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ABSTRACT. Some aspects of the transition probability P(cw, ) between states co, v on unital
*-algebras are discussed. It is shown that P increases under the action of any stochastic linear map
7, i.e., ATw, Tv) = P{w. v). Some properties of P are derived in starting from a recently-proved
characterization of the quantity in question.

1. INTRODUCTION

There is a very natural extension of the quantum theoretical notation of ‘transition probability”
to states given by density matrices or even more general mixed states. Computationally, if ¥, and
Y, denote normalized Schrdédinger functions of a (say large, many-body) quantum system, and if
01, P2 denote the matrices of the corresponding reduced states of a (perhaps small, few-body)
sub-systemn, then

s, Y IS Tr (o1 o2 p0?)'2. (1.1)

Thus, we get a reasonable estimation from above of iy, , ¥, )[. The square of the right-hand side
of (1.1) is called the “transition probability of the two states given by the density matrices gy, 05 .
As has been proved by Uhlmann in [1], the asserlions above are valid and consistent with the
following general definition:

DEFINITION. Let of be a unital *-algebra and u,, u, two of its states. By (i, i, ) we denote
the smalles( number satisfying the inequality

(W1, Y% By, 1) (1.2)
for every unital *-representation m of &, which represcnts i, and 1, as vector states:
Yo € o 1 ula) = (4, n(@)yy). (1.3}

(The unitality of 7 can be replaced by the requirement that ; , ¥, are normalized vectors.)

We get an immediale corollary of this definition in considering a unital *-homomorphism @
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»
from one unital *-algebra % into ancther one, 7. Using &, every representation of & can be
lifted to one of &. The associated dual map $* transforms states of &/ into states of & and we
always have

P(Z{l, &2) QP((D*H{ . (I)*Mz ) (14‘)

In the following we shall deal only with unital C*-algebras and W *-algebras since more general
*-algebras have not yet been studied systematically in that context.

2. GENERAL PROPERTIES OF THE TRANSITION PROBABILITY
Let us start with a theorem, the proof of which is given in [7]:
THEQOREM 1. Let & be a unital C*-algebra and uy, uy two of ifs states. Then

Puy, uy) =inf u, (@uy(a ) (2.1)

where the infimum runs through all positive and invertible elements a of & .

That it is possible to represent the transition probability, as given by (2.1), is an important enough
property of I by itself. Besides, the fact stated by Theorem 1 opens exceedingly comprehensive
ways for deriving all the other properties of P, as will be demonstrated in the following.

REMARKS. (1) The concavity properties of P proved in [1], sce alsa [2], can be directly read off
from (2.1).

(2) Tet us assume the existence of a state u and of elements, b;. by € o, with ul(a) = u(b;-“ab]),
7=1,2, for all a, such that b¥%h, = b%h, 2 0. Then Plu,, uy) = u(b¥b,)*, according to Uhlmann
in [1] and the proof implicitly containg Theorem 1 in this special case. Morc recently, Alberti in [7]
has shown how to systematically compute P by representation-theoretic formulae. Also, Theorem1
has been proved there in its most gencral form; the proof being heavily based upon a result of Arakd
and Raggio in [3].

(3) That the right-hand side of (2.1) is larger or equal to its left-hand side is true for every
*-algebra and follows at once from the definition of P. The nontrivial part is in the opposite
inequality.

As a first application of Theorem 1. we are now going to derive a new transformation property
for P

Let us consider two unital C¥*-algebras, o and #. A lincar map T /* — & * is calted
stochastic iff it transforms every state of & into a state of &. [f amap §: &+ .o/ happens to
exist such that for all states u of % and all clements b of & we have (TU)(6) = u(Sd), then S is
uniquely determined by 7. We then say T, exists and write § = T,,. If T is stochastic, then Ty isa
unital, positive linear map and vice versa.
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THEOREM 2. Let of, & be unital C*-algebras, T: &% v F* q linear siochastic map, and uy, i,
states of . Theu

Pluy, uy) < P(Tuy, Tuy). 2.2)

Proof. Let us first assume that existence of T,. Then, according to (2.1), we have with the
positive and invertible elements b € &

KTy, Tiy) = inf uy (T Dy (T, 1) (2.3)
As following from Kadison’s imequality (cf. [5]), Choiin [6] has oblained
Tob™ = (Teh) ™ 2.4)

for every unital positive T Hence, A(uy, Tuy) = infu, (Tublu, (T by~ 1), and the infimum is
extended over all positive invertible @ € 7 having a representation @ = T'.b. Now, by Theorem 1,
we arrive at (2.2). If T, does not exist we use a variant of the ‘bidual trick’ as following: T indnces
a unital positive map T'* from #** to =7 **. Then we consider the stochastic map § with 5, = T'*,
apply the reasoning 2bove and trace back to the property (2.2) of 7' with the aid of the following
simple fact (see [4] or [7]): if iy, u, are states of a unital C*-algebra & and v, vy are their
unique normal extensions to the bidual &7 **, then Pluy, uz)= Plvy, va). [

In [4], another proof has been given, not depending on Theorem 1, which assumes 7. to be
completely positive. In using Kadison's inequality and Thearem 3 below, this result has been refined
by Alberti [7] by showing 2-positivity of T, to be sufficient.

Surprisingly, we now find that even 2-positivity is not necessary for the validity of {(2.2)1*
Another nice application of Theorem 1 gives the following

THEQOREM 3. Given two states i, . it,, of « unital C*-algebra . We denote by Q the set of all
linear functionals v € /% satisfying

Va, b € sf le(@®h)? < uy (@), (b*h). (2.5)
Then
Pluy . uy) = Sgp lo(1) (2.6)

For the proof we retum to the very definition of P. From (1.2) and (1.3) we infer: a +> (¥, m(@)y¥)
is contained in . This comes from Schwarz’s inequality, and tells us the correciness of *<’ in (2.6).
On the other hand, given v & ( and a positive and invertible, we replace i (2.5)aby a? and b

by a¥2. This gives i+ {1)1* <u, (@), (¢ "). Theorem 1 tells us the correciness of ** (2.6), and

we have arrived at a reasonably concise derivation of the result in question (Cf. this added to the

*The somewhat restrictive remark of [4] in this respect 1s simply due to a mistake.
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proof given in [7], also provides, however, some other interesting features of transition
probability.)

As another example we shall demonstrate how useful Theorem 1 can be when applied for
calculating transition probabilities in infinite quantum systems. To this aim, let & be a unital
C*-algebra and &, C o, C ... an increasing sequence of unital *subalgebras (not necessarily
norm-closed ones) such that their union is norm-dense in . Given two states, u, », of &/, we
denote by Uj, v their restrictions onto ;. Since & = norm-closure U]-ﬁf’j, and in the Hermitian
part of o the invertible, positive elements constituie an open set, the union of all invertible and
positive elements of all .o, has to be norm-dense within the former set. Hence, Theorem 1 implies

P, v) = inf w(@)w(a™ 1) = inf inf u(aj)v(aj_i), (2.7)
i

where g; runs through all positive, invertible elements of .«#;. Applying Theorem 1 to (2.7) we see
the following result:

THEOREM 4.
Pu, v)= i];f Pluy, v). (2.8)

Once more, we again remark that there is another way of proving (2.8) which does not make
reference to Theorem1 but starts from (2.6).

3. ONCE MORE ON A TRANSFORMATION PROBLEM

In this section let us come back to our starling point, which we mentioned in the introduction.

Let us look on a ‘large’ quantum system, characterized by the Hilbert space /7. We assume only
some subsystem of our large system is accessible, or of interest, to our observations, this ‘small’
subsystem being attached to a separable Hilbert space A, . By A, we mean the Hilbert-space

which represents the ‘external world’ or the surrounding of the small system within the large one.
In the following we want to assume that the ‘bath’ system is not a finitc quantum system, i.e., &,
is supposed to be dimensionzally infinite, and H=H, @ H,. Let i, ¥, be two normalized vectors
of H describing possible quantum-mechanical states of the whole system. Then, the states of our
small systern are (without further information) only accessible to a quantum-statistical description,
given by the correspondingly reduced density operators p; , p; over 4 :

g1 =Tr, Py s o2 =Tr, Py, (3-1)

where Py, is the one-dimensional orthoprojection over # which corresponds to ¥, /=1, 2, and
“Try”, ‘Try” means the operation of taking the partial trace with respect ta Hy, 4, , respectively.
Since these operations appear to be restrictions to normal states of certain stochastic maps, we
arrive at (1.1} once more if we reler to Theorem 2. Let us now discuss the foliowing problem:
given density operators p,, p, over H, and state vectors ¥, , ¥, € JJ, what relations exist amongst
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21 P2, W1, Yo provided the inequality (1.1), i.e., P(py, o) 2 (Y1, ¢15)1?, is satisfied ? The answer
is in the following:

THEOREM 5. Tnequality (1.1) holds true if and only if there is a unitary operator u on H such that
01 and p. appear as reduced density operators of u, and uy,, respectively.

Proaf. Due 1o unitary invariance of transition probabilities the “if” part of the assertion follows
from our discussions above. To see the other way around, assume P(p1, ;)2 ¥y, ¥2)1?, and let
nEHs, 91, ¢; €H, benormalized vectors with (¢, , v2) = ({,, ¥, ). There is some unitary v over
Hsuch that g, @n = vy, 7= 1, 2. Let us by p,, p; denote the one-dimensional orthoprojections
over [T, referring to ¢, . ¢, and assume e is the one-dimensional orthoprojection over £, which
refers to . Then, from our assumptions we see M(py, 62) 2 P(p;, py). By a result proved in [4]
{Satz 3 there), the preceding inequality suffices to guarantee that therc is some unital, normal,
completely positive linear map 7, over the bounded operatars B(H, ) on H,, such that

Ya S B(H,): Trp,a=TrpTa, j=1,2. (3.2)

By our assumptions on #, H,, H,, some elementary facts on normal *-representations of B{H,)
together with the Stinespring’s theorem™ imply that

Ya S BUH,): Ta=m*a ®1,)m, (3.3)

with i being an isometry acting from H, into A, with m¥*m =1, .
Let there be defined another isometry w: /) 2 —t®n< H Then

Yo € B(H): Tr gz =Tt (p; @ eywm™(a @ 1, inw™, (3.4)

where (3.2) and (3.3) have been used. Defining wm* = k € B(H), we may rewnte (3.4) into the
form

VaEB(H, ): Trpja=Trk*(p; @ edk(a ®1,). (3.5)

Now, kk™* = wm®mw* = ww* = || @ e, hence & is a partial isometry on /I and, moreover,
§=(py vpp) ® ek is a partial isometry over & with a {inite-dimensional final projection. This
makes especially sure that a unitary operator &' exists over 7 such that s = {p, v p,) & ek’. Since
py®e = vpy w*, we get with the unitary operator u = K% that

K (pr@e)k = s*(pr e e)s = k'*(p; o)k = Ry 41 = Doy
forj =1, 2. Therefore, (3.5) reads as

Ve EBUL): Tr pja = T pyy, (09 12) = Tr (Tra pyg a,

*For more detarled information and references, the reader is recommended to [8}, where these problems are
dealt with m the context of quantum theory.
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which means p; = Tr, Puyp | = 1, 2. W
Finally, let us state another consequence from all that we have proved:

THEOREMG6. Suppose w), w, are normal, pure states over the bounded operators B(H) on some
Hilhert space H. Assume T is a stochastic linear map which transforms w,, w, nto normal states
Teor, Te, over B(H). Then there exists a normel, unital, completely positive linear map T' from
B(I) into B, such that Tew; = e T, j =1, 2.

Proof. By Theorem 2 we know P(Tey, Tews) 2 Py, w). Since w,, wy and Twy, Tw;
correspond to density operators, where the former couple consists of extremal, normal elements,
the result of [4] which we already referred to in passing in the proof of Theorem 3, provides 7"

as asserted. O
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