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Problem 6.1 [5 points]

Let (M, ga) be a globally hyperbolic spacetime, and let ¢ and v be real-valued, C'*
solutions to the Klein-Gordon equation (V?V, —m?)y = 0 having compactly supported
Cauchy data.

Show that the symplectic form
op.0) = [ (en*Va = n* Vo) divols]
S

is independent of the Cauchy-surface S (i.e. it has the same value for any Cauchy-surface

S.

Hint: You may use the following generalization of Gauss’ theorem: Suppose that U is an
open subset of M with a piecewise smooth boundary QU so that on the smooth pieces,
the outward pointing unit normal field v? is defined (meaning g,rv® = +1) as well as
the metric-induced measure d|volsy|. Then for any smooth vector field V' it holds that

/ V.V*d[vol,| = / gV 0 d|volay|
U oU

provided the integrals exist. The vector field to consider here is V* = V%) — yVp.

Problem 6.2 [7 points]

Let ¥ be a 3-dimensional smooth manifold with a Riemannian metric gflf) and the as-

sociated Laplace operator A = g*)%V,V, on functions f € C§°(M,C). Consider the
ultrastatic spacetime (M, gqp) given as

M=RXY, gu=—dt,dt,+g"
Suppose that the hypersurfaces ¥, = {t} x ¥ (¢t € R) are Cauchy-surfaces.
(i) Show that the Klein-Gordon operator X = V*V, —m? on C*°(M, C) takes the form
Ko(t, o) = —oz0(t,0) + (A —m?)p(t, o)

(note that A acts only with respect to o € X).



(ii) Define the operator A = —(A — m?) on C$°(X,C). This is a densely defined,
symmetric, positive (and even essentially selfadjoint) linear operator in the Hilbert
space L?(X, dvols) where dvoly, is the measure induced by the Riemannian metric
=(2)

g, on .

Show that for given functions u,v € C3°(%, C) the function
sin(t\/ﬁ)

o(t, o) = cos(tVA)u(o) + TU(U)

is a solution to the Klein-Gordon equation, Xp(t, o) = 0, having the Cauchy data

0.0)=u0),  felta) =)

t=0

Hint: Operators f(A) are defined by the functional calculus. E.g. in the case that the
manifold ¥ is compact, the operator A possesses an orthonormal basis {1y }ren of eigen-
vectors (all contained in C*(X,C)) with corresponding eigenvalues \; > 0, and in this

case, F(A)x = X5 f(\) (W, x)iix for any x € C=(, C).



