range Ising part and theHeisenberg part[10],[2]. Namely,H = Xk<n[JISzkSzn + JknSk � Sn]; (1:10)where JI is the interaction constant, which is the same for every pair of spins, and fJkng isthe set of Heisenberg interaction constants that can take any values.It turns out that the solution of this problem is not a�ected by the presence of theHeisenberg part and is identical to the solution of the pure Ising-like problem. The reason isthat the Heisenberg part of the Hamiltonian conserves both the total spin polarization andthe energy corresponding to the in�nite-range Ising part.1.3.2 Two spins 1/2A simple limit, which, however, will play a role in our treatment, is that of two spins 1/2interacting via the Hamiltonian (1.2). In this case, one can consider G(t) given by Eq.(1.1)only with q = 0 or q = �.To obtain G(t), one has to solve the two spin problem exactly, which gives the followinganswer:For �! x and q = 0, G(t) = cos �12(Jy � J z)t� ; (1:11)and, for �! x and q = �, G(t) = cos �12(Jy + J z)t� : (1:12)It is worth mentioning that the analogous problem for two classical spins does not admitan analytic solution, which de�es the common notion that quantum problems are moredi�cult then their classical analogs. 9



1.3.3 Spin 1/2 XX chainThe spin 1/2 XX chain chain corresponds to the special case of the Hamiltonian (1.2)H =Xn hJSxnSxn+1 + JSynSyn+1i : (1:13)In this case, the Jordan-Wigner transformation maps the above spin system to the systemof noninteracting lattice fermions[11],[12]. The analytical results of our interest have beensummarized in Ref.[13] | they follow from the works of Niemeijer[14] and Katsura et al.[15].These results are:For �! z, G(t) = J0 �2Jt sinq2� ; (1:14)where J0(:::) is the Bessel function of the zeroth order.For �! x; y and arbitrary q, G(t) = exp��14J2t2� : (1:15)1.4 Exchange narrowingThe phenomenon of exchange narrowing belongs to a more general class of phenomenacollectively referred to as motional narrowing. The term \motional narrowing" means thatthe resonance lines become very narrow as a result of fast microscopic motion in the system.The term \exchange narrowing" indicates that the motional narrowing is caused by theexchange interaction.The shapes of the exchange narrowed resonance lines can be obtained as Fourier trans-forms of certain correlation functions that fall under general de�nition (1.1).In the exchange narrowing problems, the exchange interaction is the dominant part ofthe Hamiltonian, but, by itself, that part cannot a�ect the correlation function of interest,so that other, much smaller terms in the Hamiltonian become primarily responsible for the10



decay of that function. In such a situation, the e�ect of the exchange term on the correlationfunction is indirect but still quite dramatic. The fast spin motion induced by the exchangeterm averages out the direct e�ects due to the weaker interaction terms. As a result, thecorrelation function of interest decays much slower than it would do in the absence of theexchange term, and, therefore, the Fourier transform of that function extends over a muchnarrower interval in the frequency domain | hence the name \exchange narrowing."The functional form of the resulting slower decay is expected to be nearly exponential,which is a common consequence of the separation of timescales between the fast motion dueto the exchange coupling and the slow decay of the correlation function of interest. As wementioned in Section 1.2, situations with separation of timescales are not the primary focusof this work. However, in the following Chapters we will frequently refer to the limit ofexchange narrowing, and, for that reason, below we introduce the results for this problemobtained by Anderson and Weiss[16].Strictly speaking, those results cannot be considered as rigorous but only as well justi�edon physical grounds. (See Section 2.3.1 for a relevant discussion.) It should also be mentionedthat the example discussed in the end of Section 1.3.1 would contradict Anderson and Weiss'spicture of the exchange narrowing, but that example can be considered as an exception fromthe general rule.There are two basic setups for the exchange narrowing problem[17], which we call ProblemA and Problem B.Problem A is to �nd the correlation function (1.1) with q = 0 provided the Hamiltonianis H = Xk<n[Hdip + JknSk � Sn]; (1:16)where Hdip stands for the magnetic dipolar interaction, and the second, much strongerterm represents the exchange interaction. This formulation is mostly relevant to electronspin resonance (ESR), though it also describes NMR relaxation in solid 3He, where the11



internuclear exchange interaction is unusually strong.Problem B requires two spin species S and I representing electrons and the nuclei re-spectively. The Hamiltonian of this problem isH =Xm;n ImAmnSn +Xk<n JknSk � Sn; (1:17)where Amn is the hyper�ne coupling tensor.The correlation function of interest for Problem B is:G(t) = h I�0 (t) I�0 (0) i: (1:18)In this problem, there are no correlations between motions of di�erent nuclear spins. There-fore, any q-dependent correlation function analogous to (1.1) but de�ned for nuclear spins isequal to the above pair correlation function.In both Problems A and B, the in
uence of the exchange interaction on the decay ofthe correlation functions of interest is indirect, i.e., if only the exchange term is left in theHamiltonian, those correlation functions would not decay at all.In ProblemA, the above situation is the consequence of the fact that the total polarizationof all spins is conserved by the exchange interaction. (According to the non-equilibriuminterpretation of Section 1.2, the correlation functions (1.1) for q = 0 are proportional to therelaxation of the total spin polarization in the system.) In Problem B, the same situationis caused by the trivial fact that, with only the exchange term left, nuclear spins would notmove at all.Anderson and Weiss have used an intuitively attractive model of 
uctuating local �eldsto obtain the following formula applicable to both Problems A and B:G(t) = exp ��M2 Z t0 (t� t0)'(t0)dt0� ; (1:19)where M2 is the second moment of G(t), and '(t) is the correlation function of the local�elds. 12



The function '(t) is supposed to decay on the timescale of the order of the inverseconstant of the exchange interaction, i.e. much faster than G(t). As a result, G(t) shouldquickly approach the asymptotic form G(t) = e��t; (1:20)where � = M2 Z 10 '(t0)dt0: (1:21)According to Eq.(1.20), the Fourier transform of G(t), which corresponds to the absorp-tion lineshape observable by ESR or NMR, should be Lorentzian with half-width equal to�. In principle, one can obtain the exact theoretical expression for '(t) for both Problems,A and B. However, for Problem A, '(t) has quite a complicated form which does not givemuch insight into the model. At the same time, for Problem B, the expression for '(t) isvery simple and intuitive. For example, if in Eq.(1.18) �! x, then '(t) can be written as'(t) = h hym(t) hym(0) + hzm(t) hzm(0) ih hym(0) hym(0) + hzm(0) hzm(0) i ; (1:22)where hm is the actual local �eld generated by the electronic spins and acting on the nuclearspins: hm =Xn AmnSn: (1:23)The theoretical calculation of '(t) belongs to the class of di�cult problems withoutseparation of timescales. Anderson and Weiss did not try to perform that calculation. Theirgoal was a factor-of-two estimate of �, which they achieved by substituting a Gaussian ansatzfor '(t) in Eq.(1.21).1.5 Empirical inputThe purpose of this Section is three-fold. First, its content should create an overall empiricalpicture of the behavior of the correlation functions (1.1). Second, the examples presented13



here will be used as reference cases for testing the approximate schemes of Chapter 3. Third,this Section is supposed to demonstrate, on empirical grounds, that the generic long-timebehavior of the correlation functions (1.1) has the functional form eitherG(t) ' e��t; (1:24)or G(t) ' e��tcos(�t+ �); (1:25)where �, � and � are some constants about which we can only assert that, in general, thevalues of � and � are of the order of 1=� , where � is given by Eq.(1.3).Actually, the special focus on the issue of the long-time behavior is one of the distin-guishing features of the present work. Theoretically, this issue will be taken up in Chapter 2.Here we would only like to dispel the false impression that the situation is as simple as thatof the damped harmonic oscillator.The crucial di�erence between the damped oscillator and our problem is that, in thecase of a damped oscillator, there must exist a separation of timescales between the slowoscillator and the quickly equilibrating microscopic motion in the heat bath, which leadsto the standard description of the dissipation. In the typical case we consider, there isno separation between the timescale of � and any other microscopic motion. Moreover,the oscillations in Eq.(1.25) are neither related to a simple rotation nor produced by theequivalent of a simple spring potential. In fact, in Section 1.5.1, we will argue that thoseoscillations pose a major challenge to the conventional Markovian wisdom.Before reviewing the experimental and numerical evidence for the long-time behavior(1.24) and (1.25), it should be mentioned that the characteristic decay time of G(t) is ex-pected to be of the order of � . At the same time, the characteristic long-time behavior doesnot become pronounced until after several � , i.e. until G(t) has fallen to a relatively smallvalue. Yet, in order to make de�nite conclusions about the long-time behavior, one has to go14



orders of magnitude below the initial value of G(t). This task is extremely challenging bothnumerically and experimentally. In particular, it is certainly beyond the reach of inelasticneutron scattering experiments.We should also mention that this Section does not contain any example of spin 1/2 orany other quantum spin system which would de�nitely exhibit the monotonic exponentiallong-time behavior (1.24) characterized by � � 1=� . However, it is common knowledge in the�eld of NMR that such a behavior of the free induction decay is even more frequent than theoscillatory one. The monotonic exponential decay is, in a sense, less surprising, given that,at least, it is expected in situations like that of \exchange narrowing" (Section 1.4), wherethe separation of timescales is present. In that case, the entire decay is nearly exponential,which is con�rmed by experiment[18].Although the functional forms (1.24) and (1.25) do not describe the initial behavior ofthe correlation functions, they still re
ect the existence of two general regimes | oscillatoryand monotonic. The discussion of various factors in
uencing the competition between thetwo regimes will be given in Section 3.1. Although placed in Chapter 3, that Section is quiteself-contained and, if desired, can be read immediately after the present one.We now proceed to the discussion of the experimental and numerical data representingthe correlation functions (1.1). That discussion will cover (i) NMR free induction decayexperiments; (ii) the results of the numerical diagonalization of spin 1/2 chains; and (iii)simulations of classical spin systems.1.5.1 NMR free induction decay experimentsA typical free induction decay formulation in solids assumes that each nucleus is at rest onits site in the crystal lattice, and the following conditions are ful�lled:kBT�h >> 
 >> 1T2 >> 1T1 ; (1:26)15



where T is the temperature of the initial equilibrium distribution, 
 is the Larmor frequencyin the static magnetic �eld, T2 is the time scale of the nuclear spin-spin interaction, and T1is the spin-lattice relaxation time. The spin-lattice relaxation can be neglected, since thetime range of interest is of the order of T2. (the timescale of T2 corresponds to � de�ned byEq.(1.3).)Free induction decay is normally described in the Larmor rotating reference frame. Inthat frame, if the z-axis is chosen along the axis of the Larmor precession, the Hamiltonianof the spin-spin interaction is given by Eq.(1.2) with the restriction that Jxkn = Jykn[10].Denoting each of these two constants as J?kn, we thus can write down the most general formof the Hamiltonian for the free induction decay problemH = Xk<n[J?kn(SxkSxn + SykSyn) + J zknSzkSzn]: (1:27)Even if the full Hamiltonian of the spin-spin interaction contains other bilinear terms, thoseterms should not be included, because they are are averaged out by the fast Larmor preces-sion. For that reason, the Hamiltonian (1.27) is referred to as a \truncated Hamiltonian."The free induction decay is measured as the spin response to a �=2 radio frequency pulse.That pulse can be described as follows: At t < 0, the spin system is uniformly polarizedalong the z-direction. (The Hamiltonian(1.27) conserves the total polarization along thatdirection.) At t = 0, the �=2 pulse instantaneously turns the equilibrium spin system by 90degrees, so that immediately after the pulse, all spins are uniformly polarized in the directionperpendicular to the static magnetic �eld. We set the x-axis of the rotating reference frameto be along the magnetization at this moment of time. After the pulse, the x-component ofthe magnetization Mx decays to zero as a result of the spin-spin interaction represented bythe Hamiltonian (1.27). This process is called free induction decay.Usually, the free induction decay is presented as a normalized functionG(t) = Mx(t)=Mx(0).Since all spins are equivalent, each of them equally contributes to the magnetization. Forthe purposes of the forthcoming consideration, we express G(t) in terms of the average16



polarization m of one spin: G(t) = mx(t)mx(0) : (1:28)As explained in Section 1.2, the resulting problem is equivalent to the calculation of thecorrelation function (1.1) with �! x, q = 0 and the Hamiltonian (1.27).For the observation of the free induction decay, the ideal material is calcium 
uoride(CaF2). In fact, there is no material other than CaF2 where the inter-nuclear spin-spininteraction is so well-known and so well-isolated from other microscopic factors[19] and where,at the same time, the free induction decay is measured with su�cient accuracy.In CaF2, the free induction decay is observed on 19F nuclei which have spins 1/2 andform a simple cubic lattice. With a high degree of con�dence, one can assume that theexperiments in CaF2 actually measure the correlation functions (1.1) for the ideal problemof a simple cubic lattice of spins 1/2 interacting according to the Hamiltonian (1.27) in whichJ zkn = �2J?kn ' (1� 3 cos2#)jrk � rnj3 ; (1:29)where # is the angle between (rk � rn) and the z-axis.We would like emphasize, that, despite all the subtleties associated with the truncationprocedure, the magnetic dipolar form of the interaction between the nuclear spins in CaF2is essentially known from the �rst principles, which is very unique, and can be put in con-trast, for example, with the exchange interaction between electronic spins. The exchangeinteraction is usually described by the Heisenberg model representing the entire interactionas two-spin exchange. In principle, however, higher order spin exchange can and should bepresent in the real materials.The form (1.29) of the interaction coe�cients represents the \truncated" magnetic dipolarinteraction. This interaction is what is left from the full Hamiltonian of the magnetic dipolarinteraction after averaging over the Larmor precession[3].We recall that, in the free induction decay formulation, the z-axis does not necessarily17



correspond to any of the main lattice directions | this axis coincides with the axis of theLarmor precession, which, in its turn, is set by the direction of the strong external magnetic�eld. This, in particular, implies that the values of the interaction coe�cients stronglydepend on the relative orientation of the external �eld with respect to the lattice.For example, the truncated interaction of a given spin with its neighbors is strongest,when the external magnetic �eld is directed along one the main axes of the cubic lattice |for example, [100]. On the other hand, the overall strength of the interaction is maximallyreduced, when the external �eld is directed along one of the main diagonals such as [111]. Inthat case, the coupling between any given spin and each of its six nearest neighbors equalszero, but the interaction with more distant neighbors remains present.Figure 1.2, contains three plots of the free induction decay in CaF2 measured in the highprecision experiments of Engelsberg and Lowe[20]. The plots are labeled by the directionsof the external magnetic �eld used to obtain the data.Each plot in Figure 1.2 exhibits characteristic oscillations quickly approaching the asymp-totic form (1.25). In our opinion, the occurrence of those oscillations should be quali�ed asa very non-trivial fact. Below we shall explain why.The free induction decay is the decay of the macroscopic magnetization of the nuclearspins under the in
uence of of local �elds 
uctuating around zero average value. The Larmorprecession has nothing to do with those oscillations, because its frequency is several orders ofmagnitude greater than the frequency of the oscillations. Neither are those oscillations theresult of any other kind of magnetization precession. At the moment when the free inductiondecay crosses zero, the magnetization of the system is equal to zero in all directions, andthen, out of completely unpolarized state the magnetization reappears with the oppositesign.Such a fact is very hard to understand intuitively. Normal intuition, which is supportedby numerous examples of the Markovian limit, would suggest that, even on a non-Markovian18
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Figure 1.2: Free induction decay in CaF2. The top and the bottom framescontain identical pieces of data presented on direct(non-logarithmic) and onlogarithmic scales respectively. Because G(t) changes sign, the logarithmicplots present the absolute value of G(t). The solid red lines represent theexperimental data of Engelsberg and Lowe [20]. The blue dashed lines repre-sent long-time �ts of the form (1.25). Each plot is labeled by the direction ofthe external magnetic �eld. The time origins of the [110] and [111] plots areshifted by 150 and 300 microseconds respectively.19



timescale, the system should not evolve away from equilibrium. The value of the macroscopicmagnetization can be considered as a direct measure of the deviation from equilibrium.Therefore, if one further insists that the zero value of magnetization corresponds to equilib-rium, it is very di�cult to explain how the system recovers a nonequilibrium macroscopicmagnetization after the free induction decay crosses zero.The mechanism and the physical picture underlying the oscillations of the correlationsfunctions (1.1) will be discussed in Chapters 2 and 3.1.5.2 Numerical diagonalization of spin 1/2 chainsThe second piece of empirical knowledge used in our work comes from the paper of Fabricius,L�ow, and Stolze[13], where they presented the results of numerical diagonalization of chains(rings) of sixteen spins 1/2 coupled by a nearest-neighbor interaction of the form (1.2), withthe restriction Jxn;n+1 = Jyn;n+1.These chains are known as XXZ chains. Three correlation functions of the form (1.1)have been presented in Ref.[13], and are reproduced in Fig. 1.3.It is an interesting open question to what extent the the spin 1/2 XXZ chains withJ zn;n+1 6= 0 display generic properties, because, on one hand, they are known to be integrable,but, on the other hand, if this is attempted, the actual solution is so complex that the explicitform of the correlation functions of interest has never been obtained.As far as in�nite temperature correlation functions are concerned, the numerical studyof these chains[13],[5] did not reveal anything qualitatively unusual. Therefore, for now,since not much data on the long-time behavior of the correlation functions (1.1) exists, it isreasonable to take the data on the spin 1/2 XXZ chains as a strong hint for the generic natureof Eq.(1.25). However, in the future, if more evidence for the long-time behavior (1.24,1.25)in generic spin systems emerges, the logic can be turned around, and the existence of suchbehavior in the spin 1/2 XXZ chains can be considered as a piece of evidence proving that20
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Figure 1.3: Intermediate structure factors for spin 1/2 XXZ chains. The topand the bottom sets of plots contain identical pieces of data presented ondirect(non-logarithmic) and on logarithmic scales respectively. Because G(t)changes sign, the logarithmic plots present the absolute value of G(t). Thesolid red lines represent the numerical results of Fabricius et al.[13]. The bluedashed lines represent long-time �ts of the form (1.25). Each of those correla-tion functions is characterized by the following parameters entering Eqs.(1.1,1.2): q = � (in the units of inverse chain spacing), and Jxn;n+1 = Jyn;n+1 = J ,where J is an auxiliary variable. Other parameters are: (I) J zn;n+1 = J , anyvalue of �; (II) J zn;n+1 = Jcos(0:3�), �! z; (III) J zn;n+1 = Jcos(0:3�), �! x.The time origins of plots (II) and (III) are shifted by 6 and 12 time unitsrespectively. 21



the properties of those integrable chains are, at least, partially generic.1.5.3 Numerical simulations of classical spin systemsMotivated by the spin 1/2 problems and by the theory to be presented in Chapter 2, we haveperformed numerical simulations of classical spin systems [9]. The simulations generated awide spectrum of data covering di�erent dimensions, interactions and wave vectors | allentirely consistent with the long-time behavior (1.24, 1.25). The results of these simulationshave also been an important driving force behind the �nal development of the computationalscheme introduced in Chapter 3.The simulations have been limited to the nearest-neighbor interaction of the formH =Xk;n [JxSxkSxn + JySykSyn + J zSzkSzn]; (1:30)which is a special case of the Hamiltonian (1.2).Before proceeding with the description of the simulations, it should be mentioned that, forthe Heisenberg interaction in classical spin systems, the long-time properties have previouslybeen studied numerically for the in�nite temperature pair-correlation functions hSxk (t)Sxk (0)iby M�uller [21] and by Gerling and Landau[22]; and for the q-dependent correlation functions(1.1) with small wave vectors by Bon�m and Reiter[23]. Those works have mostly beenmotivated by the problem of spin di�usion, which, as we mentioned in Section 1.2, impliesthe separation of timescales and thus lies outside of the primary scope of the present work.For the the classical spin systems, the long-time behavior of the fast-decaying q-dependentcorrelation functions that we consider has never been addressed.Simulations.We computed the correlation functions of interest directly, i.e. by evaluating the RHS oftheir equilibrium de�nition (1.1). For that purpose we simulated the microscopic dynamics22



of equilibrium spin systems. (It is, in fact, the only part of this thesis where the de�nition(1.1) is used directly instead of its non-equilibrium equivalent introduced in Section 1.2.)Our computational strategy was similar to that of M�uller[21]. Namely, we did not dealwith very large systems but, instead, performed an ensemble averaging over a large numberof �nite, but not too small, lattices having periodic boundary conditions. The �nite sizee�ects were then controlled by varying the size of the lattice.For a given lattice size, many computational runs have thus been performed. Each ofthem started from completely random initial orientations of spins (corresponding to thein�nite temperature) and generated the evolution of the system over a time interval twoorders of magnitude longer than the mean free time � (see Table 1 for speci�c numbers).The correlation functions were then obtained by evaluating the RHS of Eq.(1.1) for each runand then averaging over di�erent runs.The following algorithm has been used in order to simulate the evolution of the system.At each time step, the spins were advanced sequentially in such a way that, if the spinnumber k interacted with the spin number n, and the kth spin was advanced �rst, thenthe new coordinates of the nth spin were computed based on the local �eld created by thealready advanced kth spin.The procedure for advancing a given (kth) spin to the next point along the discrete timegrid consisted of two steps.Step 1: The coordinates of the kth spin were changed by �Sk according to the straight-forward discretization of the equations of motion, i.e.�Sk = [Sk � hk] �t; (1:31)where hk was the local �eld equal toPn.n.n [JxSxnêx+JySynêy+J zSznêz] (sum over the nearestneighbors of the kth spin); and �t was the discretization time step.Step 2: The higher order errors that changed the length of the spin vector were eliminated.This was done by contracting the spin component perpendicular to the local �eld, so that it23



took the absolute value it had before Step 1.The whole manipulation could not change the spin projection parallel to the local �eldand, therefore, the energy of interaction of that spin with its neighbors. Since the nextspin was advanced in the newly updated local �eld, the energy of the whole system wasconserved exactly during the entire integration. Apart from insuring meaningful behaviorof the computed trajectories, the exact conservation of energy substantially improved theconvergence of the algorithm in respect to the limit �t! 0.In our simulations, the discretization time steps (given in Table 1) were admitted assu�cient when their further reduction appeared to have no e�ect on the computed correlationfunctions. We also checked that the averaging over a larger number of much shorter runsled to results consistent with the longer runs we used.The time lengths of the runs indicated in Table 1 were chosen to optimize the resultinge�ciency of averaging: too short runs (of the order of the time length of the computed corre-lation function) did not make many independent contributions to the correlation functions,while too long runs did not improve the quality of the averaging proportionally to theirlength.Results.The results of our simulations for di�erent dimensions, interaction constants, and wavenumbers are presented in Fig. 1.4, together with the long-time theoretical �ts based on eitherEq.(1.24) or (1.25). Since we aimed at demonstrating the exponential character of the long-time behavior, it was natural to use a logarithmic scale for G(t). However, because in thehalf of the cases, G(t) was also oscillating, we chose to show the logarithmic plots for theabsolute value of G(t), which explains the cusps in the left column of plots in Fig. 1.4. Thosecusps correspond to the points where G(t) crosses zero. The reason that the cusp minimado not reach �1 is that a discrete grid was used.24



The selection of parameters for the simulations was subject to certain practical con-straints: The computed correlation functions could be considered reliable only within quitea limited range along both the t- and Log(G(t))- axes. Therefore, we avoided correlationfunctions that reached too-small values too fast, or, on the contrary, decayed too slowly.The values of q corresponding to the longer periods on the lattice are, naturally, moresensitive to �nite size e�ects. From such a perspective, q = 0 (which, in the sense of thelattice period, is better thought of as q = 2�) corresponds to the shortest possible periodequal to the lattice spacing and is the most suitable value for the simulations. For thisreason, q was chosen to be zero in six of eight examples presented in Fig. 1.4.Since the long-time behavior of the correlation functions was only marginally accessiblewith our computational resources, we present the results in substantial detail, thus makingclear the uncertainties associated with insu�cient ensemble averaging and �nite size e�ects.Each of the correlation functions presented in Fig. 1.4 was computed four times: two statis-tically independent averaging results for each of two di�erent lattice sizes. \Two statisticallyindependent averaging results" means that, in each case, the same number of sample runswas performed but two statistically independent sets of random numbers were used for set-ting the initial orientations of spins. Each frame in that �gure thus contains a superpositionof four plots. The time interval where those plots do not deviate from each other can beconsidered as representing the limit of in�nite lattice size with su�cient ensemble averaging.The �nite size e�ects are not evident in any of the examples shown in Fig. 1.4 | in everycase, the plots representing di�erent simulation outcomes do not deviate from each otherbefore the statistical 
uctuations for each of the two lattice sizes become apparent.Our experience indicates that further improvement in the accuracy of the computed cor-relation functions would simultaneously require a �ner discretization, much more extensiveensemble averaging and, probably, larger system sizes, i.e. much greater computationale�ort. 25
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Figure 1.4: Correlation functions G(t) of the form (1.1) with Hamiltonian(1.30) for 1D chain, 2D square lattice, and 3D cubic lattice of classical spins.The simulation results are presented by almost indistinguishable superpositionof data for two lattice sizes, and each size is represented by two statisticallyindependent averaging results; therefore, two solid red lines for the larger size(Size 1) and two dash-dotted green lines for the smaller size (Size 2). Thespread of the four lines indicates the computational uncertainty | it becomesvisible only in the lower right corner of each frame. The dashed blue lines arethe long-time theoretical �ts of form (1.24) or (1.25). The numbers relevantto each data set are given in Table 1. 26



Frame Lattice dimensions Number Time length of Discretization Long-time �tlabel Size 1 Size 2 of runs each run, [(JS)�1] time step, [(JS)�1] (time units - [(JS)�1])(a) 19 15 500000 320 0.02 2.25 exp(-0.585 t) cos(1.93 t + 0.31)(b) 19 15 500000 320 0.02 0.23 exp(-0.357 t)(c) 40 24 160000 320 0.02 0.30 exp(-0.588 t) cos(1.46 t - 1.19)(d) 10 � 10 7 � 7 60000 100 0.0025 0.40 exp(-0.645 t)(e) 10 � 10 7 � 7 80000 170 0.01 1.20 exp(-1.031 t) cos(3.06 t - 0.82)(f) 12 � 8 8 � 4 60000 100 0.0025 0.88 exp(-0.488 t)(g) 5 � 5 � 5 4 � 4 � 3 80000 170 0.005 1.00 exp(-1.299 t) cos(3.70 t - 0.82)(h) 5 � 5 � 5 4 � 4 � 3 80000 170 0.005 1.70 exp(-0.426 t)Table 1.1: Simulation parameters and long-time �ts corresponding to the plotspresented in Fig. 1.4. The numbers in the right four columns characterize eachof the four data sets superimposed in the corresponding frame.Summarizing the evidence, we observe that, with the marginal exception of Fig. 1.4(d),in every other case presented there is an interval, covering at least one decade of the valuesof G(t), where the simulation results agree with the long-time �ts (1.24) or (1.25). We wouldalso like to point out that, while in all cases the exponential behavior becomes pronouncedquite early, the long-time exponents in Figs. 1.4(e,g) describe almost the entire correlationfunctions.It is thus safe to conclude that our numerical results lend strong support to the ideaexpressed in Chapter 2, that a discrete spectrum of well-separated exponents describes thelong-time behavior of the correlation functions considered, with the slowest of those expo-nents responsible for the asymptotic functional form given by Eq.(1.24) or (1.25). It is alsovery likely, though slightly less reliable, that in the examples presented, our simulationsrevealed the slowest exponents. The reservation here is for the possibility that even slowerexponents could enter the long-time expansion of G(t) with anomalously small coe�cients.27



1.6 Previous worksIn this Section, we describe previous theoretical attempts to �nd an approximate solutionto the problem of NMR free induction decay. To the best of our knowledge, the theoreticalsituation with free induction decay is entirely representative of the general problem formu-lated in Section 1.2. At the same time, the calculation of the free induction decay is themost direct practical application of the theory to be exposed in this thesis.It should be mentioned from the very beginning that the present review is selective andsomewhat personal. For a complementary recent review, we can refer the reader to the bookof Brian Cowan [19].The �rst theoretical works dealing with the high temperature spin dynamics appeared inthe context of NMR very soon after the discovery of that phenomenon.In 1946, Bloch proposed a description of the NMR relaxation processes in terms of the setof simple phenomenological equations now well known as the Bloch equations[24]. Althoughthe Bloch equations could be formally written for both solids and liquids, it was immediatelyclear that these equations can provide a quantitative description only for liquids. In solids,the Bloch equations would imply the simple exponential decay of the free induction decay,which is in apparent contradiction to the empirical data presented in Section 1.5.1. The wideuse of the Bloch equation, however, coined the name \T2-relaxation", which, in particular,refers to the spin-spin relaxation in solids.In 1948, Bloembergen, Purcell and Pound gave the �rst qualitative analysis and estimatesof various factors a�ecting the NMR relaxation[25].The above work was followed by the famous Van Vleck paper of 1948, where he intro-duced a rigorous formulation of the NMR lineshape theory in solids in terms of the momentexpansion[10]. In practice, however, the amount of computational e�ort required for com-puting the higher order moments grows exponentially with the moment number, and, evenwith the present day computational resources, it is not feasible to compute all moments nec-28



essary for the accurate reconstruction of the NMR absorption lineshape due to the magneticdipolar interaction.In 1953, Anderson and Weiss developed a very intuitive theory of exchanged narrowedlines (see Section 1.4). They considered a model according to which every spin was movingunder the action of randomly 
uctuating local �elds. Using that model, they derived formula(1.20), which indicated that the correlation functions of their interest should decay nearlyexponentially. In addition, they related the constant of the exponential decay with theintegral of the correlation function of the local �eld (Eq.(1.21)).An important condition of validity of the Anderson and Weiss' treatment is that a givenspin exerts no in
uence on the 
uctuations of the local �elds driving that spin. Such anassumption appears to be adequate, when the spin rotates more slowly than the local �eld
uctuates, which is the case for the exchange narrowing problem. However, it does notadmit any obvious generalization to the problems of our interest, where both the local �eldsacting on a given spin and that spin itself evolve on the same timescale, and, moreover, the
uctuations of those local �elds are being a�ected by the object of their action.The next important step was made by Lowe and Norberg in 1956, when, in one paper[2],they (i) showed theoretically that the absorption lineshape problem in the frequency domainis equivalent to the free induction decay problem in the time domain; (ii) con�rmed theabove theoretical statement experimentally; and (iii) proposed the �rst approximate schemefor the calculation of the free induction decay. The outcome on their calculation very closelyreproduced their own experimental data in CaF2 (see Fig. 1.5(a)).The formalism employed by Lowe and Norberg was reminiscent of the perturbationschemes in the interaction representation of quantum mechanics. As an equivalent of thenoninteracting limit, they used the Ising-like case discussed in Sections 1.3.1 and 3.2.1. TheHamiltonian (1.27) was decomposed as the sum of an Ising-like part and a Heisenberg part,and the Heisenberg part was treated as a perturbation, even though, strictly speaking, it29
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Figure 1.5: Comparison of the free induction decay experiments in CaF2 withthe theory of Lowe and Norberg[2] and with Abragam's �t (1.32). Solid redlines represent the experiment of Engelsberg and Lowe[20], and dashed bluelines represent the results of the calculations. Arrows in �gure (a) indicate theend of the theoretical curve (see the text).30



was not small. The �nal approximation went to the fourth order in the above perturbationscheme, which actually required a fair amount of analytical calculation.It should be mentioned that the theoretical curves in Fig. 1.5(a) are cut at the the timepoints indicated by arrows, because beyond those points the theoretical expression of Loweand Norberg would lead to erratic 
uctuations of large amplitude, which is neither physicalnor consistent with the experiment.With all the above reservations, the kind of agreement between the theory and the ex-periment shown in Fig. 1.5(a) should be considered as an impressive success of the theory.And yet, the approximation of Lowe and Norberg has been strongly criticized by Abragamin his classical NMR textbook[3].Abragam pointed out that there is neither a rigorous mathematical proof nor a physicalargument explaining why Lowe and Norberg's approximation should work better then anyother scheme that just matches the second and the fourth moments of the free inductiondecay. In that situation, he argued, the simplicity should become the main criterion for thechoice of the approximation scheme.To illustrate the above point, Abragam proposed a �tting function of the formG(t) = exp��12a2t2� sin(bt)bt ; (1:32)where the parameters a and b were obtained from the knowledge of the exact theoreticalvalues of the second and the fourth moments. The results of the Abragam's �tting producedsomewhat better agreement with the experiment than the calculation of Lowe and Norberg.Those results are reproduced in Fig. 1.5(b).Postponing the discussion of the Abragam's objections until Section 1.6, here we justmention that his �tting function has no chance to approximate the free induction decays inthe monotonic (non-oscillating) regime exempli�ed in Section 1.5.3. At the same time, thereis no clear criterion for the values of the coupling constants in the Hamiltonian (1.2) thatwould assure a priori that the behavior represented by the Abragam's function is adequate.31



As far as the approximation scheme of Lowe and Norberg is concerned, then, to the bestof our knowledge, it has never been applied beyond the free induction decay problem inCaF2. Although we did not experiment with that scheme either, we suspect that, as withAbragam's �t, the outcome of the calculation would be disappointing in the range of theHamiltonian parameters which corresponds to the monotonic free induction decay.Subsequent attempts to develop quantitative methods for the problem of the free in-duction decay focused on �nding simple approximation schemes that would embrace bothoscillatory and monotonic regimes and/or were based on physical arguments.Before proceeding with the discussion of those attempts, it should be mentioned that,for all post-Lowe-and-Norberg works, the comparison of the theoretical and experimentalplots for the free induction decay in CaF2[2],[20] has become the most important and, inmany cases, the only test of the theory. It is, therefore, not surprising that later work cameunder pressure to surpass the quality of agreement between the calculation of Lowe andNorberg and the experiment. As a result, most of those works contained explicit or implicitadjustments to the CaF2 data. This introduces a degree of uncertainty in the evaluationof the theoretical progress in the �eld, because even minor adjustments to the experimentcompromise CaF2 as the main testing ground of the theory.With such a perspective, we now turn to several widely used formal techniques that havebeen applied to the free induction decay problem.One such a technique is based on the memory function formalism. In the context of thefree induction decay, it was �rst applied by Tjon[26] in 1965, and then re�ned by Parker andLado[27] in 1973. That technique is based on the equationdG(t)dt = � Z t0 F (t0)G(t� t0)dt0; (1:33)where F (t) is called the memory function. Equation (1.33) can be considered as a straight-32



forward generalization of the standard Markovian equationdG(t)dt = ��G(t); (1:34)where � is the rate constant. The Markovian limit implied by Eq.(1.34) requires that the rateof change dGdt at time t cannot be a�ected by the values of G at the previous moments of time.On the contrary, Equation (1.33) allows some memory e�ects. According to that equation,dG(t)dt depends on G(t � t0), and the function F (t0), which is expected to be bell-shaped,controls such a memory, hence its name | \memory function." The Markovian equation(1.34) can be restored in the limit of the fast decay of F (t0), i.e. when F (t0)! ��(t0), where�(t0) is the conventional delta-function. In the opposite limit of the very slow decay of F (t0),i.e. when F (t0) ! !20 (!20 is just some constant), the solution of Eq.(1.33) has the formcos(!0t).In principle, for any function G(t), one can �nd a memory function F (t) that would �tEq.(1.33). Therefore, it is not immediately obvious how the introduction of an unknownfunction F (t) can help in computing G(t). The philosophy of this approach is based on thefact[27] that estimates of the ratio ofM4=M22 for memory functions of very di�erent problemsfall in the range between 3 and 4, which seems to suggest that there exists a universal shapeof the memory function, and that that shape is not too di�erent from Gaussian. That hope,however, has not come true.For CaF2, the Gaussian shape of the memory function was tested by Tjon [26] in 1966,and he discovered that it does not work well, unless the second moment of the Gaussianis adjusted directly to the experiment. Later, Parker and Lado found [27] that a moresophisticated form of the memory function can work even better in CaF2, but that alsorequired �tting several parameters of their functional form directly to the experiment.In 1969, Borckmans and Walgraef approached the free induction decay problem by thediagram resummation technique[28],[29] developed by Prigogine and coworkers[30],[31]. Inthe framework of that technique, they encountered severe computational di�culties and were33



not able to obtain a good quantitative description of the entire free induction decay in CaF2.However, they were �rst to make the strong claim that the free induction decay in CaF2must have the long-time functional form (1.24, 1.25), and such a functional form can bederived (our emphasis) based on the formalism they use. The claim of their theory has beensubsequently strengthened by the fact the long-time functional form (1.25) has, indeed, beenobserved in the later version of the CaF2 experiments[20], though with parameters that wereup to 45% di�erent from the predictions of Borckmans and Walgraef.In our opinion, the treatment of Borckmans and Walgraef fell short of being a derivation.In fact, below we shall argue that the scheme they used is not adequate for the analysis ofthe long-time behavior.We recall that even though the technique used by Borckmans and Walgraef is moresophisticated then the memory function approach, it describes the long-time behavior ofthe free induction decay by an equation identical with Eq.(1.33) of the memory functionformalism. One can solve that equation by the method of the Laplace transform, whichleads to the following expression: ~G(s) = G(0)s+ ~F (s) ; (1:35)where s is the variable of the Laplace transform, and ~G(s) and ~F (s) are the Laplace trans-forms of G(t) and F (t) respectively.It is not di�cult to see that, under very general conditions (eg. when F (t) is Gaussian),G(S) has a discrete set of poles, and, therefore, the pole closest to the imaginary axisultimately controls the long-time behavior of G(t), which means that that behavior musthave the exponential functional form (1.24) or (1.25).The proof of Borckmans and Walgraef essentially consisted of exploiting the above factin conjunction with several arguments that the shape of F (t) should not di�er much fromGaussian. Those arguments included (i) mentioning the fact that, for the problem of freeinduction decay in CaF2, the moment ratio M4=M22 for F (t) is 3.24, which is close to 334



(the value for the Gaussian shape); and (ii) reference to the numerical computations (notpresented in Ref.[29]). In Ref.[28], they also asserted that a non-Gaussian shape of G(t)would change the parameters entering Eqs.(1.25) but not the long-time functional formitself.It is this last assertion that we put in doubt. If one takes that assertion to the extremethen, actually, every function in the world should have the long-time behavior (1.24) or(1.25), because a memory function can be constructed for every function, and, according tothat assertion it does not matter whether the memory function is Gaussian or not. One canthus ask: Where, in that argument, is the place for algebraically decaying functions or forthose functions that do not decay at all?A closer examination of the issue reveals a very simple answer: The long-time behavior ofG(t) depends crucially on the long-time behavior of the memory function F (t). If the long-time decay of F (t) is slower than exponential, then it is easy to verify by direct substitutionin Eq.(1.33) that G(t) cannot decay exponentially either. Technically, the issue boils downto the fact that, when the long-time decay of F (t) is slower than exponential, the Laplacetransform of F (t) is likely to have a branch cut passing through s = 0.Therefore, the only thing Eq.(1.35) does is that it reformulates the di�cult problem ofthe long-time behavior of G(t) in terms of an even less tractable problem of the long-timebehavior of F (t), for which the crude simulations or knowledge of the ratio M4=M22 are notsu�cient. Even if that ratio is equal to 3 exactly, the long-time behavior of such a functioncan be anything one can wish. With the same degree of rigor, one could try to predict thelong-time behavior directly from the knowledge of M4=M22 for G(t).Continuing our review we now turn to the 1975 work of Engelsberg and Chao[32], wherethey approached the free induction decay problem using the Green's functions formalism,which led them to a continuous fraction expression for the free induction decay. The technicalcomplication of their method was that it required the knowledge of the higher moments (M635



and M8), and it appeared that the quality of the agreement with the CaF2 experiments wasvery sensitive to the minute changes in the values of those moments | changes that fellwithin the limits of the theoretical uncertainty of those values. Within that uncertainty,they did make some adjustments to the CaF2 experiments and thus obtained very goodagreement between theory and experiment. It seems though, that the agreement would beless perfect but still good if no adjustments were made.Importantly, however, Engelsberg and Chao went beyond CaF2. They applied the samescheme to the radically di�erent situation of the exchange-narrowed NMR lines (Problem Bin Section 1.4), and found very good agreement with the experiments in rutile and perovskitematerials[18].While that agreement certainly strengthens the base of their approximation scheme, itshould be mentioned that there is a certain degree of coincidence in that agreement. In asense, they tried to bypass the task of calculating the electron spin correlation function '(t)given by Eq.(1.22). Engelsberg and Chao used only the second, the fourth and the sixthmoments of the exchange narrowed lines in order to obtain the linewidth of those lines, whichis, otherwise, given by Eq.(1.21). Knowledge of the above moments implies knowledge of thesecond and the fourth moments of '(t). Since, apart from the knowledge of moments, thescheme of Engelsberg and Chao does not rely on any other input about the electron spinsystem, it follows that it should give the same answer for any form of the electron spin-spininteraction, provided that interaction leads to the same values of the second and the fourthmoments of the correlation function '(t). However, the exchange interaction has the peculiarproperty that it conserves the total spin polarization in the system, and, although, in thecase considered, this does not prevent '(t) from decaying, it makes the long-time portion ofthat decay signi�cantly slower. This leads to an atypically large value of the time integralof that function. For interactions other than the exchange one, the value of the integral,and, therefore, the value of the linewidth would be smaller than the result of Engelsberg and36



Chao, by at least 30%.The continuous fraction approach to the free induction decay was further developed byJensen[33] in 1995. His continuous fraction expression is more sophisticated than that ofEngelsberg and Chao. He obtained it as a result of explicit manipulation of the Green'sfunctions, which gave him a better control over the contribution from various terms in theHamiltonian. In particular, he explicitly exploited the fact the the interaction coe�cients ofthe magnetic dipolar Hamiltonian have alternating signs, which helps by canceling out certainintractable terms. Jensen's scheme contains a minor adjustment to the CaF2 experiments,which sets certain parameters that would not be changed if the scheme is to be applied toother problems with the same interaction. However, so far, it was only applied to the freeinduction decay in the exotic material 13C-diamond, for which no good quality experimentaldata have been obtained yet.In our opinion, Jensen's scheme looks very promising, and at present it is one of a fewgood choices for calculating the free induction decay. It is, however, unclear, how well it canperform beyond the case of the magnetic-dipolar interaction.In 1976, Becker, Plefka and Sauermann[34] (BPS) have developed an equation-of-motionmethod for the hierarchy of spin correlation functions. They proceeded with a scheme thatexpressed the derivatives of the two-spin correlation functions in terms of the three-spincorrelation functions. The three-spin correlation functions were then factorized in such afashion that the the system of equations became closed.The above procedure is, of course, quite standard, apart from the factorization recipe, forwhich there could be many variations. The BPS factorization was reasonably well justi�ed,and the result turned out to be in very good agreement with the CaF2 experiment.We are somewhat biased to view the work of BPS as signi�cant because, in that work, theyobtained an integral equation that turned out to be identical to the one we derived later[6]from quite di�erent considerations and with somewhat di�erent ingredients. An analogous37



equation is also known to be popular in theory of simple liquids[35]. That equation willplay an important role in our treatment, and, for that reason, it will be introduced later inChapter 3 (Eq.(3.22)).Here we only mention that the scheme of BPS was tailored speci�cally for the mag-netic dipolar interaction, but, otherwise, contained no explicit adjustments to experiments.However, they have presented the test only for CaF2 and only for the [100] direction of theexternal �eld, in which case the agreement was exceptionally good. From our experience,the agreement between their scheme and the experiments for two other �eld direction ([110]and [111]) would also be good but notably less impressive.Each of the approximate theories mentioned so far could be characterized as formal inthe sense of being not a physical model. Bringing physical arguments into the picture was,in fact, not a trivial task. As was explained in Section 1.5.1, the oscillatory character of thefree induction decay is not very compatible with a simple physical intuition.A focused e�ort to introduce the physical interpretation into the problem was made byLundin and Provotorov[36] in 1976. Their analysis was strongly a�ected by the success ofAbragam's �t (1.32). They attributed the term sin(bt)bt in Eq.(1.32) to the contribution fromthe \cell" containing six nearest neighbors of a given spin, and the term exp(�12a2t2) to thestatistically independent contribution from all other neighbors.The original treatment of Lundin and Provotorov did not provide a recipe for calculat-ing the contribution from the \cell" | this was the subject of 1984 work of Lundin andMakarenko[37]. The later work was corrected, and its approximate scheme was somewhatrevised, by Lundin[38] in 1992. Another variation along the same line was introduced byShakhmuratov[39] in 1991.The above mentioned works contain many useful physical insights, and, in fact, ourtheoretical treatment in Section 3.2.1 will have a few ingredients resembling the treatment ofShakhmuratov. However, even though the physical arguments invoked by the above authors38



were legitimate, the problem with their treatment was in attaching numbers and functionalforms to those arguments. The gaps in their treatment could be exposed if one tries toanswer the question: What would change if the relative sign of the 
ip-
op term and theIsing terms in the Hamiltonian was not negative (as is the case for the truncated magneticdipolar Hamiltonian (1.27)) but positive? On one hand, their treatment should apply tothis case, but, on the other hand, it appears to be extremely di�cult to reconcile theiranalysis and their calculational schemes with the fact that, in comparison with the negativerelative sign, the actual behavior the free induction decay should change dramatically fromoscillating to monotonic.We would also like to comment that, in our opinion, the very idea of explicit discrimina-tion between the e�ects due to the direct interaction with the nearest neighbors (the \cell")and e�ects due to the interaction with other neighbors did not prove to be very productive.In fact, the contribution from the out-of-cell spins became an ambiguous feature of thosetheories, and, at the same time, that feature does not appear to be crucial for the resultingapproximations.Concluding our review, it is fair to summarize by saying that none of the theories dis-cussed in this Section has cleared the barrier after which it could be routinely used for thequantitative predictions of free induction decay.1.7 Outline of a new theoretical approachThe philosophy of our treatment is that, as far as the correlation functions (1.1) are con-cerned, the task of explaining and the task of quantitative prediction are not identical: Thetask of explaining is relevant to the universal properties of those functions, while the accuratequantitative prediction of each function necessarily reproduces certain nonuniversal features.Below we shall explain such an attitude and demonstrate that it can be productive for bothexplanations and quantitative predictions. 39



We start from asking the question: What, in the �rst place, makes us think that, for theclass of the problems we consider, a simple \�rst principles" approximation can substitutefor the exact solution for the purposes of quantitative predictions?The answer to that question is certainly linked to the elusive constraint that the corre-lation functions (1.1) should behave \physically", which brings us back to the issue of thephysical arguments raised by Abragam in his criticism of the Lowe and Norberg's approxi-mation (see Section 1.6).What can the physical arguments give us? If we associate the term \physical" with theterm \universal", then, in fact, the most reliable universal consequence of our intuition isnot the selection of a simpli�ed model (such a selection is not unique for the problem ofinterest), but the mere fact that, unless the special conservation laws exist, the correlationfunctions (1.1) should decay on the timescale � given by Eq.(1.3): they should not bounceback to the initial value, they should not asymptotically approach any non-zero value |they should just decay.In essence, the above statement is equivalent to Boltzmann's assumption of \molecularchaos." That assumption stipulates that the fast decay of the microscopic dynamical cor-relations guarantees consistency between the exact dynamical evolution of a macroscopicsystem and the statistical thermodynamic description of the same system.In that context, any approximation scheme that leads the decay of G(t) on the timescaleof � can be called \physical."Is there anything universal or \physical" in the behavior of the correlation functions (1.1)beyond just the fact that they decay fast?Chapter 2 of this thesis presents a strong case in favor of a positive answer to the abovequestion. The issue taken up in Chapter 2 is that the correlation functions (1.1) not onlydecay fast but that, after a time of the order of several � , they approach the universalfunctional form (1.24) or (1.25). That Chapter contains an important conjecture about the40



extremeMarkovian properties of many-body dynamical problems, which we call Conjecture I.The scope of that Conjecture certainly extends far beyond the spin problems we consider.After the validity of the long-time behavior (1.24,1.25) is shown in a model-independentway, any approximate scheme can rely on such a result rather than derive it, which changesthe status of such a scheme from an uncontrollable extrapolation in the time domain to some-thing more similar to interpolation. In fact, \interpolation" is the key concept characterizingour approach to the quantitative predictions of the correlation functions (1.1).Before turning to our computational procedure, let us �rst return to the issue of \uni-versality vs. non-universality."It is generally accepted that for small lattices containing a few spins, the correlationfunctions (1.1) are not expected to exhibit universal properties. In particular, the statementthat those functions decay irreversibly without bouncing back at later times is apparentlywrong for a-few-spin quantum systems, where the discreteness of the frequency spectrumwill ultimately lead to the refocusing of the correlations. At the same time, the values of the�rst few moments controlling the initial behavior of the correlation functions (1.1) for smalllattices are the same as for in�nite lattices. (Those values depend only on the interaction ofa given spins with a �nite number of surrounding spins.)From the above fact, we deduce that the initial behavior of the correlation functions forthe in�nite lattice of spins is not universal, because the same behavior is exhibited by a smalllattice. Another, probably, more fundamental reason for the non-universality of the initialbehavior will be given in Sections 2.3.5 and 2.3.6.Combining the above statement with our analysis of the long-time behavior, we thusformulate the paradigm of our computational approach:The correlation functions (1.1) initially exhibit a non-universal behavior characteristicof a few-body systems and then approach the universal long-time behavior (1.24) or (1.25)intrinsic to many-body systems. Computational e�orts should thus be focused on getting41



accurate results for an extended initial time interval of the order of several � (given byEq.(1.3)). By the end of that interval the long-time behavior (1.24) or (1.25) is supposed tobecome dominant. Therefore, the correlation functions should then be continued using thelong-time functional form (1.24) or (1.25).The above description is illustrated in Fig. 1.6. As we indicate in that �gure, the behaviorof G(t) at the beginning of the \extended initial time interval" can be typically obtainedjust from the knowledge of the second and the fourth moments of G(t). It is the remainingpart of that interval that poses a major challenge for the computational schemes.In principle, that remaining part can be obtained by computing higher moments orby numerical calculations for �nite but not too small lattices. If such a computation ispossible, then it should certainly be chosen as a preferred method. However, for threedimensional lattices of quantum spins with a long-range spin-spin interaction (eg. magneticdipolar interaction), such a direct approach is certainly not feasible, which leaves approximateschemes as the only option.This brings us to the discussion of the principles upon which the approximation for the\extended initial time interval" should be constructed.As must have become evident from our discussion in Section 1.6, �rst principles approxi-mate schemes are easy to criticize. Even when an approximation without a small parameterclaims that it has no numbers adjusted to an experiment, then, it necessarily contains someassumptions which are not controlled quantitatively. If the whole work is devoted to theexplanation of one known experimental or numerical result, then it is natural that from thelong list of plausible assumptions, the authors would not choose those that lead to noticeabledisagreements with the data. For the works discussed in Section 1.6, such assumptions arecommonly made in the form of certain functional dependences that enter the approximationscheme.Apart from rigorous derivation, the only logical way to counter the above criticism is42
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Figure 1.6: These pictures illustrate the fact that the knowledge of the long-time functional form has practical value: When that functional form is known,all one needs to �nd is a good approximation for the \extended initial timeinterval." The solid red lines represent the actual data: plot (a) corresponds toFig. 1.2([111]), and plot (b) | to Fig. 1.4(h). The dashed blue lines representthe long time �ts (1.24) or (1.25). The dash-dotted green lines indicate howmuch of the initial behavior can be determined rigorously by the expansion1�M2t2=2! +M4t4=4!. 43



to show that the same approximation recipe works well for many di�erent pieces of reliabledata. After that one can point out that such a recipe is a continuous function of the inter-action coe�cients. Therefore, if there is an extended mesh of reference cases, for which theapproximation recipe works well, then for other cases the same recipe can be considered asan interpolation between the reference cases.As we mentioned before, our perception is that not every detail of the initial behaviorof the correlation functions (1.1) is universal and, therefore, not everything in this behaviorrequires a fundamental explanation. In particular, our understanding of the subject will notsu�er, if certain details characterizing the initial behavior are derived not from a laborioustheoretical calculation but from the observation of the mathematical pattern exhibited bythe experimental or numerical data.Provided that such an interpolation scheme can be found, the criticism of implicit orexplicit adjustments to the data becomes redundant. In the end, what will matter is justthe predictive power of that scheme.In this work, we take the �rst step towards �nding a perfect interpolating procedure.Namely, in Chapter 3, we have developed a kinetic model, which embraces almost all an-alytic limits for correlation functions of the form (1.1) and thus can be considered as aninterpolation between those limits. Away from those analytic limits, the model reproducesthe functional form of the long-time behavior given by Eq.(1.24) or (1.25).We have tested this model on many examples and, in most cases, found good agreementwith experimental and numerical data distributed over a wide range of Hamiltonians andwave vectors.At the moment, our ongoing project is to improve performance of that model even furtheron the basis of an extensive analysis of the whole body of classical and quantum data.Let us mention at this point that we consider bringing the classical spins in the pictureas an important achievement of this work. The discussion of the behavior of the correlation44



functions (1.1) for quantum systems frequently involves reference to dephasing or decoherenceand thus creates an impression that the theoretical di�culty of the problem is essentiallyquantum. However, the universality of the long-time behavior (1.24, 1.25) indicates thatthe problem is equally di�cult for both classical and quantum systems, and the di�culty isessentially dynamical. The dynamical relaxation at constant energy, which is another namefor the problem we consider, need not be called dephasing or decoherence | it has analogs inclassical systems. For the problems considered in this work, the di�erence between quantumand classical problems is not qualitative but quantitative, i.e. qualitatively the same regimesare characterized by somewhat di�erent numbers.Summarizing this Section, we would like to list three important features that distinguishthe present work from all previous ones:1. We analyze the universal long-time behavior separately from the issues associatedwith e�ective approximations to entire correlation functions (1.1).2. Instead of attempting to reproduce the behavior of one or a few known correlationfunctions, we propose an approximate scheme for all correlation functions of the form (1.1)and for the whole class of Hamiltonians (1.2).3. We use rich empirical material generated by our simulations of the classical spinsystems, and also by the numerical diagonalization of spin 1/2 chains[13]. That materialwas not available to the previous authors.
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2 Long-time relaxation on a spin latticeas a manifestation of chaotic dynamics2.1 Preliminary remarksIn the present Chapter, we develop a theoretical framework for treating the long-time be-havior of correlation functions of the form (1.1). The main theoretical result of this Chapterhas already been introduced in Section 1.5 on purely empirical grounds. This result is:[For convenience of discussion, we just reproduce a part from Section 1.5.]The generic long-time behavior of the correlation functions (1.1) has one of the followingtwo functional forms: either G(t) ' e��t; (same as Eq.(1.24))or G(t) ' e��tcos(�t+ �); (same as Eq.(1.25))where �, � and � are some constants about which we can only assert that, in general, thevalues of � and � are of the order of 1=� , where � is given by Eq.(1.3)It follows from the empirical evidence given in Section 1.5, and it will follow from ourtheory, that G(t) approaches the asymptotic form (1.24) or (1.25) after a time of the orderof several � , i.e. su�ciently fast.It is important to realize that, if the above functional form of the long-time behavior is,indeed, generic (i.e. independent of the speci�c details of interaction), then this property isvery likely related to the randomness generated by the spin dynamics. At the same time, aswe have already discussed in Section 1.5, the problem cannot be reduced to the Markovianparadigm of \a slow variable interacting with a fast equilibrating background" | the decay(1.24) or (1.25) occurs on the fastest natural timescale of the problem. Therefore, whatever46



is the ultimate explanation of that behavior, it will certainly be a step beyond the standardtheory of Brownian-type motion.Some of the existing approximate schemes would predict this kind of long-time behavior[28],[38],[6].However, as exempli�ed by our discussion of the method of Borckmans and Walgraef (Sec-tion 1.6), all these schemes struggle to achieve an e�ective approximation for the entireevolution of G(t), of which the long-time part is not the most prominent one. As a result,the long-time functional dependence becomes a side e�ect of quite crude and uncontrollableassumptions adopted only for the sake of simplicity. Therefore, the long-time predictions ofthose theories remain doubtful.As a historical remark indicating the non-trivial character of the long-time behavior(1.24), (1.25), we would like to mention that, when Abragam proposed his empirical formula(1.32), that formula has not been criticized on the ground that it predicts the wrong long-time behavior. This fact just illustrates that the decay of G(t) was generally expected to befast but not with a universal asymptotic functional form.Before proceeding further, it is necessary to clarify our use of term \generic" with respectto the long-time behavior of the correlation functions (1.1).In Section 1.3, we discussed several cases when the entire evolution of the correlationfunctions (1.1) could be obtained analytically. In all those cases, the long-time functionalform was not that of Eqs.(1.24,1.25). However, in every instance, the system had non-genericconservation laws. For example, analytical results in the Ising-like case (Section 1.3.1) couldbe obtained only because the z-components of spins were constants of the motion. Therefore,our reference to \generic long-time behavior" can be, to some extent, understood as implyingthe exclusion of systems with non-generic conservation laws.However, a closer examination of the issue reveals that the line between \generic" and\non-generic" systems is not so easy to draw. The situation with the 1/2 XXZ chains47



discussed in Section 1.5.2 is an example of such a di�culty. For those chains, the distinctionbetween \generic" and \non-generic" actually depends on what property of the system isbeing addressed.As we shall also see, even within the framework of our \generic" treatment it is possibleto have situations where, instead of a single exponent, the long-time behavior is accidentallycharacterized by two or more exponents.We thus de�ne our \generic long-time behavior" as follows:Let assume that, according to the Hamiltonian (1.2), each spin directly interacts withN0 neighbors, and, therefore, this Hamiltonian is completely characterized by the valuesof 3N0 interaction coe�cients |three coe�cients Jx, Jy and J z per each neighbor. If, werestrict the values of those 3N0 interaction coe�cients to a �nite interval and, from thatinterval, randomly pick the value of each coe�cient, then, what we mean as generic is that,with probability 1, the long-time behavior of the correlation functions (1.1) will have thefunctional form either (1.24) or (1.25).The above de�nition implies that there can be in�nitely many exceptions not exhibitingthe long-time behavior (1.24, 1.25) | we cannot name all of them| but the overwhelminglygeneral rule is still given by Eqs.(1.24, 1.25).As another preliminary remark, we would like to mention that, based on the theorypresented in this Chapter, one can only obtain the functional forms (1.24, 1.25); the theorydoes not give recipes for the calculation of the parameters entering Eqs.(1.24, 1.25). At thesame time, the theory does not contain a rigorous mathematical proof of that behavior. Infact, this Chapter consists mostly of the long chain of qualitative arguments. The questioncan thus be asked: What can such a long treatment give in comparison with the empiricalpicture already known from Section 1.5?The answer to the above question is that we hope deeper understanding can be gained48



from such an analysis. That analysis is, in fact, completely independent of the empiricalpicture of Section 1.5. That picture could but did not emerge two decades ago, becauseunderstanding of the matter was lacking and nobody tried to look at the long-time propertiesof the fast-decaying correlation functions (1.1). It was the theory presented in this Chapterthat motivated us to perform the simulations of the classical spin systems, and without thosesimulations, the empirical picture would be much less convincing.From a practical perspective, the assumption of the long-time behavior (1.24,1.25) playsan important role for the approximate scheme developed in Chapter 3, which, actually,generates the parameters of the long-time behavior (1.24,1.25).It would, however, be extremely uncomfortable if, in Chapter 3, we used the long-timefunctional forms (1.24,1.25) on purely empirical grounds without answering the followingquestions:Why is the long-time regime universal?What makes that regime di�erent from the initial regime?Why does it have such a functional form?How should the apparent time-irreversibility of Eqs.(1.24,1.25) be reconciled with thetime-reversibility of the underlying microscopic dynamics of a perfectly isolated system?What mechanism is responsible for the oscillations in Eq.(1.25)?Why are Eqs.(1.24,1.25) primarily relevant to the q-dependent correlation functions (1.1)and not to the pair correlation functions?What makes the situation at �nite temperatures less transparent than at in�nite tem-perature?The theory developed in the present Chapter allows us to give substantive answers toeach of the above questions. Those answers will be summarized in the concluding Section ofthis Chapter. 49



One more preliminary comment should be made on our use of the term \chaos."The reference to \chaos" in this work is very appropriate, because we deal with therandomness generated by the deterministic dynamics in a regular spin system. However,the place of our terminology in the spectrum of speci�c de�nitions of \chaos" must beclari�ed[40].What we below call \chaos" is a concept stronger than Boltzmann's \molecular chaos,"because \molecular chaos" only postulates the irrelevance of fast decaying correlations toslow observables, while in this work we address precisely the issue of how those fast corre-lations decay. At the same time, our assumptions of chaos are formulated mostly in termsof the motion of a single particle, which is consistent with, but less restrictive than, themathematical de�nition of chaos related to the exponential instabilities of trajectories inthe phase space of the entire system. In particular, our treatment will not be altered if theassumed single particle properties result from taking the thermodynamic limit in systemswhich do not quite comply with the mathematical de�nition of chaos.We should also mention that there are apparent parallels between our treatment and themathematical theory of Policott-Ruelle resonances in classical chaotic systems[41]. However,we are not aware of any de�nite mathematical result applicable to our problem, especiallyin the quantum case. One of the advantages of the approach we use is that it allows thequantum case to be addressed directly, i.e. without any reference to the classical limit.In the quantum context, the reference to chaos is frequently associated with the Wigner-Dyson statistics of energy levels. The connection between that property and the subject ofthis work is not straightforward, and we do not speculate on it. We can only mention thatthe spin 1/2 XXZ chains discussed in Section 1.5 do not exhibit Wigner-Dyson statistics butnevertheless show the long-time behavior (1.25).We conclude this Section with an outline of the rest of this Chapter.50



In the following Sections, we provide a number of arguments asserting that, as a result ofthe chaotic mixing generated by spin dynamics, the long-time properties of the correlationfunctions (1.1) can be deduced from the problem of correlated di�usion in a �nite volume. Asin a typical di�usion case, the solution of the correlated di�usion problem can be decomposedin terms of the discrete set of the eigenfunctions multiplied by time-dependent exponentials(determined by the corresponding eigenvalues), and the term having the smallest constantof the exponential decay �nally controls the long-time behavior. However, in contrast withconventional di�usion, the correlated di�usion can generate eigenvalues having both real andimaginary parts. Therefore, the dominating term can oscillate.Below, the theory is developed according to the following plan: First, in Section 2.2, weintroduce the classical case but then digress and, in Section 2.3, analyze one rarely discussedpiece of empirical knowledge related to the Markovian description. This analysis generatesConjecture I, on which the rest of the theory is built. Section 2.3 is quite long, but, in fact,reading only the formulation of Conjecture I is su�cient to proceed to Sections 2.4 and2.5. In Section 2.4, we return to the treatment of classical spins and, in Section 2.5, extendthat treatment to quantum spins. Although the classical limit of the quantum problemswill not be taken, the treatment of quantum spins will be developed by analogy with thatfor classical spins. Therefore, reading the classical section is essential to understanding thequantum section. Finally, we discuss the limits of the theory in Section 2.6.2.2 Classical spins | long-time assumptionWe shall treat the classical case from the viewpoint of the nonequilibrium interpretationpresented in Section 1.2 and illustrated in Fig. 1.1. Our attention will be focused on theone-particle probability distributions of the spin orientations.The evolution of each classical spin vector can be represented as the trajectory of its tipon a spherical surface. Describing the ensemble of all possible trajectories of a given spin,51



we assume chaotic mixing of the following kind:On the scale characterized by the mean free time � given by Eq.(1.3) and by the cor-responding mean free path (of the order of the radius of the sphere), (i) each trajectoryloses the memory of its initial position; (ii) the set of all possible trajectories starting fromany arbitrary small surface element disperses over the entire spherical surface in a randommanner; and (iii) the statistics of the trajectory patterns of this set becomes representativeof the statistics of the whole ensemble of one-spin trajectories.The estimate of the mean free time in the above assumption by formula (1.3) is how thein�nite temperature condition enters our treatment. At �nite temperatures, the mean freetime should be longer, and may even become in�nite, because of the equilibrium correlationsbetween the orientations of di�erent spins.Our assumption of chaotic mixing does not require that the statistical properties of everyone-spin trajectory be representative of the properties of the whole ensemble. This detailsigni�es the di�erence between mixing and ergodicity. Following Krylov[42], we assume thatergodicity is not a necessary condition for relaxation to the equilibrium.If a point-like particle moves under similar conditions on an in�nite plane, it wouldbe appropriate to apply the theory of Brownian motion on a scale much greater than themean free path, so that after a time much greater than the mean free time the probabilitydistribution approaches the solution of the di�usion equation. The problem is that in ourcase the typical mean free path is of the order of the size of the sphere. Therefore, we areinterested in an accurate description on the scale of the order of the mean free path andsmaller.We now turn to a general discussion that motivates one additional assumption.52



2.3 Markovian description for the ensembles of trajectoriesThe standard microscopic theory of Brownian motion is Markovian, i.e. it employs processespossessing no memory of the past state. It is always emphasized (at least in the physicsliterature) that such a description is justi�ed only on a timescale much greater than themean free time.Contrary to the above point, we shall argue that, as far as ensemble averaging is con-cerned, the adequacy of the commonly accepted Markovian descriptions typically propagatesto much shorter time scales, and it is only the initial short-time behavior of a typical theo-retical quantity that is not Markovian.In the rest of this section, we �rst clarify the above statement and then explain why itdoes not contradict the theoretical, experimental, or numerical facts. We then proceed withformulating a stronger statement, which we call Conjecture I. Finally, we link Conjecture Ito concepts known from the mathematical theory of chaos.2.3.1 Exponential decayThe inapplicability of the Markovian description to short (ballistic) timescales is frequentlydemonstrated by presenting an example of the nearly exponential decay exhibited by anautocorrelation function having the general formR(t) = hX(t)X(0)i: (2:1)This function characterizes the equilibrium 
uctuations of some variable X in some macro-scopic system (not speci�ed here). The variable X should evolve much slower than the restof the variables describing the same system. In equilibrium, hXi = 0, which implies thatR(1) = 0.An example of such a situation relevant to the subject of this work is the exchangenarrowing problem[16][17]. In that case, X corresponds to the total spin polarization, which53



is conserved by the dominating exchange part of the Hamiltonian.The following assumptions in respect to R(t) are usually appropriate (at least the \usualwisdom" suggests so):Assumption 1: The equilibrium correlation function R(t) can be equivalently consideredas characterizing the relaxation of the slow average quantity hX(t)i�R (0) starting from a verysmall initial value hX(0)i�R (0) and decaying to the equilibrium zero value. The notationhi�R (0) implies that the averaging should be taken over all possible evolutions of the entiresystem weighed by the probability of the initial conditions given by the distribution func-tion denoted here as �R(0). The small deviation of �R(0) from the equilibrium distributionfunction should be proportional to X(0).As explained in Section 1.2, as far as the in�nite temperature spin correlation functionsare concerned, this kind of property can be obtained from the high-temperature expansion. Ina general context, the equivalence between the correlation function of equilibrium
uctuationsand the law of relaxation was �rst explicitly postulated by Onsager[43].Assumption 2: On the long timescale, the relaxation of the slow quantities can be repre-sented by Markovian �rst order rate equations, which can include only slow variables. Theseequations have to be linearized in terms of the small deviations from equilibrium.Assumption 3: There are no other slow variables that can a�ect hX(t)i.Given the above assumptions, the only Markovian rate equation that can be written isdRdt = �
R; (2:2)where the new constant 
 is the decay rate de�ned by this equation. Assuming R(0) = 1,the solution of Eq.(2.2) is R(t) = exp(�
t).It is, usually, at this point that the inapplicability of the Markovian description to shorttimescales is illustrated by pointing out that, on one hand, the Markovian approximationgives dRdt jt=0 = �
, but, on the other hand, the time reversibility of the underlying dynamics54



guarantees that hX(t)X(0)i = hX(�t)X(0)i, which means R(t) is an even function of timeand, therefore, dRdt jt=0 = 0.The above contradiction does not invalidate the Markovian description, because, a priori,that description does not claim to provide the exact derivatives corresponding to the short-time 
uctuations around the average long-time behavior. However, it is rarely emphasizedthat, in principle, there are two pictures of the short-time behavior of R(t) that can beconsistent with the long-time Markovian approximation: (a) smooth approach of R(t) to theMarkovian prediction or (b) persistent short-time 
uctuations of R(t) around the averageMarkovian behavior. Both pictures are illustrated in Fig. 2.1.Although, at �rst sight, it might seem that picture (b) better corresponds to the spirit ofthe Markovian approximation, the fact is: Whenever a theoretical attempt is made to em-brace both the short- and the long-time behavior of R(t), it results in picture (a). Moreover,we are not aware of any experiment or numerical calculation reliably showing the persis-tent short-time 
uctuations of a correlation function around the average long-time behavior,provided that behavior is correctly predicted from a Markovian description.Below, we illustrate the assertion made in the previous paragraph by showing that theassumption of smooth approach to Markovian behavior is the only one that is necessary inorder to obtain the Green-Kubo formula [44] for the calculation of the constant 
 enteringEq.(2.2).The smooth approach to Markovian behavior shown in Fig. 2.1(a) implies that the devi-ation of R(t) from the Markovian prediction occurs only around t = 0, and then the exact�rst time derivative of R(t) approaches the value of (�
) within a short time interval, overwhich the value of R(t) itself can change only insigni�cantly, and, after that, R(t) followsthe Markovian solution without any 
uctuations. Within the same time interval, the secondtime derivative of R(t) should change dramatically from a certain value characteristic of theshort timescale to the value complying with the smooth and slow Markovian behavior.55



Such a picture gives a recipe for the calculation of 
 consisting of the following steps:(i) Write the exact expression for the second derivative of R(t) (ii) Perform the time in-tegration of that expression until the value of the integral stops changing signi�cantly onthe fast timescale of the problem. The saturation value of that integral becomes the �rstderivative with which the correlation function enters the Markovian regime. This valueshould be equated to (�
). In order to present the result in a familiar form, we note thath �X(t)X(0)i (the exact expression for the second time derivative of R(t)) can be transformedto �h _X(t) _X(0)i[45]. Therefore, 
 = Z 10 h _X(t) _X(0)idt: (2:3)The in�nite upper limit of this integral should be understood in an approximate sense |it implies an upper cuto� which is much longer than the characteristic time of the fastenvironment but much shorter than 1=
. In the context of statistical physics, Eq.(2.3) isbest recognizable as the Green-Kubo formula, though its resemblance with the \golden rule"of second order perturbation theory is not a coincidence.It turns out that one can easily �nd an ansatz of the form R(t) = exp(�a(t)), wherethe function a(t) quickly approaches 
t, but, at the same time, dRdt jt=0 = 0, and initially, thesecond time derivative of R(t) follows �h _X(t) _X(0)i. Such an ansatz is given by the formula:R(t) = exp �� Z t0 (t� t0)h _X(t0) _X(0)idt0� : (2:4)In the context of the exchange narrowing problem, this formula was �rst obtained by An-derson and Weiss[16] on the basis of a Gaussian random noise model.Fast decaying correlation functions like h _X(t) _X(0)i are usually di�cult to compute, butthey can be either reasonably approximated or, sometimes, extracted from experiment. Ex-tensive experience with the Green-Kubo formula leaves no doubt that it is a reliable quan-titative recipe provided the long-time Markovian assumptions are adequate. It is, however,clearly seen from the above discussion that, if the assumption of smooth approach to the56
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Figure 2.1: This picture represents the correlation function R(t) introducedin the text and, by magnifying the short timescale, shows two short-scalepictures compatible with the long-time Markovian description, namely: (a)smooth approach to the Markovian behavior with no further 
uctuations and(b) persistent 
uctuations around the average Markovian behavior. It is arguedin the text that picture (a) is the one that corresponds to the reality.Markovian behavior is incorrect, then the Green-Kubo formula should be abandoned. In atypical discussion of this formula, it is not that assumption but the equivalent property ofthe convergence of the integral in Eq.(2.3) that is emphasized. We stress the smoothnessof the correlation functions in the Markovian regime because this is apparently more thangranted by the standard physical Markovian arguments, and, therefore, if correct, representsa a stronger property that can be used elsewhere.2.3.2 General argumentNow we present a general intuitive argument that indeed, as the above treatment suggests,there should be no persistent short-time 
uctuations of the correlation function R(t) aroundthe exponential Markovian behavior.Let return to Assumption 1 made in Section 2.3.1, which postulated that R(t) can betreated as a relaxation function. 57



A subtlety associated with that assumption is that, on the one hand, it is given in terms ofthe quantity hX(t)i�R (0) requiring the averaging over the ensemble of the sample evolutions ofthe entire system, but, on the other hand, the same quantity is equally expected to representjust one sample evolution of the macroscopic system in the sense of a real experiment,in which the initial conditions are randomly set in compliance with the initial probabilitydistribution �R(0), and then the value of X(t) is measured. This can only be true, if X(t)is | or can be considered as | either the sum or the average of in�nitely many equivalentcontributions from statistically independent parts of the system.Such a condition is, normally, ful�lled for any quantity accessible by a macroscopic mea-surement. For example, in the exchange narrowing problem mentioned earlier, the prototypeof the variable X is the spin polarization of the entire system, in which case the equivalentcontributions come from the individual spin polarizations.In the following, we assume that the variable X is decomposable as stated above, i.e.X(t) =Xm ~xm(t); (2:5)where ~xm(t) denotes one of many equivalent contributions toX(t). Therefore, the correlationfunction R(t) can be rewritten as R(t) ' h~xm(t)i�R(0);m; (2:6)where the additional average is taken over all trajectories ~xm(t) during the same sampleevolution of the entire system.In Section 2.3.1, the variable X was assumed to be the only slow variable characterizingthe large system | therefore, the dynamic evolution of the variables ~xm is supposed toexhibit fast 
uctuations representative of the short (ballistic) timescale of the problem. Wereformulated the problem in terms of variables ~xm because we would like to analyze theelementary random contributions underlying the Markovian approximation for R(t).58
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Figure 2.2: This picture illustrates the argument made in the text that iden-tical short-time pieces can appear in di�erent trajectories of variable ~xm. Thethree trajectories shown in this picture have one identical piece � the thickerpart of each trajectory line. These trajectories have been displaced along thevertical axis to make them distinguishable. In this picture, the identical piecesare shifted in time by an interval which is shorter than the time length of eachpiece. In general, the time shift between the identical pieces can be both veryshort and very long.Considering the ensemble averaged quantity h~xm(t)i�R(0);m, it is important to realizethat any violent short-time event experienced by one trajectory ~xm(t) can be experiencedsimultaneously by many other trajectories. Moreover, another set of trajectories ~xm(t) canalso go through an identical short-time event, shifted in time by an interval much shorter ormuch longer than the scale of this short-time event itself (see Fig. 2.2 for the illustration). Inother words, any given short-time event can start at any given moment of time. Therefore,in order for the short timescale to be pronounced after averaging over all trajectories, it isnecessary that not only the short-time events were present in each trajectory but also theprobability of those events must 
uctuate on the same short timescale.As an extreme alternative, one can consider the case when the probability of a givenshort-time event is time independent. In that case, the contribution of such a short-timeevent to the ensemble average will also be time independent, no matter how violent that59



event may be.We now focus on the later stages of the nonequilibrium evolution, meaning that thevalue of the time variable in Eq.(2.6) is greater than the characteristic mean free time forthe variables ~xm. At this stage, the short-time 
uctuations of the probability of a givenshort-time event, if they persisted, would certainly represent a peculiar and counterintuitivee�ect, showing that the system did not lose the memory of the initial conditions. In order tosee that, one has to realize that the probability weight of each trajectory exhibiting a givenshort-time event depends only on the initial conditions from which the trajectory startedat the beginning of the nonequilibrium evolution. The occurrence of the above probability
uctuation would mean that a very long time after the nonequilibrium evolution started,the system somehow \remembers" that the 
uctuation of the probability of a given short-time event should start at a certain moment and not at any subsequent one. But those twomoments are di�erent only by the virtue of the fact that they are separated by di�erentintervals from the moment when the nonequilibrium evolution started.In fact, it is quite obvious that the situation should be exactly opposite to the onedescribed in the previous paragraph. Namely, with nearly the same probability, any givenshort-time event can occur starting at two di�erent moments of time separated by any nottoo long interval. The rationale for such an assertion is that the probability of any short-time event is determined by a very large number of random contributions from uncorrelatedtrajectories. Being an extremely well averaged quantity, the above probability does not
uctuate. The reason why it changes at all is that, as long as the slow variable X(t) hasa non-zero value, h~xm(t)i also has the non-zero value. Therefore, there is a slightly greaterprobability (proportional to the above time dependent average) that the short-time eventsstart from the positive rather than from the negative value of ~xm.It should also be taken into account that even if the 
uctuation of the probability of aspeci�c short-time event accidentally occurs, then there are many di�erent short-time events60



to be averaged over, and it is very unlikely, that the probability 
uctuations for all of themhappen at the same time and a�ect the average in the same direction.Our conclusion for this part is: After not too short a time from the moment when thenonequilibrium evolution started, the contribution of any short-time event occurring in thetrajectories ~xm(t) to the ensemble average (2.6) repeats itself continuously, being only slowlymodulated by the probability of that event, and, therefore, no manifestation of the shorttimescale is seen after averaging.To make the above statement complete, one would certainly have to answer the question:What is the di�erence between the initial probability distribution �R(0) and the probabilitydistributions at later times that explains why the short-time deviation of R(t) from theslow Markovian behavior occurs only around t = 0? This question will be addressed inSections 2.3.5 and 2.3.6 in a more general context.2.3.3 One-dimensional Brownian motionIn order to bring the discussion one step closer to the forthcoming description of the spinproblems, we now present the standard one-dimensional di�usion of Brownian particles ina fashion similar to the treatment of the exponential decay in Section 2.3.1. The di�erencebetween the two cases is that, instead of one slow variable, the treatment of di�usion requiresa continuum of slow variables.In the problem of Brownian motion[46][44], the Markovian timescale should be associatedwith a slow change in the position coordinate x(t) of a Brownian particle. The drift ofBrownian particles is, usually, characterized by the correlation functionB(t) = hx2i � hx(t)x(0)i: (2:7)We consider the problem as if many Brownian particles move simultaneously, and the averageis taken over all of them. 61



In order to proceed with the Markovian description, it is necessary to introduce spatialcoarse-graining with the size �x of the coarse-grained subvolumes (linear intervals in thiscase). This size is much greater than the mean free path of the Brownian particles. Theslowly changing particle populations in each subvolume become the primary variables ofthe Markovian description. It is then assumed that the Markovian equations should onlydescribe the direct exchange of particles between adjacent subvolumes, which gives@f(t; x(i))@t = WXj (f(t; x(j))� f(t; x(i))); (2:8)where f(t; x(i)) is the nonequilibrium fraction of the particle population in subvolume numberi; the sum over j includes only the subvolumes adjacent to the ith subvolume; and W is therate of transitions across the boundary of two adjacent subvolumes. There are two additionalassumptions behind Eq.(2.8). Namely: (a) every Brownian particle is always a�ected by thesame equilibrated environment; and (b) the transitions in both directions ((i) ! (j) and(j) ! (i)) are equivalent. The continuum limit of the description represented by Eq.(2.8)yields the standard di�usion equation:@f(t; x)@t = D @2f(t; x)@x2 ; (2:9)where the di�usion coe�cient D = W�2x.The solution of Eq.(2.9) allows B(t) to be calculated, which givesB(t) = Dt: (2:10)According to the general recipe preceding Eq.(2.3), the Green-Kubo expression for thedi�usion coe�cient can be obtained by equating the �rst time derivative of the Markovianresult for B(t) to the saturation value of the integral of the exact second time derivative ofB(t). As in the earlier example in Section 2.3.1, the second derivative ofB(t) can be presentedas hv(t)v(0)i, where v(t) = dx(t)dt . Therefore, the expression for the di�usion coe�cientbecomes D = Z 10 hv(t)v(0)idt: (2:11)62



Thus we have again illustrated the general statement that the assumption of the smoothapproach to the Markovian behavior is su�cient in order to obtain the standard Green-Kuboresults for the parameters describing the Markovian approximation.Finally, we mention that the argument given in Section 2.3.2 to explain the smoothapproach to the Markovian behavior could also be rephrased for the problem of Brownianmotion. We do not do it, because it would not add anything conceptually di�erent from thecontent of Section 2.3.2.2.3.4 Conjecture IThe preceding discussion motivated the postulate that whenever a kind of Markovian de-scription is assumed to be adequate for long space- and timescales, the functional form ofthe correlation functions obtained in the framework of such a description also applies to theshort timescale, with the only exception being an initial time interval of the order of themean free time. As far as the corresponding relaxation process is concerned, it is di�cultto embrace that postulate without concluding that, after a certain time from the beginningof the nonequilibrium evolution, not only the resulting Markovian functional form but theMarkovian rate equations themselves apply to the short timescales, and, if necessary, thespatial coarse-graining for the Markovian description can also be chosen very �ne.Making one step from the above seemingly formal observation, we now introduce astronger statement:Conjecture I: After the memory of the initial probability distribution is lost in the relax-ation process corresponding to the decay of the second order correlation function of equilib-rium 
uctuations in a very large system, a kind of randomness subsequently propagates tovery short space and time scales. That randomness is such that, considering the nonequilib-rium behavior of the ensemble averaged quantity of interest at later times, it is appropriateto invoke a Brownian-like Markovian description, which is consistent with the long-time63



Markovian assumptions, but, at the same time, based on a very �ne coarse-graining withthe scale much smaller than the scale of the ballistic behavior of the particles composing thelarge system. (The precise meaning of the \Brownian-like Markovian description" will beclari�ed in Section 2.4 in the system-speci�c context.)Two closely related aspects make the above conjecture di�erent from the previous treat-ment: First, it does not require the quantity of interest to evolve much more slowly than atypical microscopic variable. Second, it does not call for the long-time Markovian descrip-tion to be developed �rst and then extended to the short timescales | it only requires thelong-time Markovian assumptions to be consistent with the resulting description.The last circumstance makes Conjecture I complementary to the long-time assumption ofchaotic mixing for the classical spin trajectories on a sphere (Section 2.2). As we mentionedin Section 2.2, it is impossible to construct a self-contained long-time description on thespherical surface because of the physical absence of distances much greater than the meanfree path. (The mean free path in our spin problem is of the order of the radius of thesphere). However, if the spherical surface is coarse-grained in very �ne elements, then,locally, those elements can be considered 
at. It is, therefore, natural to assume, thatthe random properties on the very �ne scale in the case of random motion on the sphericalsurface are not qualitatively di�erent from the case of Brownian motion on the in�nite plane.Therefore, the rate equations similar to those used in Section 2.3.3 can be introduced on thespherical surface. An analogous situation will characterize the quantum case in Section 2.5.Before we proceed with the speci�c description of our spin problems, the issue of thedi�erence between the initial probability distribution and the distribution which supportsConjecture I must be addressed. We do this in Sections 2.3.5 and 2.3.6.64



2.3.5 Local phase space picture for hyperbolic-like systemsIn this part, we introduce a complementary line of argument involving the hypothesis thatthe many-body system addressed by Conjecture I is a chaotic hyperbolic system [41]. Theconnection between Conjecture I and the hypothesis of hyperbolicity is not an obvious one.We believe that hyperbolicity is not a necessary condition for Conjecture I, and we do noteven speculate whether the hyperbolicity is su�cient to prove Conjecture I. However, theorigin and the limits of Conjecture I become more transparent when discussed in the contextof hyperbolic systems.The following discussion deals with an abstract many-body Hamiltonian system, aboutwhich it is no longer assumed that it exhibits separation between slow and fast motions.For consistency of language, the Hamiltonian system in question is assumed to be very largebut �nite. As a prototype of such a system, we keep in mind the lattice of interactingclassical spins introduced in Section 1.2. It is not known whether that spin system is,actually, hyperbolic. But, as a compensation, our handling of the hyperbolicity requirementsis minimally restrictive and, in that sense, maximally realistic.In the many-body phase space of a Hamiltonian system, the phase volume is conservedunder dynamical evolution. When the whole system shows chaotic mixing, it means that anycontinuous set of points initially occupying a small part of the phase space would eventuallybe distributed over the whole phase space | subject to the energy conservation constraint.(This property is consistent with the mixing we assumed in Section 2.2 for the individualparticle trajectories but somewhat more restrictive.) A volume-preserving continuous pro-cedure of spreading the above set of points is to expand a part of this set in certain (stable)directions and contract it in other (unstable) directions, keeping the volume unchanged. Ata given point of the phase space, the stable and unstable directions can be obtained bylinearization of the equations of motion in the vicinity of that point. Assuming that thedynamical evolution insures such an expansion-contraction (hyperbolic) property for most65



points and most directions in the phase space, the initially compact small volume will bespread over the phase space as a continuous random pattern of very thin cells. The longerthe time allowed for this process, the smaller the initial volume which can be chosen, and,therefore, the smaller the ultimate transverse size of the thin cells becomes. This transversesize corresponds to the contraction directions of the phase space. It characterizes the scaleof dynamically developed randomness and thus underlies the propagation of the Markovianassumptions to very short scales.At the same time, if a smooth not-too-fast varying probability distribution is assignedwithin the initial small volume, such a distribution will be stretched over much larger phasespace, and, therefore it will become nearly 
at along the longitudinal (expansion) directionsof the above cells. This extreme smoothness of the random pattern along the expansiondirections makes the integrated average over large subvolumes behave in the same way as theaverage over much smaller subvolumes, and, therefore, allows the Brownian-like descriptionfor the long space and time intervals to be extended to much shorter intervals.The last point underscores an important di�erence between the mathematical theoryand the present physical analysis. While the mathematical theory struggles for the rigor-ous derivation of the long-scale properties from its understanding of the local phase spacedynamics, we assume that the whole physical experience of dealing with the long scales iscorrect and compatible with the local expansion-contraction picture. It turns out that, on thebasis of such an approach, we can treat situations that are accessible neither by the rigorousmathematical analysis nor by the conventional \physical" Markovian approximation.We can now explain why Conjecture I distinguishes the initial and the long-time behaviorof the correlation functions.From the viewpoint of the contraction-expansion picture described above, the small pa-rameter implicitly underlying Conjecture I is the ratio of the characteristic scales of themany-body probability distribution along the contraction and expansion directions in the66



many-body phase space. Such a small parameter develops dynamically and cannot be presentin the initial probability distributions of the nonequilibrium problems corresponding to cal-culations of second order correlation functions.The above point can be illustrated by the example of the correlation function G(t) givenby Eq.(1.1) for the classical spins, in which case the initial probability distribution �(0) isgiven by Eq.(1.5).According to Eq.(1.5), the probability of initial polarization of each spin is completelyindependent of the polarizations of its neighbors, which means that �(0) can be factorizedin terms of the distributions describing each spin separately. This factorization essentiallyimplies that a single scale (that of the initial one-spin distribution) characterizes the many-spin distribution along all directions of the phase space. That scale corresponds to theradius of the sphere on which the one-spin distribution is de�ned. (The explicit form ofthis distribution is given in Section 2.4.) Thus, as always happens with well-de�ned initialconditions of many-body problems, the initial distribution (1.5) is not complex enough todiscriminate between the contraction and expansion directions intrinsic for the many-bodyphase space of a given dynamical problem. Therefore, some time (� � ) is required beforethe chaotic pattern possessing the necessary small parameter is established.We thus expect that a many-spin distribution consistent with Conjecture I has the fol-lowing property: The nonequilibrium correction to the equilibrium probability that a givenspin has a certain orientation is strongly dependent on the polarization of the neighbors ofthat spin | a small variation in the coordinates of the neighbors will give another nonequi-librium correction supposedly uncorrelated with the original one. However, if this variation isintentionally directed exactly along the expansion direction, then the two probability correc-tions will be almost equal. The last two statements do not contradict to each other, becauseit is improbable by random variation of the neighbor coordinate to pick an exact expansiondirection in the many-body phase space | a randomly chosen direction has projections along67



both the expansion and the contraction directions.The property described in the previous paragraph has the following consequence: When,in the regime corresponding to Conjecture I, coarse-graining with a characteristic size muchlonger than the contraction scale of the true many-spin distribution is introduced along thespin axes, the many-spin probability distribution rede�ned in the coarse-grained sense canbe factorized in terms of the individual spin distributions.Besides clarifying the status of the \usual" initial conditions, the expansion-contractionpicture also helps to understand what happens if one reverses the exact dynamics of a systemwhich before such a time reversal was well in the regime describable by Conjecture I [47].In the case of classical spin problems, time reversal means that the orientations of all spinsshould be instantaneously changed to the opposite ones, or, equivalently, one can think that,in the phase space of the problem, the directions of all spin axes are reversed. In otherproblems, there are also phase space axes that change the direction. If, at the momentof time reversal, the probability distribution in the many-body phase space has a patternconforming with the expansion and contraction directions intrinsic for a given dynamicalproblem, then, in respect to that pattern, all formerly stable directions suddenly becomeunstable, and all formerly unstable directions become stable. As a result, the ratio of thecharacteristic scales along the contraction and expansion directions becomes large instead ofbeing small, implying an \anti-Markovian" regime.2.3.6 General scope of Conjecture IReturning to the argument given in Section 2.3.2, it is important in general, | and forthe treatment of the quantum case in particular | that the argument is not limited to thecase when the trajectories in question describe a subsystem within a chaotic Hamiltonianenvironment. In general, this argument applies when the ensemble of trajectories representsthe behavior of a subsystem subjected to the in
uence of an external environment which68



follows continuous dynamics and has a continuous distribution. As long as that externalin
uence satis�es the long-time assumption of mixing for a given ensemble of the subsystemtrajectories (meaning an assumption similar to the one made in Section 2.2), the argumentdoes not exclude a non-chaotic or non-Hamiltonian environment, and neither does ConjectureI. In the case of a non-chaotic or non-Hamiltonian environment, the extreme stretchingof the subsystem-plus-environment probability distribution (similar to the one described inSection 2.3.5) should also underly Conjecture I, though, in such a case, it is more di�cult tovisualize the small parameter. Nevertheless, it is clear that Conjecture I becomes applicableafter the probability distribution develops the complexity intrinsic to a given dynamics. Aninitial distribution like the one given by Eq.(1.5), in which the variables belonging to thesubsystem in question (one of those spins, in our case) are factorized from the variablesdescribing the environment, has no chance to be complex enough.Finally, we note that the possibility of �ner and �ner coarse-graining postulated byConjecture I does not have an apparent limit as long as the long-time assumption of chaoticmixing formulated in Section 2.2 remains applicable to smaller and smaller initial sets oftrajectories and extends over longer and longer times. We shall return to the issue of limitsin Section 2.6.2.4 Classical spins | continuedConjecture I can now be applied to our problem in the following way.Let us assume that, on the spherical surface corresponding to the nth spin, we trace alarge number of sample trajectories of that spin. Di�erent sample trajectories of the nthspin correspond to di�erent realizations of the dynamical evolution of the entire system,and the initial conditions for each such a realization are chosen in accordance with theinitial probability distribution (1.5). We thus have a large number of sample points moving69



simultaneously on the spherical surface.Now let us coarse-grain the spherical surface in su�ciently �ne elements. The greaterthe target accuracy of the calculation, the �ner the coarse-graining should be. The largenumber of sample trajectories should guarantee that, at any moment of time, there areenough sample points in each coarse-grained subvolume (surface element, in this case) togive an accurate representation of the probability to �nd a point in this subvolume.The probability distribution of the sample points on the nth sphere is initially close andexpected to remain close to the uniform distribution corresponding to the in�nite tempera-ture equilibrium. We denote the small deviation from the uniform distribution as fn(t; xn),where xn stands for two standard spherical angles �n and 'n, chosen such that in Eq.(1.5),S�n = S cos�n. The expansion of �(0) in powers of �0 givesfn(0; xn) ' �0 cos(q � rn) S cos�n: (2:12)We now recall, that, in Section 2.2, we have already introduced the notion of the meanfree path of a typical sample point on the above spherical surface.When the coarse-grained scale is smaller than that mean free path, the in
ux and out
uxevents for the subvolumes along a given trajectory of that point will be correlated in time ina way primarily dependent on the velocity of that point. However, for a given subvolume,there should be many sample points entering and leaving with a given velocity, and, inequilibrium, the non-Markovian in
ux and out
ux events should be perfectly balanced bythe exact dynamics of the system. The slight imbalance between the in
ux and the out
uxevents is what governs the nonequilibrium evolution in that subvolume.The property that underlies Conjecture I can now be reformulated as follows: At thelater stages of the evolution of the ensemble, there are no important correlations betweenthe sample points that are responsible for the imbalance of the in
ux and out
ux events fora given coarse-grained subvolume at the given and at previous moments. The time interval70



between the two moments in question can be substantially shorter than the time requiredfor a sample point to cross that subvolume.In the regime describable by Conjecture I, the nonequilibrium population of sample pointsin a given subvolume becomes a \slow" variable. As explained in Section 2.3.4, we must nowtreat the problem as if the populations of the sample points in each subvolume on each spinsphere are represented by Brownian particles with mean free path much smaller than thesize of that subvolume. In other words, we have to imagine that the mean free path of thesample points is much smaller than it actually is.If the nth spin was in an equilibrium environment, then the description presented inSection 2.3.3 could be adopted, and the continuum limit of such a description would leadto a standard di�usion equation similar to Eq.(2.9). However, in our case, the environment,which means spin distributions on the neighboring lattice sites, is slightly out of equilibrium.At the level of the rate equation (2.8), the leading order e�ect caused by the nonequi-librium environment is that the transition rate from one subvolume to another becomesslightly di�erent from the transition rate in the opposite direction. In that case, the equilib-rium fractions of particles in the two subvolumes respond to the violation of the balance ofthe transition rates and create the additional particle 
ux between those subvolumes. Below,we proceed directly to the continuum description, which takes into account the e�ect we justdescribed.In order to avoid unnecessary details, we adopt a schematic notation, which makes allquantities look one-dimensional, but imply the proper number of dimensions and the propercovariant form of the di�erential operations. In such a notation, the linear response formulafor the probability 
ux on the nth site can be written asjn(t; xn) = �Dn(xn)@fn(t; xn)@xn (2.13)+ Xk ZVxk Knk(xn; xk)fk(t; xk)dxk;71



where Dn(xn) is the di�usion coe�cient (actually, tensor) corresponding to the standard dif-fusion in the equilibrium environment;Knk(xn; xk) is the kernel of the term representing thelinear 
ux response on the nth site to the slight deviation from the equilibrium distributionon the kth site (this response is analogous to Ohm's law); and Vxk stands for the entire spaceof variables characterizing the kth site.The probability density fn and the probability 
ux jn must satisfy the continuity equation@fn(t; xn)@t = �div[jn(t; xn)]; (2:14)which completes the description of the nth site. In general, pairs of equations (2.13, 2.14)should be written for each lattice site, and together they form a closed set of integro-di�erential equations.Although introduced above as a natural development of the previous treatment, theintegral term in Eq.(2.13) represents quite a dramatic step in the extension of the Brownian-like formalism beyond the limits of the conventional Markovian approximation. This termshould absorb the seemingly intractable dynamical correlations between di�erent spins. Anintuitive picture behind such a representation of the correlations is the following:The nonequilibrium probability of a certain orientation of the kth spin creates a preferreddirection of the local �eld by which the kth spin a�ects the nth spin. The preferred directionof the local �eld means the preferred direction in which the tip of the spin vector moves onthe spherical surface. The subtlety here is that the direction in which the additional 
uxbecomes non-uniform and, therefore, causes a change in the particle populations, is not theone that corresponds to the precession around the preferred direction of the local �eld butthe perpendicular one. The rotation of the equilibrium uniform distribution of particles doesnot change the particle population on any part of the spherical surface. At the same time,the drift in the perpendicular direction changes the projection of the nth spin on the local�eld, and, therefore, it also changes the energy of that spin, and thus makes two oppositedirections non-equivalent. One can think that the resulting e�ect is similar to the friction72



experienced by a precessing gyroscope in a viscous medium: the torque created by the frictiontends to turn the gyroscope axis in the direction opposite to the precession axis. From thatanalogy, one can see that the e�ect of \friction" would depend on the angle between the spinvector and the preferred direction of the local �eld, which makes the resulting particle 
uxnon-uniform and, therefore, capable of changing the particle populations on the sphericalsurface. (An additional insight into the subject can be gained from Chapter 3.)Our speculation is that the energy lost by the equilibrium spin fraction in the aboveprocess is transferred to the very complexmany-spin correlations, to which the chosen coarse-graining is insensitive. Those correlations represent the equivalent of the \heat bath" in ourBrownian-like description. The same energy is then transferred back to the coarse-graineddescription via the 
uctuations, which underly the the standard gradient part of the di�usive
ux.Consistently promoting a Brownian-like description, it is necessary to assume that theresponse of one slow variable (the population of a given subvolume) to the deviation ofanother slow variable from the equilibrium can be caused not only by the direct interactionbetween those variables but also by the indirect e�ects mediated by the \heat bath" ofthe many-spin dynamical correlations. This means that there can exist a nonzero kernelKnk(xn; xk) coupling the nth and the kth spins, even though those spins do not interactdirectly. Another kernel not to be neglected is Knn(xn; x0n). In general, it is only reasonableto expect that when the distance between the spins becomes much greater than the radiusof interaction the indirect e�ects become insigni�cant.The evaluation of Dn(xn) and Knk(xn; xk) from the knowledge of the Hamiltonian (1.2)is not attempted in this work, and, in fact, we are not sure if such a task is achievable |the absence of a self-contained long-scale description on a sphere precludes us from applyinga straightforward generalization of the Green-Kubo recipe (2.11). Nevertheless, as we showbelow, it is possible to come to very de�nite conclusions about the time-dependences of the73



resulting solutions.When two distributions fn(0; xn) on di�erent sites can be transferred to each other bya symmetry transformation, the dynamic evolution induced by the Hamiltonian (1.2) re-tains that equivalence. Thus those two sites can be characterized by the same probabilitydistribution in the di�usive regime.It turns out that, in the nonequilibrium problem corresponding to the calculation of anycorrelation function of the form (1.1), all probability distributions fn(t; xn) are equivalent toeach other. This helpful state of a�aires is due to the fact that the irreducible representationsof the group of the lattice translations have the form exp(iq � rn), where, as in our problem,vectors q are commensurate with the lattice periodicity.The symmetry argument can be illustrated using the examples presented in Fig. 1.1(b).In that �gure, all spins are explicitly equivalent in example (I). It is also quite obvious thatthe probability distributions corresponding to the alternating spin sites in example (II) arejust mirror re
ections of each other. In the other two examples, one would have to imaginethat the probability distribution of each spin is the real part of a complex-valued functionwhich is the same for all spins up to the helically arranged complex phase.It thus follows that, in our problem,fn(t; xn)jxn=x0 = cos(q � rn)f0(t; x0) (2:15)Given the above relationship one can easily obtain from Eqs.(2.13, 2.14) that@f(t; x)@t = @@x  D(x)@f(t; x)@x � ZVx0 K(x; x0)f(t; x0)dx0! ; (2:16)where the newly introduced distribution function f(t; x) is equivalent to f0(t; x0) with index0 dropped, and K(x; x0) =Xk cos(q � rk)K0k(x; x0): (2:17)Equation (2.16) represents correlated di�usion on a spherical surface. Like an ordinarydi�usion equation, this equation has a set of solutions of the form f�(t; x) = e��tu�(x),74



where � is one of the eigenvalues of the integro-di�erential linear operator acting on f(t; x)in the right-hand side of the equation, and u�(x) is the corresponding eigenfunction.Unlike a typical di�usion problem, however, the eigenvalues of our problem can haveboth real and imaginary parts. This property originates from the fact that, in general,the kernel K(x; x0) is expected to have no symmetry with respect to interchange of thevariables x and x0, and, as a result, the integro-di�erential operator we deal with is non-Hermitian. The asymmetry of the kernel K(x; x0) can be traced back to the asymmetryof the kernels K0k(x; x0) entering Eq.(2.17). Although it is impossible to separate di�erentfactors in
uencing the kernels K0k(x; x0), it is, at least, clear that those kernels are stronglya�ected by the direct spin-spin interaction (1.2). That interaction is asymmetric in the sensethat, in general, the kth spin with orientation x0 creates on the zeroth site a local �eld, whichis di�erent from the local �eld created on the kth site by the zeroth spin with some arbitraryorientation x.Since we deal with a �nite volume (meaning spherical surface), the eigenfunctions u�(x)necessarily form a discrete set and generate a corresponding discrete set of eigenvalues.Although the eigenvalues of our problem can be complex (in which case only the real partof the solution should be taken), we still assume that the underlying dynamics of the spinsystem guarantees that the real parts of all eigenvalues are non-negativeIn order to obtain G(t) from the above description, one has to average the �th polarizationof the zeroth spin over the solution of Eq.(2.16). Therefore,G(t) ' Zsphere cos� f(t; �; ') sin� d� d'; (2:18)where we returned to the spherical variables f�; 'g introduced earlier (with index n dropped).As a result, the generic long-time behavior of G(t) is given by Eqs. (1.24,1.25) { it iscontrolled by the eigenvalue that has the smallest real part among those, whose respectiveeigenfunctions u�(�; ') give nonzero contribution to the integral in Eq.(2.18).The alternatives to the long-time behavior (1.24, 1.25), which we left out as \non-generic",75



correspond to the following possibilities: (i) the system does not experience chaotic mixingsu�cient to justify the di�usion description (2.13, 2.14); (ii) within the di�usion description,the expansion of G(t) contains more than one eigenvalue with the smallest real part (complexconjugates do not count).Although in this work we do not suggest a recipe for the calculation of D(x) and K(x; x0),we expect the characteristic scale of all quantities to be given by the appropriate combinationof the mean free time and the radius of the sphere. In particular, both di�erential and integralterms in Eq.(2.16) should have the same order of magnitude. With this, we can make thefollowing simple estimate of the time after which the exponential dependence (1.24) or (1.25)actually becomes pronounced.It presumably takes a time of the order of the mean free time to reach the Markovianregime describable by Eq.(2.16). In the Markovian regime, both the slowest exponent �entering Eqs.(1.24, 1.25) , and the di�erence between � and the second slowest exponentshould be of the order of the inverse mean free time, implying that it will take another timeof the order of the mean free time before the contributions from the faster exponents becomesuppressed. Therefore, the behavior of G(t) should approach asymptotic form (1.24, 1.25)after a time of the order of several mean free times, i.e. su�ciently fast.It is important for the above estimate that the di�erential term in Eq.(2.16) guaranteesthat the eigenfunction u�(x) corresponding to the slowest exponent does not have spatialderivatives much greater than the inverse radius of the sphere. The initial probability dis-tribution (2.12) is also characterized by the same scale, and it is very unlikely that f(t; x)will become much more non-uniform during the initial non-Markovian stage of the ensembleevolution. Therefore, if, in the Markovian regime, f(t; x) is expanded in terms of f�(t; x),the coe�cient corresponding to the slowest term should not be anomalously small, and infact can very well be of the order of unity.In the context of experimental or numerical veri�cation of the long-time behavior (1.24,76



1.25), the estimate just given should be complemented by reasonably good luck. For example,if the di�erence between the slowest exponent and the second slowest exponent equals onethird of the slowest exponent, then the two exponents still compete over a quite extendedtime interval, and by the time the faster of those exponents becomes completely suppressed,the overall value of the correlation function has become too small to be obtained fromexperiments or from numerical calculations.2.5 Quantum spinsGeneralization of the previous treatment to quantum spins requires one modi�cation, namely,instead of trajectories of the tip of the classical spin on a sphere, we consider trajectories inthe space of parameters describing the density matrix of a quantum spin.As straightforward as the above approach might seem, it is not how Markovian assump-tions are usually introduced in quantum problems. Usually, Markovian assumptions arebased either on the classical limit of the quantum problem, or on classical models for theoccupation numbers of the quantum states (eg. Ising model). Both of those approaches arede�cient because of the lack of invariance with respect to the transformations of the Hilbertspace of the quantum problem. Sometimes (not in our case), such a de�ciency appears tobe unimportant, but it always makes the discussion of compatibility of the Markovian as-sumptions with the exact dynamics of the problem intractable even at the level of posingthe problem. If the Markovian assumptions are to be discussed in a situation where theirextreme implications are expected to be quantitatively adequate, it is crucially important tohave those assumptions grounded on the well-de�ned notion of trajectories consistent withthe symmetry of the Hilbert space.Below, in order to be speci�c, we limit our treatment only to spins 1/2. We also assumethat the spin system is very large but �nite, and, therefore, the number of states in thequantum basis is also �nite. 77



The 2�2 density matrix of a given spin 1/2 can always be obtained by averaging over thefull many-body density matrix. Already an ensemble average, the one-spin density matrixis expected to show, not a random behavior, but, in our case, a rapid relaxation towardthe 2 � 2 unit matrix corresponding to the in�nite temperature equilibrium. Therefore, inorder to identify the underlying chaotic trajectories, we have to trace back the quantummechanical and statistical averaging.We propose a description that treats di�erent spins by using di�erent basis sets of themany-body wave functions. Considering the nth spin, we adopt an interaction-like repre-sentation for the basis wave functions: First, at t = 0, for the whole system excluding thenth spin, we choose a complete orthogonal set of wave functions f	n�(0)g enumerated byan index �. Each wave function 	n�(0) is such that every spin has a de�nite projectionon the axis � entering Eq.(1.5). (The spins are weakly polarized along that axis at t = 0.)Allowing each of the above wave functions to evolve only under the action of the part of theHamiltonian (1.2) not involving the nth spin, we obtain a time-dependent basis set f	n�(t)g.Then, we choose time-independent basis wave functions for the nth spin as fj"i; j#ig withthe quantization axis along the same �-direction of the initial average polarization of thisspin. Finally, the basis set for the whole system becomes f fj"i	n�(t)g; fj#i	n�(t)g g.According to the above recipe, the basis sets designed for the description of di�erent spinsare identical at t = 0, but then each of those sets evolves di�erently. The advantages of thisrepresentation will become clear after the formal structure of our treatment is developed.In the basis designed for the nth spin, the density matrix of that spin is just the averageover 2� 2 blocks of the density matrix of the whole system | each block corresponds to a�xed value of index �. However, these blocks cannot yet be treated as elementary dynamicalquantities, because the initial many-body density matrix (1.5) is, by itself, the result ofstatistical averaging, implying initial thermal contact with the environment.Since, in our problem, there is no contact with the environment at later moments of time,78



we represent the evolution of the density matrix of the whole system as the average overthe evolutions of many density matrices of \pure states". Pure states are the states of theisolated spin system | each describable by a wave function. The choice of the ensemble ofpure states (to be speci�ed later) is not unique, because, provided the averaging over thepure state density matrices at t = 0 gives the density matrix (1.5), the result of the averagingat later moments of time must be independent of other details of this choice.The time-dependent 2 � 2 density matrix of the nth spin can now be considered asan average over 2 � 2 time-dependent blocks, each originating from some pure state den-sity matrix. If one of the pure state wave functions is represented by a set of coe�cientsf fC"n�(t)g; fC#n�(t)gg in the basis f fj"i	n�(t)g; fj#i	n�(t)g g, then the elementary blockparticipating in the averaging is0BBB@ C"n�(t)C�"n�(t) C#n�(t)C�"n�(t)C"n�(t)C�#n�(t) C#n�(t)C�#n�(t) 1CCCA : (2:19)Each block of the form (2.19) can be described by three independent variables: fjC"n�j; jC#n�j;�n�g,where �n� is the di�erence between the complex phases of C"n� and C#n�. Therefore, thetime evolution of each of those blocks can be mapped to a trajectory in the three-dimensionalspace corresponding to the above set of variables. The trajectories thus de�ned become theprimary objects in the subsequent treatment. We shall call them \block trajectories".In the following, when no distinction between C"n�(t) and C#n�(t) has to be made, weshall use the notation C"(#)n�.We shall also use the variables fjC"nj, jC#nj, �ng (the same as fjC"n�j; jC#n�j;�n�g butwithout index �), whenever we discuss one block trajectory as a representative of the statis-tical properties of all trajectories with di�erent �. In particular, we introduce the probabilitydistribution Pn(t; jC"nj; jC#nj;�n), which implies averaging over the whole ensemble of thepure states and over all values of the index �. This probability distribution will play thesame role as the probability distribution on a sphere played earlier in the case of the classical79



spins.We can now explain two advantages of the \interaction representation" basis f fj"i	n�(t)g; fj#i	n�(t)g g.The �rst advantage is that, in this representation, interactions which do not a�ect the nthspin directly also do not have a direct in
uence on the evolution of the block trajectories |those interactions are mostly absorbed by the time dependence of 	n�(t), and the time de-pendence of the coe�cients C"(#)n�(t) is directly controlled only by those terms in the Hamil-tonian (1.2) that include the nth spin. If the wave functions f fj"i	n�(0)g; fj#i	n�(0)g gwere used as a permanent basis set, then the interactions between two spins very distant fromthe nth spin would have immediate e�ect on the coe�cients C"(#)n�, which does not a�ectthe �nal average for the nth spin but introduces irrelevant fast timescales in the behavior ofthose coe�cients.The second advantage of the interaction-like representation is that each of the wavefunctions 	n�(t) can be considered as representing a generic evolution of the environment ofthe nth spin, and, therefore, as far as the properties of that spin are concerned, it is sensibleto use one probability distribution Pn(t; jC"nj; jC#nj;�n) to describe all block trajectoriescorresponding to di�erent values of the index �.Below we specify the initial probability distribution of the coe�cients C"(#)n� for theensemble of many-body pure states. As we already mentioned, this distribution is onlyconstrained by the requirement that the average of the initial pure state density matricesis equal to the density matrix �(0) given by Eq.(1.5). We impose one additional constraintnecessary for the consistency of our treatment: Namely, we require that the initial probabilitydistribution Pn(0; jC"nj; jC#nj;�n) in the space of block trajectories, which is derivable fromthe full probability distribution of the coe�cients C"(#)n�, should be such that it is onlyslightly di�erent from the \equilibrium" probability distribution Pn(1; jC"nj; jC#nj;�n).Since the object of our interest is the probability distribution Pn(0; jC"nj; jC#nj;�n) rather80



than the full probability distribution of the pure states, the details characterizing the latterwill be given only to the extent su�cient to de�ne the former.The fact that the initial density matrix (1.5) is diagonal in the initial basis f fj"i	n�(0)g; fj#i	n�(0)g g allows us to assign equal probability to all values of the complexphases of the coe�cients C"(#)n�, which implies that the probability distribution in respectto �n� is uniform for each value of �. Therefore,Pn(0; jC"nj; jC#nj;�n) = 12� pn(jC"nj; jC#nj); (2:20)where pn(jC"nj; jC#nj) is the distribution of jC"(#)nj de�ned by the above equation.The set of absolute values fjC"(#)n�jg for a sample pure state can be considered as a vectorin a high-dimensional space. Since P"(#)� jC"(#)n�j2 = 1, the tip of that vector is restrictedto a \quadrant" of the high-dimensional hypersphere, where each point has a non-negativeprojection on each axis. We de�ne the probability of sampling on this \spherical quadrant"to be uniform, with small corrections re
ecting the weak polarizations of spins. We do notde�ne those corrections explicitly, because, as we show below, there is a simple direct wayto see what the resulting distribution pn(jC"nj; jC#nj) must be.Let us �rst obtain pn(jC"nj; jC#nj) in the case when there are no small corrections, whichcorresponds to in�nite temperature. We denote such a distribution as pn1.According to the above sampling procedure, the probability distribution pn1(jC"nj; jC#nj)is an average over identical probability distributions for each of the coe�cients C"(#)n�. Theprobability for any of the coe�cients C"(#)n� to have a value in the interval between y (anauxiliary variable) and y+ dy is proportional to the area of the thus-restricted hypersurface,which is given by A(Nb�1)(p1� y2)dy=p1� y2, where ANb�1(p1 � y2) denotes the surfacearea of the (Nb�1)-dimensional hypersphere of radius p1� y2; and Nb is the number of thestates in the quantum basis of the entire system. Since A(Nb�1)(p1� y2) ' (p1 � y2)(Nb�2),and Nb is supposed to be very large, the overall dependence of the probability distribution81



on y should be well approximated by exp(�Nb2 y2). As a result,pn1(jC"nj; jC#nj) = �2Nb exp ��Nb2 �jC"nj2 + jC#nj2�� : (2:21)Predictably, the mean square deviation hjC"(#)nj2i corresponding to pn1(jC"nj; jC#nj) is equalto the inverse number of basis states.When the inverse temperature �0 appearing in Eq.(1.5) is small the initial probabilitydistribution for the jC"nj should correspond to in�nite temperature for \spins-up" and beGaussian, with mean squared deviation hjC"nj2i proportional to the probability Pn" of �nding\spin-up," while the distribution of jC#nj should also be Gaussian but with a slightly smallermean squared deviation hjC#nj2i proportional to the probability Pn# of �nding \spin-down".Both Pn" and Pn# are very close to 12 . Thus, taking into account only the leading ordercorrections to Eq.(2.21), we obtainpn(jC"nj; jC#nj) = �2Nb exp "�Nb4  jC"nj2Pn" + jC#nj2Pn# !# : (2:22)We assume that in the course of the nonequilibrium evolution, the probability distributionPn(t; jC"nj; jC#nj;�n) will ultimately evolve toPn(1; jC"nj; jC#nj;�n) = 12�p1(jC"nj; jC#nj); (2:23)where p1 is given by Eq.(2.21).Comparing the block trajectories in the quantum case with the trajectories of the spinvectors on a sphere in the classical case, three di�erences can be observed.The �rst di�erence is that, unlike the trajectories of individual classical spins, the blocktrajectories introduced for the description of the nth spin in principle describe the wholesystem, because the coe�cients C"(#)n�(t) are taken from the many-body wave function.However, in the basis f fj"i	n�(t)g; fj#i	n�(t)gg designed for the nth spin, only the quan-tum operators of that spin have a simple time-independent form. The operators of otherspins are time-dependent, and, at later times, they presumably have a very complex and82



intractable form. Therefore, when the behavior of the coe�cients C"(#)n�(t) is projectedonto the three dimensional space fjC"nj; jC#nj;�ng | the same for all values of the index �,the information about the environment of the nth spin is lost.The second di�erence is closely related to the �rst one. Namely, unlike the case whenone sample point representing a given spin moves on a spherical surface in the course ofa sample evolution of the whole system, many sample points corresponding to di�erentblocks of the sample pure state actually move simultaneously in the space fjC"nj; jC#nj;�ng.Moreover, those sample points interact with each other, because the corresponding blocks arecoupled by the quantum Hamiltonian. In other words, if we consider a given block trajectoryconstructed for the nth spin and representing the evolution of a pair of coe�cients C"n�(t)and C#n�(t), then the immediate environment of that trajectory is characterized not only bythe probability distributions Pk(jC"kj; jC#kj;�k) of the spins that interact with the nth spin,but also by the distribution Pn(jC"nj; jC#nj;�n) itself.Finally, the third di�erence is that in comparison with the spherical surface, which isperiodic in all directions and, therefore, �nite, the space of variables fjC"nj; jC#nj;�ng isperiodically closed only in the direction of �n. The situation is less straightforward alongthe jC"nj and jC#nj-directions: Both variables are bound by zero from below, and also thereis a global normalization condition P"(#)� jC"(#)n�j2 = 1, which imposes the upper boundjC"(#)nj � 1. However, the real upper bound is not 1 but a much smaller value imposed bythe statistical constraint; this could already be seen from the fact that, according to both theinitial (2.22) and the �nal (2.21) probability distributions , the typical value of the variablesjC"(#)nj is of the order of 1=qNb, where the number of the basis states Nb is exponentiallygreater than supposedly large number of spins in the system. If evolution of a pure statestarts from the values of all variables jC"(#)n�j of the order of 1=qNb, then it is improbablethat any of those variables can ever become close to 1. What is overwhelmingly probable isthat any jC"(#)n�(t)j will stay within an upper bound of the order of 1=qNb during a time83



interval of any reasonable length.Given all the above di�erences, the block trajectories still have two properties that allowus to treat them in very much the same way as in Sections 2.2 and 2.4 we treated the classicaltrajectories on the spherical surface. Those two properties are: (a) the mean free time of theblock trajectories is given by the same one-spin interaction time � de�ned by Eq.(1.3); and(b) the mean free path of the block trajectories is of the order of the size of the �nite volumeto which those trajectories are constrained, i.e. � � along the �n-direction and � 1=qNbalong the jC"(#)nj-directions.The reason why the one-spin interaction time characterizes the block trajectories is that,as was already mentioned, in the \interaction representation" we chose earlier, the evolutionof the coe�cients C"(#)n�(t) is directly controlled by the interaction of the nth spin with itsneighbors | without that interaction, the coe�cients C"(#)n� would be time-independent.Since, in general, no separation of the dynamic timescales is expected in the problem, allindirect factors a�ecting the evolution of the block trajectories should also be characterizedby the same timescale.The mean free paths given above originate from a simple estimate of how much the valueof the individual coe�cient C"(#)n� can change over an interval of the order of � | subject tothe condition that all coe�cients dynamically coupled with a given one have absolute valuesof the order of 1=qNb and arbitrary complex phases.Now, we make the hypothesis that the block trajectories have a chaotic mixing property ofthe same kind as was assumed in Section 2.2 for the trajectories of the classical spins. Namely,we assume that on the scale characterized by the mean free time � : (i) each block trajectoryloses the memory of the initial position; (ii) a set of all block trajectories starting from theinitial positions within an arbitrarily small subvolume of the statistically constrained part ofthe space of variables fjC"nj; jC#nj;�ng disperses over that part in a random manner; and (iii)the statistics of the trajectory patterns of this set becomes representative of the statistics of84



the whole ensemble of the block trajectories. In correspondence with the previous discussion,the term \statistically constrained" implies not too large values of variables jC"(#)n�j incomparison with 1=qNb.Most of the arguments we used in Section 2.3 in order to justify Conjecture I were givenin quite general form and apply directly to the quantum problem posed in terms of the blocktrajectories. The only exception is the phase space picture motivated by the properties ofhyperbolic chaotic systems (Section 2.3.5). In principle, one could try to introduce a similarpicture in the 2Nb-dimensional space representing the absolute values and the complexphases of all coe�cients C"(#)n�, but we do not pursue that line. Instead, we rely on thegeneral statement made in Section 2.3.6 that Conjecture I only requires that the environmentwhich governs the evolution of a given subsystem has a continuous dynamics and a continuousprobability distribution in the space of its variables. The concept of environment of a givenblock trajectory has been discussed earlier | it certainly satis�es the above condition.Starting from this point, our entire treatment of the classical spin systems can be directlytranslated to the quantum case. Below, we discuss the quantum case only to the extent thatallows us to establish a correspondence with the mathematical construction obtained inSection 2.4 for the classical case.As in the classical case, we apply Conjecture I to the ensemble of the block trajectoriesand thus justify Eqs.(2.13,2.14), in which xn now represents the three variables f jC"nj, jC#nj,�n g; and fn(t; xn) = Pn(t; xn)� Pn(1; xn); (2:24)where Pn(1; xn) is given by Eqs.(2.23, 2.21).It turns out that Eqs.(2.13,2.14) need not to be modi�ed in order to take into accountthe fact, discussed earlier, that the environment of the block trajectories constructed for thenth spin is partially represented by their own probability distribution: The kernel Knn(x; x0)representing the in
uence of the nth probability distribution on itself already exists in those85



equations, though in the classical case its existence was motivated by indirect dynamicale�ects.As we have already mentioned, the statistical constraint limits the evolution of the blocktrajectories to a �nite volume. From the viewpoint of the di�usion description, that con-straint implies that the di�usion coe�cients and the integral kernels in Eq.(2.13) rapidlyapproach zero as the values of variables jC"(#)nj become greater than 1=qNb.The solution of the set of Eqs.(2.13,2.14) yields the distribution function f0(t; x0), fromwhich the correlation function of interest can be obtained as the average polarization of thezeroth spin, i.e. G(t) ' hjC"0j2i(t)� hjC#0j2i(t): (2:25)For any wave vector q commensurate with the lattice periodicity, the same symmetryargument as in the classical case guarantees that the di�usion problem (2.13,2.14) corre-sponding to the calculation of the correlation function (1.1) can be reduced to Eq.(2.16).Even though Eq.(2.16) now describes the block trajectories, the �nite volume argumentasserting the discreteness of the spectrum is still applicable, and so are the estimates givenin Section 2.4. Therefore, we come to the conclusion that the asymptotic long-time behaviorof G(t) has the functional form (1.24) or (1.25). Such a behavior should become pronouncedafter the time of the order of several � .2.6 On the limits of the theoryThe validity of the theory presented here depends critically on the validity of the long-timeassumption of chaotic mixing (Sections 2.2, 2.5), and on the validity of the complementaryshort-time assumption which we called Conjecture I (Section 2.3.4). Strictly speaking, theset of assumptions also includes the recipe for constructing the di�usion description basedon Conjecture I.It is thus fair to summarize that, like the tip of the iceberg, the long-time prediction86



(1.24,1.25) rests on a large body of assumptions. All of those assumptions are very plausible,but none of them has been tested directly. It is an open question, what is the limit ofapplicability of our assumptions in generic systems with an in�nite number of interactingspins, or whether such a limit exists at all.Although at �rst sight it might seem that Conjecture I is more vulnerable in compari-son with the long-time assumption of chaotic mixing, the analysis presented in Section 2.3brought us to the conclusion that this conjecture is valid as long as the assumption of chaoticmixing is properly satis�ed. In principle, Conjecture I just represents an explicit consequenceof the fact that parts (ii) and (iii) of our mixing assumptions in Sections 2.2 and 2.5 do notinclude a limit on how small the initial subvolume can be or how uniform the subsequentmixing of trajectories starting from that subvolume will be.Since it is not impossible that in the idealized problem the long-time behavior (1.24,1.25)can be valid down to extremely (in�nitely?) small values of G(t), it is pertinent to analyze,what corrections to that behavior can appear as far as the realistic systems are concerned.Addressing the above issue, we assume that the range of applicability of Conjecture I ismuch wider than the treatment of the spin correlation functions. Therefore, the discussionwill deal with an abstract relaxation process, the properties of which can be derived fromConjecture I.Conjecture I requires very accurate ensemble averaging, which means that an obviousfactor limiting the practical applications of this conjecture to the description of the relaxationprocesses is the �nite number of particles in actual many-body systems. As the value of anensemble averaged quantity becomes smaller, a larger ensemble is necessary to achieve theaveraging with the necessary accuracy. Therefore, the system in question should containa su�ciently large number of su�ciently independent subsystems which contribute to theaverage quantity of interest. When the required accuracy of the averaging grows, the criteriaof independence of di�erent subsystems should simultaneously become more stringent, which87



means that, within a given system, a smaller number of properly uncorrelated subsystems isavailable for the averaging. Even a very large system can thus experience a de�cit of veryindependent subsystems, which limits the application of extreme results based on perfectensemble averaging to the description of real relaxation processes.In macroscopic systems, where the number of particles is su�cient to support an ex-tremely accurate ensemble averaging, another limiting factor can become important: it mightbe that the �ne coarse-graining envisioned by Conjecture I starts probing extremely smallscales, where the applicability of the physical description based on the original Hamiltonianof the problem becomes questionable. For example, if a macroscopic system is described byclassical variables, then such a fundamental limit would correspond to the scale at whichthe quantum nature of the elementary quantities composing the system becomes important.The situation becomes even more interesting, when Conjecture I is applied to a quantumsystem. In this case, the �ne coarse-graining actually probes the structure of the Hilbertspace of the problem. This suggests that, in macroscopic quantum systems with a realisticnumber of particles, the agreement of the behavior of the ensemble averaged quantities withthe predictions based on Conjecture I can be sensitive to processes which are fundamentaleven with respect to the quantum mechanics as we know it today.2.7 SummaryIn this Chapter, the treatment of spin systems was centered around Conjecture I, whichextended a Brownian-like formalism to non-Markovian space- and timescales. If true, thatconjecture is important for non-equilibrium physics in general. Another result of generalinterest is a novel formalism developed for the quantum systems, in order to apply the aboveconjecture. A potentially fundamental issue associated with Conjecture I is the absenceof apparent limits beyond which the exact dynamics of systems with in�nite numbers ofparticles invalidates that conjecture. 88



It should be emphasized, that although we presented Conjecture I as a natural extensionof physical and mathematical experience, we used it to address the properties of fast micro-scopic relaxation, which are generally considered very di�cult to access, and for which notmuch reliable experience exists. At present, our theory based on Conjecture I can make onlyone solid prediction for the fast relaxation, namely, that the functional form of the genericlong-time behavior of the in�nite temperature spin correlation functions (1.1) is given byEqs.(1.24, 1.25). The underlying description, however, has a substantial explanatory powerand also allows estimates to be made.To summarize what was explained by our theory but was not explained by the theory ofBorckmans and Walgraef (see Section 1.6), we now give the answers to the questions posedin Section 2.1.Why is the long-time regime universal?In the many-dimensional space representing all dynamical variables of the problem, thelong-time regime is characterized by a probability distribution, which is intrinsic to a givendynamical problem and has the property that, one one hand, it is extremely complex, but,on the other hand, it develops cells of an extremely smooth structure that spread over theentire many-dimensional space.What makes that regime di�erent from the initial regime?The initial probability distribution is not intrinsic to a given dynamical problem.How should the apparent time-irreversibility of Eqs.(1.24,1.25) be reconciled with thetime-reversibility of the underlying microscopic dynamics of a perfectly isolated system?The stability properties in the many-dimensional space of dynamical variables are notidentical for the forward and backward time evolutions, because some of those variableschange sign under the time reversal. Therefore, the intrinsic probability distribution for theforward time evolution is similar but, in a sense opposite to the intrinsic distribution for thebackward time evolution. 89



Why does the long-time decay have functional form (1.24,1.25)?Conjecture I, which is motivated by the answers to the previous questions and by intuitiveand empirical arguments, asserts that a kind of Markovian di�usion description can beapplied to the long-time regime. Within the framework of such a description, it is importantthat we deal with spins, and, therefore, each lattice site is characterized by the parameterspace, which has is �nite volume. In the end, it is the �niteness of that volume whichguarantees that the spectrum of the exponential solutions of the di�usion problem is discrete.What mechanism is responsible for the oscillations in Eq.(1.25)?The resulting di�usion description is non-Hermitian, which can be linked to a natu-ral asymmetry between di�erent mutual orientations of two spins interacting according toHamiltonian (1.2). The eigenvalues of the non-Hermitian di�usion problem can have bothreal and imaginary parts. The presence of the imaginary parts leads to the oscillations.Why are Eqs.(1.24,1.25) primarily relevant to the q-dependent correlation functions (1.1)and not to the pair correlation functions?The long-time behavior (1.24,1.25) requires the di�usion problem to be posed in a �nitevolume, which, in particular, implies that, for such a problem, there should be no more thana �nite number of non-equivalent lattice sites. For the di�usion problem corresponding tothe q-dependent correlation functions (1.1), actually, all lattice sites are equivalent, whichis the consequence of the fact that those correlation functions correspond to the irreduciblerepresentations of the group of lattice translations. For the pair correlation functions, one canonly establish a ceiling for the long-time decay. That ceiling is given by the long-time decayof the q-dependent correlation function, which, in comparison with all other q-dependentcorrelation functions, has the smallest constant � entering Eq.(1.24) or (1.25).What makes the situation at �nite temperatures less transparent than at the in�nitetemperature?Our theory crucially depends on the assumption of the chaotic dynamical mixing. That90



assumption is less sound at �nite temperatures because of the presence of equilibrium spincorrelations.Finally, we would like to mention that both the theoretical estimates and the empiricalevidence show that knowledge of the long-time behavior (1.24, 1.25) has a practical value,related to the fact that this behavior becomes pronounced before the correlation functions(1.1) decay to impractically small values.
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3 Approximation methodIn this Chapter, we develop a method for approximating the entire class of correlationfunctions given by Eq.(1.1). That method is based on quite a universal kinetic model thatwill be introduced in Section 3.2. However, we shall start our treatment not with the modelitself but with a semi-empirical analysis of various factors a�ecting the competition betweenthe monotonic and the oscillatory regimes of correlation functions (1.1). That analysisshould be considered as both an introduction and a model-independent supplement to thetheoretical picture developed in Section 3.2.3.1 Factors a�ecting the competition between the monotonicand the oscillatory regimesThe analysis to be presented in this part cannot prove by itself that the the correlationfunctions (1.1) should have the long-time behavior either of the form (1.24) or (1.25) | thisis the subject of Chapter 2. However, it turns out, that once the functional form of thelong-time behavior is established, it is not di�cult to formulate semi-empirical rules thatwould allow one to anticipate the outcome of the competition between the monotonic andthe oscillatory regimes.First, it is necessary to mention that the behavior of the correlation functions (1.1)depends on the form of the Hamiltonian, the value of the wave vector and the choice of thespin component � (x, y or z). A change in any one of the above three conditions can modifythe behavior of the correlation functions from monotonic to oscillatory and vice versa.We shall exemplify our analysis by the correlation functions (1.1) involving the x-componentsof spins (i.e. � ! x in Eq.(1.1)). This covers all examples presented in Sections 1.5.1 and1.5.3.The following factors can be identi�ed as important for discriminating between the two92



regimes:The �rst and the most important factor is direct correlations. This factor can be evaluatedby comparing two quantities. The �rst of them is the second moment of G(t):M2 = � d2Gdt2 �����t=0 = 13 S(S + 1) Xn [Jykn2 + J zkn2 � 2JyknJ zkncos(q � rkn)]: (3:1)The second quantity is the second moment of the one-spin autocorrelation functionu(t) = hSxk (t)Sxk (0)ihSxk (0)Sxk (0)i : (3:2)That second moment is given byM2u = � d2udt2 �����t=0 = 13 S(S + 1) Xn [Jykn2 + J zkn2]: (3:3)The inequalityM2 < M2u indicates that the correlation between the average polarizationsof neighboring spins decreases the rate of the initial decay of G(t) in comparison with u(t). Inthis case, G(t) tends to exhibit monotonic behavior. In the extreme case when M2 << M2u,the characteristic time of the decay of G(t) is much longer than the mean free time � . Thisjusti�es the Markovian approximation which would predict simple exponential decay.In the opposite case, whenM2 > M2u, the direct correlations favor oscillatory decay. It is,however, impossible to propose a Hamiltonian of form (1.2) that would lead to M2 >> M2u.The best one can get is M2 = 2M2u, which is the case for Figs.1.4(a,e,g).The di�erence between M2 and M2u is due to the term 2JyknJ zkncos(q � rkn) in Eq.(3.1).Therefore, the sign of this di�erence depends on the sign of cos(q � rkn) and on the relativesign of Jy and Jz.The above dependence on the relative sign of Jykn and J zkn is, at �rst sight, di�cult tograsp intuitively. However, a closer examination of Hamiltonian (1.2) reveals that when Jyknand J zkn have the same sign, the x-components of two interacting spins tend to change in theopposite directions, which, in the extreme case of Jykn = J zkn, leads to the conservation of thex-component of the total spin. When Jykn and J zkn have the opposite signs, the x-components93



of two interacting spins tend to change simultaneously in the same direction. (This factorwill be explained in more detail in Section 3.2.)The direct correlation factor alone would favor oscillatory decay in the examples shownin Figs. 1.2 and in 1.4(a,b,d,e,g), and monotonic decay in Figs.1.4(f,h). This factor wouldgive no preference in the case shown in Fig.1.4(c). It is thus highlightened by the examples(b),(c) and (d) that there are other important factors to consider.The second factor to be considered here is motional narrowing. In our de�nition, motionalnarrowing is associated with the fact that, generically, the lifetimes of local-�elds generatedby Hamiltonian (1.2) are �nite. Here, we are primarily concerned only with the lifetimes ofthe local �eld components contributing to M2 (i.e. y- and z-components).The name \motional narrowing" originates from the limit of very short lifetimes, whena Markovian approximation applies and, as usual, justi�es simple exponential decay. Thissituation is essentially identical to Problem B de�ned in our discussion of exchange narrowing(Section 1.4).According to the Hamiltonian (1.2), the local �eld hk that a�ects the kth spin is givenby hk =Xn [Jxkn Sxn êx + Jykn Syn êy + J zkn Szn êz] ; (3:4)where êx, êy and êz are the unit vectors in the respective directions.The lifetime of the y-component of the local �eld can be estimated as [S2 Pn(Jxkn2 +J zkn2)]�1=2, and the lifetime of the z-component as [S2Pn(Jxkn2 + Jykn2)]�1=2.Motional narrowing does not a�ect the second moments of correlation functions (1.1),but it does a�ect the higher moments. The e�ect of the motional narrowing is always toshift the balance towards monotonic decay. The shorter the lifetime of the local �elds, thestronger is the above trend.The best way to expose the in
uence of the motional narrowing is to change Jx, becausethe corresponding term in the Hamiltonian does no a�ect either M2 or M2u. Therefore, it94



does not contribute to the direct correlation e�ect discussed earlier. At the same time, thepresence of that term reduces the lifetimes of both the y- and z-components of the local-�elds.Let consider the examples shown in Figs.1.4(b,d). In the both cases, the direct correlatione�ect is modest. It favors oscillatory behavior, which would be the case if Jxkn = 0. However,the value of Jxkn is su�ciently large. As a result, the motional narrowing ultimately outweighsthe direct correlations, and the decay becomes monotonic.The Jxkn-term is also important for the example shown in Fig.1.4(f). Although the directcorrelations in this case already favor monotonic decay, that trend would be much weakerwithout the Jxkn-term.The third factor to be discussed here is the indirect correlations. That factor is partic-ularly important for the example shown in Fig.1.4(c). From the preceeding discussion, itwould follow that the direct correlations give no preference in that case, but the motional nar-rowing factor is present, and, therefore, the correlation function should decay monotonically| in contrast to what is observed.Under the name \indirect correlations", we refer to the correlations between spins that donot interact directly. These correlations cannot, therefore, contribute to the second momentM2, but otherwise they are very similar to the direct correlations discussed above.We cannot formulate a simple rule for the trend caused by the indirect correlations. Wecan only mention that, in general, the indirect correlations do not modify the e�ect of thedirect correlations qualitatively. However, one has to be aware that the presence of theindirect correlations introduces a substantial uncertainty to the earlier analysis, when thepolarization transfer between di�erent spins is e�cient (i.e. jJyknj � jJ zknj), but the wavevector q is such that the e�ect of the direct correlations (i.e. the di�erence between M2 andM2u) is anomalously small. When such a coincidence occurs, as is the case for the correlationfunction shown in Fig.1.4(c), our experience indicates that the indirect correlations favor theoscillatory regime. 95



The fourth factor we would like to mention is the number of interacting neighbors. Fromour experience, a smaller number of interacting neighbors tends to favor the oscillatorybehavior, though, typically, this e�ect is not very signi�cant.For instance, the correlation functions shown in Figs.1.4(a,e,g) di�er from each otheronly by the dimensionality of the lattice, which means 2, 4 and 6 interacting neighborsrespectively. Plots (e) and (g) are nearly identical (if the time axes are rescaled properly).However, each of them shows a somewhat smaller amplitude of the oscillations then plot (a).The same trend is also evident for the plots (b) and (d). Again, example (b) is di�erentfrom example (d) only by the smaller number of interacting neighbors. Although in bothcases the decay ultimately becomes monotonic, the plot (b) shows a stronger initial drivetoward oscillating behavior.Now we would like to discuss the transition between the monotonic and oscillatory long-time regimes. For that purpose, it is helpful to bring out one of the results of Chapter 2,namely, that the long-time behavior of the correlation functions (1.1) is, actually, the sumof many exponential terms, some of which can have the monotonic form (1.24) and otherscan have the oscillatory form (1.25). It is then the slowest of those terms that ultimatelydominates in the long-time behavior.That notion sheds light on the way in which the transition from the monotonic to theoscillatory decay proceeds as parameters of the Hamiltonian change. The likely scenario(which is also supported by our numerical experience) is that, at the transition, the expo-nential decay constants of both the slowest oscillating term and the slowest monotonic termbecome equal to each other. Therefore, as the transition approaches, the long-time behaviorof the correlation functions should be parametrized as the sum of two terms | one havingform (1.24) and the other having form (1.25).The above description implies that, when the previous analysis does not give an un-ambiguous prediction, a transitional situation should be suspected, which means that the96



correlation function can exhibit a superposition of the two regimes during an extended initialtime interval. Such a competition is, for example, present in Figs.1.4(b,d).Concluding this part, we would like to mention that everything in the above analysisequally applies to both classical and quantum spin systems. However, the substitution ofclassical spins by quantum ones (especially spins 1/2) is, by itself, a factor, which, to someextent, favors the oscillatory regime.3.2 Kinetic model of spin-spin relaxationIn this Section, we �rst present our model for the free induction decay problem of spins 1/2and then generalize it to other cases.3.2.1 Free induction decay for a lattice of spins 1/2From the viewpoint of the general formulation given in Section 1.2, the present subsectionis devoted to the case of q = 0 for spins 1/2. Moreover, the treatment will be limited tothe form of the spin-spin interaction given by Hamiltonian (1.27) which, for convenience ofdiscussion, we reproduce below:H = Pk<n[J?kn(SxkSxn + SykSyn) + J zknSzkSzn]: (same as Eq.(1.27))As explained in Section 1.5.1, that form of interaction is the most general one for freeinduction decay.In the following, we continue using the nonequilibrium formulation of our general problem(Section 1.2). In the case of free induction decay, that formulation was represented byEq.(1.28), which we also reproduce here:G(t) = mx(t)mx(0) ; (same as Eq.(1.28))where we recall that mx(t) is the x-component of the small average polarization of every spinin the system, which decays from the initial value mx(0) to the equilibrium value equal to97



zero. Other components of the average spin polarization remain equal to zero at all times,because, according to both the Hamiltonian and the initial probability distribution, any twoopposite directions in the yz-plane are equivalent, and, therefore, there is no preferentialdirection in which the average spin polarization can emerge in that plane.The general approach presented in this Section can be characterized as the extension ofthe framework of the Boltzmann kinetic description beyond the limit of instantaneous colli-sions. We thus outline that approach by comparing it with the derivation of the Boltzmannkinetic equation (BKE) [49].The BKE can be considered as a modi�cation of the exact equation for the system ofnoninteracting classical particles. In our method, we modify the exactly solvable case of theIsing-like Hamiltonian. The BKE is derived by counting particles entering and leaving smallvolumes of the phase space. Similarly, we analyze the averaged spin behavior in a givencon�guration of neighbors. (The con�guration of neighbors refers to the phase space domainarising in the context of an Ising-like Hamiltonian.)The derivation of BKE is based on the approximation of instantaneous collisions, whichis not applicable to our problem. Instead, we substantiate the quantitative claim of ourapproach by adopting the criteria presented below.The �rst criterion is that the mathematical construction of our theory has to be timereversible. This ensures that the odd powers of t are not present in the power series of G(t).Since the exact expression (1.1) has the same property, the important parameters of thetheory can be obtained by matching the exact momentsM2 and M4, which must be directlyevaluated from the time expansion of Eq.(1.1). Time reversibility implies abandoning simple�rst-order di�erential rate equations. Consequently, the minimal description has to be basedon time-reversible second-order di�erential rate equations.Among various dynamical correlations that complicate the analysis, the most importantare the two-spin correlations. If an approximate calculation can accurately take the two-98



spin correlations into account, then it is reasonable to expect that the contribution from thehigher order correlations is more random, i.e better averageable. A criterion which at leastpartially guarantees that the two-spin correlations are respected is as follows:The shape of the free induction decay obtained by the e�ective calculation is a functionof the microscopic coe�cients J?kn and J zkn. We require that if in this function all J?kn andJ zkn, except for the coe�cients describing the interaction between any given pair of spins,equal zero, then the function reproduces the exact result (1.11) for the two-spin system. Inthe notation of the Hamiltonian (1.27), that result can be rewritten asG(t) = cos �12(J z12 � J?12)t� : (3:5)We shall refer to the above requirement as the \T-criterion."Model for the Ising case.The free induction decay can be evaluated in a closed form in the Ising-like case when allJ?kn = 0 (Section 1.3.1). We use the Lowe and Norberg interpretation [2] of this evaluationto initially motivate the formalism of our description.In the Ising-like Hamiltonian (1.6), the operator of the local �eld, which a�ects the kthspin, is hzk =Xn J zknSzn : (3:6)Since the z-component of each spin is a constant of the motion, Eq.(3.6) implies that eachspin is rotated by a constant local �eld created by that spin's neighbors.If all operators Szn are diagonal in the basis chosen for the trace evaluation in Eq.(1.1),the contributions to the trace can be interpreted as a result of spin precessions in classicallocal �elds. The possible values of these �elds are the eigenvalues of the �eld operator hk.We introduce an index C to refer to the con�gurations of neighbors, and de�ne a con�g-uration as a particular set of the eigenvalues of operators Szn in Eq.(3.6). Let assume that99



each spin interacts with N0 neighbors that contribute to Eq.(3.6). It thus follows that thereare in�nitely many spins surrounded by a given con�guration C of N0 neighbors. Below weuse the notation h:::iC to indicate averaging over all con�gurations of neighbors.We continue using the notation mx(t) introduced in Section 1.5.1 for the average polar-ization of one spin. For the con�guration C, we also de�ne mCx(t) as the average polarizationof nuclei that are surrounded by neighbors with the speci�ed set of instantaneous spin pro-jections on the z-axis. The initial uniform polarization implies thatmCx(0) = mx(0) ' 
4kBT : (3:7)Another initial condition related to the fact that mCy(0) = 0 isdmCx(t)dt �����t=0 = 0 : (3:8)The evolution of mCx is governed by the equationd2mCxdt2 = �!2CmCx; (3:9)where !C is the precession rate in con�guration C:!C = 12 Xn �J zkn: (3:10)Each con�guration of neighbors uniquely speci�es the combination of signs in Eq.(3.10).Equations (3.9, 3.10) do not constitute any approximation. They just represent an intu-itive interpretation of terms that appear in the exact expression for the RHS of Eq.(1.1).For each con�guration of neighbors, Eq.(3.9) with initial conditions (3.7, 3.8) has thefollowing solution: mCx(t) = mCx(0)cos(!Ct): (3:11)The result of averaging mx(t) = hmCx(t)iC should then be substituted to Eq.(1.28) whichgives [2] G(t) =Yn cos�12J zknt� : (3:12)100



The right-hand side (RHS) of Eq.(3.12) is the Fourier transform of the discrete distri-bution of !C, which can be considered as a sum of random quantities �J zkn=2. Therefore,according to the central limit theorem, the distribution approaches Gaussian whenmaxfjJ zknjg << 2pM2; (3:13)where M2 = 14Pn (J zkn)2. In this case, the RHS of Eq.(3.12) can be approximated asexp(�M2 t2=2).Model for the general case.Apart from the Ising-like case, the con�gurations of neighbors of a given spin changewith time. However, the primary element of our description continues to be not one spinevolving through many con�gurations of neighbors, but the average polarization mCx(t) ofall spins that are, at time t, surrounded by a given con�guration of neighbors. In such aframework, the time evolutions of mCx(t) for di�erent con�gurations of neighbors becomemutually dependent. A part of that dependence comes from the simple fact that the evolutionof every spin through many con�gurations of neighbors results in the polarization transferbetween those con�gurations.The above concept of con�gurations of neighbors is quite similar to the concept of thespectral packets used by Shakhmuratov[39] in his time irreversible Markovian model.Our model for the evolution of mCx is time-reversible and based on the following gener-alization of Eq.(3.9): d2mCxdt2 = �(W 2C+PCx+ �W 2C�PCx�)m0; (3:14)where PCx+ and PCx� are the probabilities that the spin projections on the x-axis are positiveand negative, respectively;WC+ is the e�ective rate of the transition from a state where thespin is oriented positively along the x-axis to the state where the spin is oriented negativelyalong the same axis; WC� is the rate of the reverse transition; m0 = 1=2 is the maximum101



polarization of one spin. The probabilities obey the relationships:PCx+ + PCx� = 1; (3.15)m0(PCx+ � PCx�) = mCx: (3.16)Equation (3.14) is not derived but postulated in the framework of our model. Thatequation should be considered not as representing spin precessions but rather as describingthe transitions between the positive and the negative polarizations of spins along the x-axis.Keeping in mind that the transition rates are conventionally denoted by symbol W and notby symbol !, we indicated the rate nature of Eq.(3.14), by introducing new variables WC+(�)instead of modifying old variables !C. At the same time, the similarity in the appearanceof the two symbols is also intentional | it indicates the close relationship between !C andWC+(�).For the purposes of physical interpretation, the second-order rate equation (3.14) can beconsidered as equivalent to its �rst-order analog: dmCxdt = �(WC+PCx+�WC�PCx�)m0. Thereason why we have not used the �rst-order rate equation is that, earlier, we have restrictedour choice to time-reversible mathematical constructions. The second-order rate equationsthus provide the minimal basis for such a construction.In general, rate models based on second-order di�erential equations are less popular incomparison with rate models based on �rst-order equations. Such a situation is, in part, dueto the fact that it is more di�cult to guarantee that systems of second-order rate equations donot produced exponentially growing unphysical solutions, when applied to actual physicalsituations. The mathematical construction resulting from our model will not have thatde�ciency, but at the same time it will provide us with all advantages of the time-reversibleformalism.The ratesWC+ andWC� in Eq.(3.14) characterize the net e�ect of all the factors discussedin Section 3.1. The asymmetry between those rates is an unusual but, at the same time, very102



important physical ingredient of our model. Below we shall explain how the presence of weakpolarization in the spin system in combination with two factors | the direct correlations withneighbors and the motional narrowing | can explain such an asymmetry. That explanationsimultaneously gives a a new perspective to the above two factors.The factor of direct correlations can be understood after we rewrite the two-spin Hamil-tonian extracted from Eq.(1.27) asHkn = J?knSxkSxn + 14(J?kn � J zkn)(S+k S+n + S�k S�n ) + 14(J?kn + J zkn)(S+k S�n + S�k S+n ); (3:17)where S+k = Syk + iSzk, and S�k = Syk � iSzk .The second and third terms in Eq.(3.17) lead to the double-
ip of two parallel spins andthe 
ip-
op of two antiparallel spins, respectively. If the kth spin is parallel to the averagespin polarization, it is more probable that the nth spin will be parallel to the kth spin. Thise�ectively increases the in
uence of the double-
ip term on the kth spin and reduces thein
uence of the 
ip-
op term. If the kth spin is antiparallel to the average polarization, theopposite e�ect would occur. When mx > 0, the double-
ip correlation increases W 2C+ andreduces W 2C� in Eq.(3.14). The 
ip-
op correlation leads to the opposite result.The other factor mentioned above, motional narrowing, leads to the 
ux of spin polar-ization to and from the con�guration C. This means that the faster the time variations ofthe real local �elds, the greater the di�erence between the chosen con�guration of neighborsand those con�gurations that actually drove the spin to its current surroundings. One canconclude that spins coming to con�guration C from other con�gurations tend to be slightlypolarized in the direction of the average magnetization. This reduces W 2C+ and increasesW 2C�, provided mx > 0.We de�ne the average rate as W 2C = 12(W 2C+ +W 2C�); (3:18)The high temperature condition guarantees that the di�erence between W 2C+ and W 2C� is103



small. The basic assumption of our analysis is that the leading term of this di�erence canbe expressed as 12(W 2C+ �W 2C�) = � W 2C mxm0 ; (3:19)where � is a con�guration independent parameter, which is determined by the average of allfactors considered in Section 3.1. The status of assumption (3.19) is somewhat similar tothe self-consistent relaxation time approximation, which is frequently adopted to solve theBKE.The substitution of Eqs.(3.15, 3.16, 3.18, 3.19) into Eq.(3.14) yieldsd2mCxdt2 = �W 2C mCx � � W 2C mx: (3:20)Given the initial uniformly polarized state, the solution of Eq.(3.20) ismCx(t) = mCx(0) cos(WCt)� � Z0tmx(t� t0)WCsin(WCt0)dt0: (3:21)Since mx(t) = hmCx(t)iC , the averaging of Eq.(3.21) over all con�gurations, together withEq.(1.28), results in the integral equationG(t) = g(t) + �Z0tG(t� t0)dg(t0)dt0 dt0; (3:22)where g(t) = hcos(WCt)iC .We choose g(t) and � such that the second and the fourth moments obtained fromEq.(3.22) match the exact calculation. Matching the second moment givesM2g = M21 + �; (3:23)where M2g is de�ned as �d2gdt2 jt=0 , and, in accordance with Eq.(3.1),M2 = 14 Xn (J?kn � J zkn)2: (3:24)Matching the fourth moment, combined with Eq.(3.23), allows � to be expressed as� = M4gM22g � M4M22M4M22 � 1 ; (3:25)104



where M4g = d4gdt4 jt=0 = hW 4C iC . We do not provide here the exact expression for the fourthmoment M4 in terms of the interaction constants J?kn and J zkn, but that expression can befound in Ref.[10].Eqs.(3.23,3.25) relate the shape and the scale of the acceptable distributions of WC.Namely, the shape speci�es the ratio of M4g=M22g, which enters Eq.(3.25) and determines thevalue of �. With a known �, Eq.(3.23) gives the value of M2g, which de�nes the scale of thedistribution.Equations (3.22,3.25) together with the recipe for the functional form of g(t) is all thatis needed for the calculation of G(t) within the framework of our model.Below we shall �rst discuss the general properties of Eq.(3.22), and only then introducethe recipe for g(t). However, in order to be speci�c in the �rst half of that discussion, it isnecessary to mention that, in most cases, our recipe for g(t) will not be much di�erent fromGaussian and its long-time decay will not be slower than exponential.Properties of Eq.(3.22).The integral equation (3.22) is known as a Volterra equation of the second kind[50]. Inour case, the initial condition for that equation is G(0) = g(0) = 1. When g(t) and �are known, Eq.(3.22) is easily solvable numerically. Our preferred method of its numericalsolution is explicit integration.The procedure of explicit integration requires choosing the time grid ftig, and on thattime grid the value of G(tj) is obtained iteratively by substituting the previous values G(ti)(ti � tj) into the integral on the RHS of Eq.(3.22). In principle the expression for G(tj)would then depend on G(tj) itself. However, the reason why the above method is verye�cient is that, in our case, for each step of the above iteration procedure, the discrete termcontaining the unknown value of G(tj) does not contribute to the integral. That term shouldbe multiplied by the value of the kernel dg(t0)dt0 at t0 = 0, but that value equals zero, because105



according to our recipe, g(t) will always be an even function of time.The behavior of the solutions of Eq.(3.22) are mainly controlled by the value of theparameter �. In correspondence with the empirical picture, the solutions exhibit two basicregimes: monotonic and oscillatory. The monotonic regime roughly corresponds to �1 �� < 0, and the oscillatory one | to 0 < � �1.Values of � smaller than -1 would lead to unstable, exponentially growing solutions thatare not meaningful. It is impossible to obtain � < �1 with any meaningful recipe for g(t).After g(t) decays to su�ciently small values, the monotonic solutions approach the long-time functional form (1.24), and the oscillatory ones approach the long-time functional form(1.25).In the limiting case of � = �1, the solution of Eq.(3.22) is G(t) = 1. This solution doesnot depend on the form of g(t). The limit � = �1 can appear if one treats the q = 0 problemfor the case of pure Heisenberg interaction. In that case, the solution G(t) = 1 is indeedexact, because, as we have already mentioned in Section 1.4, the correlation function (1.1)for q = 0 is proportional to the decay of the total spin polarization, which is conserved bythe Heisenberg interaction.When � is greater than �1, but very close to that value, the solutions of Eq.(3.22) arenearly exponential and, as usual, correspond to the situation with the separation of thetimescales. In terms of Eq.(3.22), the separation of timescales means that G(t) decays muchslower than g(t). The necessary condition for � to become close to �1 is an anomalouslylarge value of the ratio M4M22 that enters Eq.(3.25). The large value of that ratio is, indeed,known to be a reliable indicator of the separation of timescales in the underlying microscopicdynamics of the system[3].The transition between the monotonic and the oscillatory solutions of Eq.(3.22) corre-sponds to � � 0. Therefore, according to Eq.(3.22), that transition proceeds via the situationwhen G(t) = g(t). 106



The above mode of transition indicates certain limitations of our model: As we havealready discussed in Sections 2.4 and 3.1, the transition between the analogous two regimesfor the true correlation functions of form (1.1) is likely to proceed via an extended intervalof the superposition of both functional forms (1.24) and (1.25). At the same time, our recipefor g(t) will not contain a possibility for such a superposition. Therefore, if formula Eq.(3.25)gives the value of � in the interval between �0:1 and 0:1, and the underlying microscopicsituation is not close to any of the exactly matched limits discussed later, then the resultingapproximation should be expected to be less accurate then on the average.Finally, the last important limit is that of �! +1. For any choice of the functional formof g(t) with �nite moments, the limit � ! +1 would lead to a purely oscillatory solution:G(t) = cos(tpM2). That limit guarantees the ful�llment of the T-criterion introduced earlier(see Eq.(3.5)), because the exact solution (3.5) for the system of two spins 1=2 always givesthe ratio M4=M22 = 1, which formally leads to an in�nite value of � in Eq.(3.25). Thatdivergence does not appear in the solution of Eq.(3.22), because, according to Eq.(3.23), itis o�set by the small value of M2g. When the two-spin problem is considered as a limit ofthe many-spin problem with J?kn; J zkn ! 0, except for J?12 and J z12, the solution of Eq.(3.22)converges to the RHS of Eq.(3.5).The observable part of G(t) obtained from Eqs.(3.22, 3.23, 3.25) is weakly sensitive tothe variations of the input shape of the WC distribution. Thus relatively crude assumptionsabout that shape should still lead to good accuracy in the result. The choice of the shapeof the WC distribution is equivalent to the choice of the functional form of g(t). Below, weshall mostly discuss the latter rather than the former.Choice of the functional form of g(t).We introduce our recipe for the form of g(t) by considering a sequence of functional forms| from more simple to more sophisticated. At each step, we shall present the arguments107



why the next level of sophistication is required. Of course, in addition to those arguments,the computational relevance of each element of the �nal recipe has been veri�ed by our actualexperience with the solutions of Eq.(3.22).Since the ful�llment of the T-criterion is guaranteed, and the important many-spin corre-lations are taken into account by the choice of parameter �, we assume that g(t) is producedby uncorrelated contributions from spin neighbors. Moreover, if the neighbors are static,which corresponds to the Ising case, we just insist that the model should reproduce theexact result (3.12). A straightforward way to achieve this is to propose a general recipe forg(t) which for the purely Ising case just reproduces the RHS of Eq.(3.12). In that case,Eq.(3.25), would guarantee that � = 0, and, therefore, according to Eq.(3.22), G(t) = g(t).In the general case of the Hamiltonian (1.27), one could proceed with a recipe, whichwould associate the functional form of g(t) with the solution of an \optimal" Ising-like case.The de�nitions of the optimal Ising-like case can vary. For example, one can just take theIsing part of the Hamiltonian (1.27), or rewrite the Hamiltonian (1.27) asH = Xk<n[J?knSk � Sn + (J zkn � J?kn)SzkSzn]; (3:26)and then take the last term of the resulting expression.We tentatively choose the latter option, which is motivated by the fact that, with sucha choice, the free induction decay for the Ising problem has the same second moment as forthe problem with the full Hamiltonian (3.26), and thus the solution of that Ising problem,by itself, can be considered as a \zero-order approximation" for the actual behavior of G(t).In fact, the choice between the above two options would not matter too much, if ourrecipe for the form of g(t) did not include anything else: In the end, the resulting functionalform should be renormalized as required by Eq.(3.23). As long as the ratio of J?kn=J zkn issame for every pair of interacting spins (which is the case for every example presented in108



Section 1.5), the resulting expression would still be given byg(t) =Yn cos �12(J zkn � J?kn) � t� ; (3:27)where � is the renormalization factor required by Eq.(3.23). The formula for this factor is� = s 11 + �: (3:28)There are, however, several reasons, why we have made the recipe for g(t) somewhatmore sophisticated.First, if the Ising-like part of the Hamiltonian only includes interaction with a �nitenumber of neighbors, then, as follows from Eq.(3.10), the Fourier transform of the expressionin the RHS of Eq.(3.12) has a discrete structure. Therefore, if that expression is used to givethe functional form of g(t), then sooner or later all discrete components in the frequencyspectrum of g(t) will get refocused, and g(t) will return to its value at t = 0, and then sucha refocusing will occur more or less periodically. According to Eq.(3.22), the return of g(t)to the initial value will result in the follow-up rebouncing of G(t), which seems to be ratherunphysical provided the correction to the Ising term in the Hamiltonian (3.26) is not toosmall.Such a complication is, apparently, very realistic for problems with a small number ofinteracting neighbors, but, even for a larger number of the direct couplings (eg. the magneticdipolar interaction discussed in Section 1.5.1), the discreteness of the Ising spectrum can alsoresult in a spurious response of G(t).The resulting di�culty can be summarized by stating that the solution of the \optimal"Ising problem exerts an excessive in
uence on the solution of the full problem. That in
uenceis very dramatic at longer times, but it also a�ects the initial behavior of G(t) to the extentthat it reduces the accuracy of our approximation.In order to deal with such a complication we recall that, in our model, the values ofthe rates WC re
ect not only the direct in
uence of neighbors on a given spin but also109



the polarization 
ux between di�erent con�gurations of neighbors. The later is caused bythe fact that, in general, the lifetimes of the local �elds produced by the Ising term in theHamiltonian are �nite. Therefore, the discrete Ising spectrum for WC can and should be\washed out" by the e�ect of �nite lifetimes.The proper scale for that lifetime e�ect is given by the second momentM2' = � d2'(t)dt2 �����t=0 ; (3:29)where '(t) = hhzk(t)hzk(0)ihhzk(0)hzk(0)i (3:30)is the correlation function of the local �eldhzk =Xn (J zkn � J?kn)Szn (3:31)produced by the Ising term in the Hamiltonian (3.26).A simple way to allow for the lifetime factor is to replace every line in the discrete Isingspectrum by a Gaussian having the second moment M2phi, which amounts to making theconvolution between that spectrum and the Gaussian. As a result, in the time domain, g(t)becomes a product of a Gaussian and the RHS of Eq.(3.27):g(t) = exp ��12M2'(�t)2� Yn cos �12(J zkn � J?kn)�t� ; (3:32)where the new renormalization factor required by Eq.(3.23) is� = s M2(1 + �)(M2 +M2') : (3:33)When the timescale represented by M2' is added to the recipe for g(t), our earlier spec-i�cation of the optimal Ising Hamiltonian becomes more important. Should we choose theoptimal Ising term as Pk<n J zknSzkSzn, the ratio of the characteristic times for the Gaussianand for the product of cosines would be di�erent in Eq.(3.32).110



The introduction of the lifetime factor entails an additional detail that should be addedto our recipe. Namely, in looking for the \optimal" Ising case we should not restrict ourselvesonly to the SzkSzn terms in the Hamiltonian. For example, the Hamiltonian (1.27) can bedecomposed as H = Xk<n[J?knSxkSxn + J zkn(SykSyn + SzkSzn) + (J?kn � J zkn)SykSyn]; (3:34)and the last SykSyn term of that expression thus can also be treated as a candidate for beingthe optimal Ising case. As our previous choice, the above SykSyn term alone would lead to thecorrect second moment of G(t)In order to optimize the orientation of the Ising term, we compare the lifetimes of thelocal �elds created by each possible alternative and then choose the orientation that givesthe longest lifetime. As a measure of the lifetime factor, we use the quantity analogous toM2' but de�ned for each orientation appropriately.Below we continue using the SzkSzn form of the optimal Ising Hamiltonian only in orderto be speci�c.In the general case, it is impossible to separate the lifetime e�ect from the rest of theproblem. Therefore, the treatment of that e�ect on the basis of Eq.(3.32) can be quali�edas adequate enough, in the sense that it is as crude as the concept of the lifetime itself.However, in the limit of the exchange narrowing, Problem B (Section 1.4), the concept ofof the local �eld 
uctuations is well justi�ed, and the result for G(t) is known to be given byEq.(1.20). Although that problem requires two spin species, it is, otherwise, a direct analogof the free induction decay problem.Therefore, we would like to introduce the last modi�cation of the recipe for g(t) toincorporate formula (1.20) as the exact limit of our model. Again, as with the Ising case, theway we do that is to modify the formula for g(t) in such a way that in the limit of ProblemB, g(t) becomes equal to the RHS of Eq.(1.20).111



We thus need a formula for g(t) that interpolates between Eq.(3.27), for the purely Isingcase, and the RHS of Eq.(1.20) for the case of fast 
uctuations of the Ising local �elds.The di�culty in constructing such a formula is that, in the limit of the fast 
uctuations,Eq.(1.21) contains no residue of the Ising spectrum except for its second moment. It is,therefore, not straightforward to propose how, in the frequency domain, the discrete Isingstructure appears from the narrow peaked Lorentzian shape corresponding to Eq.(1.20).We constructed our formula by analogy with a simple problem of a spin that can precesswith two possible values of frequency +!0 and �!0 under condition that the frequency
uctuates between the two values. The 
uctuations are described by a random Markovianprocess with rate 
. (See Appendix F in Ref.[48] and also Ref.[51])That problem is explicitly time irreversible and thus cannot appear as a formal limit ofour general problem. However, the qualitative structure of its solution appears to be veryrelevant to our search for the interpolation between the static and the fast 
uctuating cases.For 
 < !0, that solution has the form of damped oscillations of the form exp(�
t)cos(tq!20 � 
2 � �). For 
 > !0 the oscillations disappear | they turn into the sum of twomonotonic exponential decays with the constants 
 �q
2 � !20. In the limit 
 � !0, theslowest of the above two terms dominates the decay, and the constant of that decay repro-duces the one given by Eq.(1.21) (provided '(t) = exp(�2
t) and M2 = !20 are substitutedinto that equation).By analogy with the above problem, we assume that (i) forM2' < M2, the functional formof g(t) should be more similar to the one given by Eq.(3.32); (ii) the equality M2' = M2represents the critical situation when any residue of the discrete Ising spectrum shoulddisappear; and (iii) for M2' > M2, g(t) should be of the form of the RHS of Eq.(1.20).The above qualitative picture �nds its speci�c realization in the �nal version of our recipefor g(t). Below, we formulate that �nal recipe in its full detail, which requires reintroducingcertain elements that have been discussed earlier.112



First we identify the optimal Ising term. That term alone should give the same secondmoment (3.24) as the full Hamiltonian gives. The preferred axis of that term should corre-spond to the longest-living local �elds. The lifetimes of the local �elds should be judged bythe value ofM2' de�ned by Eq.(3.29), where '(t) is the correlation function of the local �eldscreated by the Ising term. (If the Ising term has a form other than SzkSzn, then Eqs.(3.30,3.31) should be modi�ed accordingly.)Let assume that the z axis is, indeed, the preferred one for the optimal Ising term anddecompose the full Hamiltonian (1.27) asH = ~H+ Xk<n ~J zknSzkSzn: (3:35)In the above equation, the ~J zkn are the coe�cients of the optimal Ising term, and ~H is therest of the full Hamiltonian.We also reintroduce M2' as the second moment of the correlation function'(t) = h~hzk(t)~hzk(0)ih~hzk(0)~hzk(0)i ; (3:36)where ~hzk =Xn ~J zknSzn: (3:37)Our recipe for g(t) can now be expressed as follows:For M2' �M2, g(t) = exp ��M2'2 (�0 t)2� Yn cos �12 ~J zkn �0 �a t� ; (3:38)where the renormalization factors are �0 = s 11 + �; (3:39)�a = s1 � M2'M2 : (3:40)For M2' > M2, g(t) = exp ��M2 � 20 Z t0 (t� t0) '(�0 �b t0) dt0� ; (3:41)113



where �0 is still given by Eq.(3.39), and�b = sM2'M2 � 1: (3:42)When M2' = M2, both Eq.(3.38) and Eq.(3.41) give a perfect Gaussian:g(t) = exp ��M22 (�0 t)2� : (3:43)After identifying the optimal Ising problem, the resulting mathematical constructionshould be used as follows:It is, necessary, �rst, obtain the values of theoretical parameters M2, M4, M2' and �a or�b. Formulas for M2', �a and �b are given by Eqs.(3.29), (3.40) and (3.42), and the values ofM2 and M4 should be obtained by the direct evaluation of the time derivatives of the RHSof Eq.(1.1).The values of the parameters �0 and � and the form of g(t) should then be determinedself-consistently. First, it is necessary to substitute �0 = 1 in Eq.(3.38) or (3.41) and, fromthe resulting expression for g(t) compute the ratio M4gM22g . That ratio does not actually dependon �0 but, at the same time, allows � to be computed using formula (3.25). After that, thetrue value of �0 should be determined by formula (3.39), and that value should be substitutedinto Eq.(3.38) or (3.41) to obtain the �nal form of g(t).Despite the numerous details of our recipe, the form of g(t) corresponding to a typicalsituation remains close to Gaussian. The main in
uence of those details on the solution ofEq.(3.22) comes through the ratio M4g=M22g which enters formula (3.25) for the parameter�. The above recipe allows one practical simpli�cation. Namely, when the problem is nottoo close to the limit of Eq.(1.20), it makes very little di�erence for the solution of Eq.(3.22),if, in Eq.(3.41), instead of the form of '(t) given by Eq.(3.36, one uses just a Gaussian withthe same second moment. In most cases, all we need to know accurately about '(t) is justits second moment M2', which a�ects the ratio of M4g=M22g, and therefore a�ects the value114



of � given by Eq.(3.25). Of course, otherwise, the calculation of '(t) would be the hardestpart of our entire approximation.It turns out that, for all examples considered in this work, M2' is either equal exactlyto or very closely approximated by the second moment of the pair correlation functionhSzn(t)Szn(0)i. (We still keep the convention that the z axis corresponds to the preferred axisfor the optimal Ising term.) In other words, we will evaluate M2' on the basis of the formulaM2' = � 1hSzn(0)Szn(0)i d2dt2 hSzn(0)Szn(0)i: (3:44)However, one should keep in mind that the above simpli�cation is not always adequate.In particular, an example where formula (3.44) would not work is given by the in�nite-range Ising problem discussed in the end of Section 1.3.1. In that case, the comparison ofthe value of M2' obtained from the original de�nition (3.29, 3.36) with the value of M2'given by Eq.(3.44) would reveal that the full Ising �eld (3.37) lives in�nitely longer than theindividual z-components of spins.The exact solution (1.8) of the above mentioned long-range Ising problem has form (1.8).For the in�nite lattice, the product in the RHS of Eq.(1.8) includes an in�nite numberof cosines with frequencies JI=2, which implies that the RHS of Eq.(1.8) can be perfectlyapproximated by a Gaussian. At the same time, our model with the original de�nition (3.29,3.36) for M2' gives M2'M2 ! 0, when the lattice size is increased to in�nity. In that limit,g(t) given by formula (3.38) will reproduce the exact solution, and so will G(t).Finally, another exact limit that was matched by the �nal form of our recipe for g(t) isthe one represented by Eq.(1.15) for the spin 1/2 XX chain. The correlation function givenby that equation is purely Gaussian. It turns out that when our recipe is applied to thesetup underlying Eq.(1.15), the prescription for g(t) would be the one given by Eq.(3.43),i.e. also purely Gaussian. 115



3.2.2 Other casesThe generalization of the free induction decay treatment to other cases is quite straightfor-ward. In fact, the approximation scheme that emerged from that treatment (i.e. Eqs(3.22,3.25, 3.38-3.41)) has already been formulated in Section 3.2.1 in an entirely general fashion.We recall that, from the viewpoint of the general formulation given in Section 1.2, thesetup considered in the context of the free induction decay was that of q = 0, spins 1/2 andthe Hamiltonian (1.27). Below we shall discuss the generalizations in the following order:(i) beyond the Hamiltonian (1.27); (ii) beyond spins 1/2; and (iii) beyond q = 0.The �rst generalization is simple:Neither the mathematical construction developed in Section 3.2.1 nor its justi�cationneeds any adjustment when, instead of the form given by Eq.(1.27), the Hamiltonian of theproblem has the more general form (1.2).We would only like to mention that for the general form of the Hamiltonian, the formu-lation of the T-criterion should be linked to Eq.(1.11) instead of Eq.(3.5).Beyond spins 1/2, it is only necessary to replace the product in Eq.(3.38) with the moregeneral solution (1.7) of the Ising problem. Thus, for M2' �M2, Eq.(3.38) in the recipe forg(t) is replaced byg(t) = exp ��M2'2 (�0 t)2� Yn sin h(S + 12)J zkn �0 �a ti(2S + 1) sin h12J zkn �0 �a ti (3:45)where the renormalization factors �0 and �a are still given by Eqs.(3.39, 3.40).For M2' � M2, the recipe (3.41) for the form of g(t) remains applicable to all values ofspins.In this work, besides spins 1/2, we only consider classical spins, for which the Isingsolution is given by Eq.(1.9), and correspondingly, the speci�c form of Eq.(3.45) is the116



following: g(t) = exp ��M2'2 (�0 t)2� Yn sin (SJ zkn �0 �a t)SJ zkn �0 �a t : (3:46)The only di�erence for spins greater than 1/2 is that the T-criterion is not relevantanymore, which mean that the resulting construction does not match the solution of thetwo-spin problem exactly.It would, of course, be desirable to keep the T-criterion intact. However, we abandonedit because, the solution of the two-spin problem for spins greater than 1/2 does not have asimple analytic form, and, therefore, that solution cannot be easily incorporated as an exactlimit.The generalization beyond q = 0 is very easy to formulate. Namely, the mathematicalconstruction for q = 0 applies to any q corresponding to a wavelength commensurate withthe lattice periodicity. No corrections are required.It is, however, necessary to explain that generalization.First, we note that the entire recipe in Section 3.2.1 is formulated in terms of the moments,which could be computed for any q. That recipe also requires matching several exact limits.However, in each of those limits, the exact solutions are identical for every value of q.From the viewpoint of the justi�cation of the underlying model, a crucial role is played byassumption (3.19), which is supposed to re
ect the direct correlations as the most importantfactor.We recall that asymmetry between the rates WC+ and WC� entering Eq.(3.14) is, to alarge extent, associated with the direct correlation e�ects caused by the presence of averagespin polarization of the neighbors of each spin.For q = 0, the average polarization mx is obviously the same for each lattice site. Thatfact allowed us to express the average polarization of neighbors of a given spin through theaverage polarization of that spin itself and thus close the system of equations.117



One can easily see from the examples presented in Fig. 1.1 that not all average spinpolarizations are equal to each other for q 6= 0.It thus might seem reasonable to proceed in the following way: (i) divide the latticeinto groups of sites having the same average polarization; (ii) label each such group by thevalue of the index i; (iii) for each group, introduce variables mCxi, mxi, WCi+ and WCi�analogous to the mCx and mx, WC+ and WC� de�ned in Section 3.2.1; (iv) rewrite Eq.(3.19)for each group of spins separately, and correct the RHS of that equation to account for thecorrelations between spins belonging to di�erent groups, i.e.12(W 2Ci+ �W 2Ci�) = W 2Ci Xj �ijmxjm0 ; (3:47)where the newly-introduced matrix �ij is the analog of the parameter � in Eq.(3.19).The new assumption (3.47) would lead to a system of coupled integral equations. Apartfor the cross terms, each of those integral equations would look similar to Eq.(3.22).Such a generalization can, indeed, be necessary for situations with two or more physi-cally nonequivalent spin species | for example, electronic and nuclear spins, or two kindsof nuclear spins with di�erent gyromagnetic ratios | i.e. situations, when the form ofthe Hamiltonian rather than the presence of a non-zero wave vector discriminates betweendi�erent spins.However, in this work we address only problems with one kind of spin species and onlywith initial conditions (1.5) that correspond to a modulated structure cos(q � rn) commen-surate with the lattice periodicity. In that case, the relationship (3.47) is reduced back tothe form (3.19).Such a simpli�cation is a consequence of the fact that the modulation cos(q � rn) isthe real part of exp(i q � rn), which is an irreducible representation of the group of latticetranslations. The argument here is entirely analogous to the one given in Section 2.4 in orderto justify Eq.(2.15): 118



In order, for assumption (3.19) to be restored, it is necessary have the condition whenmxi(t) = kjimxj(t); (3:48)where kji are the time independent proportionality coe�cients.In that case, Eq.(3.47) can be transformed back to the form12(W 2Ci+ �W 2Ci�) = � W 2Ci mxim0 ; (3:49)where � =Xj kij�ij: (3:50)The time independence of the proportionality coe�cients is assured by the fact that themodulation of the average spin polarizations initially having form cos(q � rn) can change itsamplitude but not its shape | the change in its shape would imply an emerging contributionsfrom other irreducible representations (not present at t = 0), but this cannot happen inthe linear response regime when the Hamiltonian of the problem satis�es the translationalsymmetry of the lattice.Concluding the discussion of the problems with q 6= 0, we should mention that the T-criterion that has already been abandoned for S > 1=2, is also not meaningful for spin 1/2problems with the values of q other than 0 or � ( or their higher dimensional analogs), becauseonly the above values of q can be de�ned for the \two-spin lattice" (see Section 1.3.2).3.2.3 Comparison with the empirical dataWe now apply the approximation developed in Sections 3.2.1 and 3.2.2, to the systems con-sidered in Section 1.5. The comparison between the results of our approximate calculationsand the empirical data is presented in Figs. 3.1, 3.2 and 3.3. For each situation presented, thevalues of the two important parameters characterizing the approximate calculations, namely,M2'M2 and � are given in Table 3.1. 119
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Figure 3.1: Free induction decay in CaF2. The top and bottom frames containidentical pieces of data presented on direct(non-logarithmic) and on logarith-mic scales respectively. The solid red lines represent the experimental dataof Engelsberg and Lowe [20]. The blue dashed lines represent the solutionsof Eq.(3.22). Each plot is labeled by the direction of the external magnetic�eld. The time origins of the [110] and [111] plots are shifted by 150 and 300microseconds respectively. 120
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Figure 3.1 Figure 3.2[100] [110] [111] (I) (II) (III)M2'M2 0.22 0.22 0.22 0.5 0.25 5.0� 0.56 0.43 0.42 1.33 1.86 -0.33Figure 3.3(a) (b) (c) (d) (e) (f) (g) (h)M2'M2 0.25 0.91 1.0 0.91 0.25 1.76 0.25 2.0� 1.77 -0.086 0.34 -0.24 1.24 -0.46 1.28 -0.72Table 3.1: The parameters M2'=M2 and � characterizing the approximatecalculations presented in Figs. 3.1, 3.2 and 3.3.
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The data presented in Figs. 3.1 and 3.3 have already been shown in Figs. 1.2 and 1.4respectively. The content of Fig. 3.2 is analogous to Fig. 1.3. However, only the situations(I) in each of the two �gures are the same.Situation (II) in Fig. 3.2, actually, corresponds to the analytically solvable limit ofEq.(1.14) | the only limit from Section 1.3 that has not been matched exactly withinour approximation scheme.The situation in Fig. 3.2(III) corresponds to the monotonic regime, which was missingin Fig. 1.3. The numerical result shown in that �gure was not exhibited in Section 1.5.2,because that result is not entirely free from �nite size e�ects[54], which prevents us fromforming a judgment about its long-time behavior. However, for the purposes of the presentChapter, the di�erence between our approximation and that numerical result is noticeablygreater than the numerical uncertainty associated with �nite size e�ects.In our calculations, we used a Gaussian form for '(t) with the second moment M2'obtained from Eq.(3.44).The di�erence between Eq.(3.44) and the full de�nition of M2' given by Eqs.(3.29, 3.36)can arise only when spins contributing to the local �eld (3.37) interact directly with eachother.In the case of free induction decay in CaF2, the use of Eq.(3.44) instead of the de�nition(3.29, 3.36) is justi�ed by the fact that the coe�cients of the truncated magnetic dipolarinteraction (1.29) have both positive and negative signs, which nearly cancels the di�erencebetween Eq.(3.44) and the full de�nition (3.29, 3.36).For the rest of the situations considered in Section 1.5, Eq.(3.44) is equivalent to the fullde�nition (3.29, 3.36), because for a given lattice site the nearest neighbors creating the local�eld (3.37) simply do not interact with each other directly.To compute the values of the parameter � given by Eq.(3.25) we used the values of thetheoretical ratios M4M22 obtained or derived from the following sources: for the free induction124



decay in CaF2 | Ref.[52]; for spin 1/2 chains | Refs.[53] and [10]; and, for the classicalspins | from our own simulations.For the calculation of the free induction decay in CaF2, it was necessary to use expression(3.38) for the form of g(t). In that case, the product in the RHS of Eq.(3.38) includes an in-�nite number of cosines, which re
ects the in�nite range of the magnetic dipolar interaction.Evaluating that product, we individually included 20 cosines with the interaction constantsmaking the largest contribution to M2g, and approximated the product of other cosines bya Gaussian exponent which adds the remaining contribution to M2g.3.2.4 Summary and discussionIn this Section, we have developed a kinetic model for the approximate calculations of thecorrelation functions (1.1) The justi�cation of that model is quite conservative, in the sensethat the model does not rely on any number extracted from empirical knowledge of thecorrelation functions (1.1) unless that knowledge comes from analytically solvable limits.In that sense, the potential of the interpolation approach proposed in Section 1.7 has notyet been fully realized. That approach calls for adjusting an approximation scheme directlyto the whole body of empirical knowledge. At present, development of such a scheme is thetheoretical project we are pursuing. However, the model presented in this Section can beconsidered as the �rst step toward the full realization of that approach, because it can beconsidered as providing an interpolation between the exact limits of the problem.In fact, all exact results mentioned in Section 1.3 (with the exception of Eq.(1.14) havebeen incorporated in the formalism of our model. Based on physical arguments, the mathe-matical structure of the model extended the above exactly solvable cases in the space of allpossible interaction coe�cients of the interaction Hamiltonian (1.2). Given also the fact thatthe values of the �rst four derivatives of G(t) at t = 0 obtained from Eq.(3.22) coincide withthe exact theoretical values, it was reasonable to expect that, in most cases, the solution125



of Eq.(3.22) approximates the observable part of the correlation functions (1.1) with goodaccuracy. The accuracy was mainly limited by the adequacy of assumption (3.19).The numerous tests of our model revealed that, indeed, it provides a consistently goodapproximation for the correlation functions (1.1). The worst performance of the model isassociated with the test shown in Fig.(3.3)(b). However, an important fact about that testis that such a poor performance could be anticipated theoretically as corresponding to thetransitional regime between the oscillatory and the monotonic behavior. We strongly suspectthat such a regime poses the ultimate challenge to any approximation scheme.Conceptually, the model presented in this Section falls in line with other approximationmethods discussed in Section 1.6. Namely, with this model, we try to approximate thecorrelation functions (1.1) by using knowledge of the �rst few exact moments of the truecorrelation function and also some additional formal manipulations and physical arguments.However, it is still di�cult to compare the present model with other works, because, inseveral aspects, it certainly stands apart. In particular, none of the alternative theoreticalschemes discussed in Section 1.6 has been tested as extensively as this model; no otherscheme has matched that many exact limits, and none of those schemes has attempted toconsider the case of large non-zero wave vectors in Eq.(1.1) on the same footing as the caseof q = 0.Therefore, the de�nitive comparison of our approximation method with others shouldbe postponed until other methods undergo similar extensive tests. As we have discussedin Section 1.6, the merits of an approximation scheme should not be judged solely on thebasis of its performance with respect to the free induction decay experiments in CaF2[20].As far as those experiments are concerned the present model appears to be as good as mostof others. A more important question is: How will other schemes perform beyond the CaF2setup?It is nevertheless possible to comment on the conceptual similarities and di�erences be-126



tween our model and several of other methods.The approximation based on our model is formally comparable to the original treatmentof Lowe and Norberg [2] (Section 1.6), in the sense that it starts from the Ising-like Hamil-tonian, matches the second and the fourth moments, and does not involve adjustments toexperimental data. Moreover, the T-criterion for spins 1/2 introduced in this Section is alsosatis�ed in the Lowe and Norberg calculation.There are, however, four features of our method that distinguish it from the method ofLowe and Norberg. Namely, (i) our method guarantees the correct form of the long-timebehavior given by Eqs.(1.24, 1.25); (ii) the model we use is based on physical arguments,which give better control over the calculation; (iii) the mathematical construction of ourmodel matches more exact limits, and, �nally, (iv) that mathematical construction appearsto be more simple computationally.The mathematical structure of our approximation scheme can also be compared withthat of the memory function approach represented by Eq.(1.33). At �rst sight, it mightseem that the status of function g(t) in Eq.(3.22) is similar to that of the memory functionF (t) in Eq.(1.33).To some extent, the above observation is correct. However, there is an important di�er-ence between g(t) and F (t):The recipe for the functional form of g(t) has been motivated by matching several exactlimits in the situations, when, in Eq.(3.22), � = 0, and, therefore, function g(t) is, by itself,the solution of the whole problem (i.e. G(t) = g(t)).By contrast, the memory function F (t) can never be equated with a meaningful corre-lation function. In principle, the form of F (t) can still be adjusted, so that the solutionof Eq.(1.33) matches any of the exact limits. However, the resulting form of F (t) will, ingeneral, be very non-intuitive. To the best of our knowledge, the project of matching manyexact limits within one general recipe for the form of F (t) has not been attempted so far.127



We would like to point out speci�cally, that the nearly Gaussian form of g(t) comesnaturally from the exact limits that have been matched. At the same time, we are not awareof any example in which the Gaussian assumption for F (t) would result in the exact solutionof the problem.The next approximation scheme to be compared with our model is that of Becker, Plefkaand Sauermann (BPS)[34]. We have already mentioned in Section 1.6 that those authors havecome up with the same integral equation as we did, i.e. Eq.(3.22). However, in Eq.(3.22),they used formulas for g(t) and � that are di�erent from Eqs.(3.38, 3.41, 3.25).In particular, BPS obtained the value of parameter � not from matching the fourthmoment M4 (as we did) but from a certain manipulations with the interaction coe�cients.In comparison with the the BPS recipe, our recipe for determining the values of � is betterde�ned and better generalizable.The BPS expression for g(t) corresponds to Eq.(3.27), which is to be compared with our�nal recipe given by Eqs.(3.38, 3.41). It was explained in the discussion following Eq.(3.27)that the recipe for g(t) given by Eq.(3.27) and used by BPS has certain unphysical features,which are eliminated in the �nal version of our recipe (Eqs.(3.38, 3.41)). That �nal versionalso matches more exact limits.The improvements in our recipes for g(t) and � in comparison with the recipes of BPSbecame possible because we obtained Eq.(3.22) from a physical model instead of a formalmanipulation and thus had a broader picture of that result and were less constrained in ourchoice of the ingredients entering Eq.(3.22). With the recipes of BPS, Eq.(3.22) could notbe applied to many problems beyond the free induction decay in CaF2. In particular, thescheme of BPS could not be applied to the case of spin 1/2 chains considered in this thesis.Finally, we shall discuss yet another alternative approximation scheme | the one pro-posed by Lundin and Makarenko[37],[38].On the basis of a treatment of the free induction decay problem with the truncated128



magnetic dipolar interaction (1.29), the above authors obtained an integral equation whichis reminiscent of Eq.(3.22) but with a di�erent integral term:G(t) = ~g(t)� ~�M2Z0t~g(t� t0)Z0t0~g(t0 � t00)G(t00)dt00; (3:51)where the function ~g(t) and the parameter ~� are analogous to those that enter Eq.(3.22).The recipe of Lundin[38] for ~g(t) and ~� entering Eq.(3.51) does not match the fourthmoment moment of G(t) but can be easily amended to do so. His recipe for ~g(t) is similar tothe one given by Eq.(3.27. That recipe can also be amended to satisfy as many exact limitsas our scheme does. It remains then to be seen how well Eq.(3.51) will perform.Our preference for Eq.(3.22) is mainly related to the fact that we �nd it di�cult to gen-eralize the physical picture underlying Eq.(3.51) beyond the situation considered by Lundinand Makarenko.
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