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Properties of the Algebras‘fnﬁ )

We consider properties of the algebra of all operators
which together with its abjoints transform a given dense
linear manifold of an Hilbert space into itself. This
algebra admits inner *-automorphisms and derivations only
and there is an algebraic characterisation of this algebra.

Communications of the Joint Institute for Nuclear Research.
Dubna, 1974

E2 -
A.Uhlmann

+
PROPERTIES OF THE ALGEBRAS L (D)

8149



1. Definitions, results.

Let 00- be a dense linear submanifold of the Hilbert s;ace
x . With f‘(ﬂ) we denote the set of all such linear
operators a from oU into ,U N als ,U , for which cD
is in the domain of definition of a* and ol ¢J. £ ’(J)
is an algebra with respect of the ordinary addition and

*-algebra by

multiplication of operatora.ot ’(ob) becomes a
the involution Q -’Q’ » where O.+ is defined to be the
restriction of G.* onto -0- .
We shall prove the following theorems:
Theorem 1: Let 7 be a *-isomorphism from & ‘(.,0’,) ontod ‘(-Q_).
Then there exists a unitary map w from eU,, onto .D,_
& wd, = J,
with
(2 o) = wa for all a ¢ f’(l}') .

+
Theorem 2: Every *-automorphism v of 4C (ﬂ) is an inner
+
one, i.e., there is a unitary element W ¢ £ (45) with
- +
T(a) = waw?! forall acd (J) .

Theorem 2 is an obvious consequence of theorem 1. Note that
these theorems suggest the existence of a "space-free" definition
+
of I (,0') (theorems 4 - 6).
+*,
Let us now remind that a derivation of I (ZJJ is a linear
+
map of ,f (aD) into itself satisfying
3 Plab) = P@)b + a p(b) .

Theorem 3 (P.Kréger): Is ? a derivation of r‘(ﬂ) , then
4
there exists an element X € .t(’U) with
) f(a) s Xa-ax.,

Hence every derivation is an inner one. (4]
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One knows [2) that ,ﬁ‘(X) ,Where Qf is a Hilbert space,
is tne vou lisumann algebra of all bounded operators. Von
I'euman:s has proved tnat every left ideal ol tais algebra
is sensrated by a projection, i.e., an operator P with
P=p". p*  ( seefor instance [3)). The technique of this
proof also works in the more general case of the f.‘(-v)
algeiras, We now explain shortly, how one can use these
+.ckniques to ch:racterise the algebras I’(b) abstractly.
Definitior. 1: Let ~J4 be a *-algebra. \)4 is called an

alg bra with "property I" if and only if

(i) every proper left ideal contains a minimal lett ideal,

(ii) cvery mirimal left ideal is generated by a min:'uﬁal

projection, and

(iii) every element of every-subalgebra J, , which contains

a2n identity e, , has a non-empty spectrum.

Let us “irst add some remarks. A projector P is minimal
in ..A ilf P#o and pg=9p implies pg = P for
every jrojector g of _A . If vd. is an algebra with
identity €, , tuen the spectrum of one of its elements Q
is the cet of all complex numbers )\ such, that (a.-)‘e.)."
does ..ot exist in VA. .

% now construct an example of a *—algebra with property I.
Let T be an index set (an abstract set) and assume to be
associated to every t € | an algebra f‘(abt) . Then the

I*(.D‘ ,teT)

-algebra

(5) m £ (a,)
teT

consists of all functions t = x(t) defined on | with

x(t)e £‘(¢b;) together with the composition laws
(X,+ X)) = (Wex ), (X)) - Xk,

(X)) =xi)* , (Ax)(t) -Ax(t)
This construction provides us with a ‘\-algebra.

Theorem 43 I*(J;, teT) satisfies property I.

Theorem 53 Let ud be a ‘-algebra with property I . Then
there exists up to ‘-isomorphisms one and only one algebra
+,
f'(,a;.te-r) and a *-isomorphism T of A into L (Jt,t*T)
which maps the set of all minimal projectors of A onto
L2, teT)
the set of all minimal projectors of J,,tf .

Definition 21 A *-algebra is called a "type I, algebra" if
the following two conditions are fullfilled:
1D u4 has property I
2) Let ¥ be a *-isomorphism from A into a % _algebra
£ with property I . If v maps the set of all
minimal projectors of \A onto the set of all minimal
projectors of fy , then T maps v4 onto ,6- .

Theorem 61 A *-algebra is a type Iy algebra if and only if
+,
it is #-isomorph to a certain algebra L (J ,U'T).

According to theorem 6 the centre of a type Id algebra is

a discrete one, i.e.,it is generated by its own minimal
projectors. Especially, a type I¢ algebra, which is to an
algebra of bounded operators isomorphic, is a W‘-algebra with

discrete centre.



2, Algebrgs with property I.

To prove the theorems we need some further insight in the
considered clgss of algebras.
Theorem 7: For every *—-algebra with property I the following
statements are true:
1) If p is a minimal projector, then there exists a
positive linear form f with
(6) pap = farp for all a e

2) It \A contains only one minimal projector Pe » then
P. is the identity element of 4 anda A 1is

isomorphic to the algebra of complex numbers.

We beginn with the second assertion. For every non-zero
a.tud the left ideal u4Q contains a minimal projector [
The case Aa=0 can be excluded, because in this situation

a and the zero form a left ideal, that has to contain a
minimal projector and this is impossible. Now there is an
element o' with a=a'p, and thus (a-a')p =0 . By the

same reasoning a-a'= bp, and from pt=p, it follows a=a’ .
So we see ap, za , p_u*-; ot for all acd and P, is the
identity of \A « For every acd there should be a complex
number A such that o-Ap, 1s not inversible. It follows

a= ).r, because otherwise .,4 (x-2Ap) 3 p, wich contradicts

the assumption that A belongs to the spectrum of a . The
second assertion of thc theorem is now available and the first
assertion becomes obvious: The subalgebra P*Al’ = A, » Where

P 1s a minimal pro.ector of \.)4 » has to satisfy property I
too. In yirtue of the minimality of P » no projector different
from p is in J. « Therefore, J. is isomorphie to the
algebra of complex numbers and Poxp= f(w.) P with some
number f(q) + Clearly, f depends linearly on @ and

6

Pq‘apa {.p has to be a positive element of A . Hence 'f

is a positive linear form. .
The property (6) is an essential characteristicum of minimal

projectors for property I algebras. This shows

Theorem 8: Let J be a ‘—algebra. Denote by n(v4) the
set of all such projectors P of u4 for which (6) is
fulfilled with a certain linear form f .
\A has property I if and only if

Poap =0 for all pem(‘)‘)

implies =0 in A .

The proof proceeds in two steps. Firstly we need

Lemma 1: W (A) consists of minimal projectors of A .
From pap-=fia)p for all a¢.4 and f(l:b)#o we have

) g = bpE/pe) ¢ MA)
and ®
. Hleeb)
(® $*9 7 ey Y

We see this in the following way: pe WM (A) and p§ = §
implies f(§)p = pyp= §p=§  for projectors § and thus
Prq . Therefore Wl(4) consists of minimal projectors only.
The other part of the lemma is a straight-forward application
of equ. (6).
We can now be sure that ’N(u‘-) consists of all minimal projectors
if \A has property I . In this case A= 2\/": with a certain
P(’m(s.‘) for a given a¥0 and we get baap . Now f(Pbol.)*o
implies by positivity HB pb)#0 and we obtainbpbabpb:bab+0.
According to lemma 4 it 191-)&'& «M with some A and

?o. gq+0 . To prove the other part of the theorem 8 we choose
an element a0 out of a given left ideal } . According

to the assumption we can find Pe’m with pa pe4o . By (6)
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one shows #(u\#" and the positivity of f implies
x‘.{(na“)#o. Now 9~ IQ‘P" ‘}" M shows that 9 contains
the minimal subideal Jg and theorem 8 is proved.

As a conzequence of theorem 8, every *—algebra with
property I is a reduced one [31,

Theorem 8 implies theorem 4 in virtue of
Lemma 2: Let A= t.(‘b-tlt‘.n. For every § e¢d,, <%, $.)=1

the element (pr)(t') =0 , tat'

d
(px) (t) Me ™ ( t*l’lg) §g ) M €%
is a minimal projector and there are no other minimal
projectors in \.4 .

Indéed, every projector: q of v4 defines new projectors by
qW =40, L) =0 ror E4t’ . §, 1c smaller then ¢
and if ? was minimal and 9¢+© then § =%, , One sees
that m projects -l)'t onto a one-dimensional subspace of
5{ provided q t is a minimal projector. On the other
hand, every one-dimensional subspace of ‘Ut defines its
projector and this projector is a minimal one.
Let us mention two further properties of :f'(Jf,teT) . For
every palr of projectors f"}‘m we distinguish two possibi-
lities: Either they project into the same or in different Jt .
Let us denote by W, the set of all minimal projectors that
are defined according to lemma 2 by the subspaces of -Ut .
Then W 1is the union of the W, , t¢T  and Wl AWy
is empty for t:‘-{:' « One immediately sees that two projectors
belong to the same 'm‘ if and only if there is an @

with pa q#o « Of course, the later condition can be

extended to an arbitrary property I algebra, the proof of

this fact is evident.

Lemma 3: Let u4 be a *—algebra with property I. There is
en index set | and a decomposition of (vl in disjunct
sets M,(4), te T  such, that q,pe M(A) belong to
the seme t if and only if there is an a«d with pag#0.

Now suppose q bp #0 for g,p e (4) . The element d=4b
satisfies dpd‘=15Pg1‘l‘¥ and A0 , for A s
reduced and A} =(gb PNy bp)* .This gives
Lemma 43 p,qemt(ui) if and only if there is a positive
linear form f and an element beud  such, that
equ. (7) and (8) are valid.

3. Representations.

Let

@ T a> T, aed

be a *-representation of the *-algebra A with domain of
definition J, . I §eM(A) and *(9)#0 , then the
functional ? defined by qou;:?(u) $ is a vector state
of % . Indeed, for JeJ, and P-xg)§ +0 we have

(F, vy E) = g@<¥,#> . If now (?7) and (8) is valid for
the projector pe M() , we conclude ¥(P)#0 and with §
a8 defined by (6) we have <’i','r(a)‘i">'f(°\<?;f;‘ with a vector
'fl=1'(?)f' . Now ¥(p) 1is a projector and hence

K¥ "(f)§c>,L
%(P)(’TI’Y> = <YAT(P)T> 2 T{T@T—



for all Q. « Setting f,r 'f' we get

1P = KR /<HE> ¥, F)
and the equality sign holds for ¥'-T¥ .
Theorem 9: For any P:q€ WM(A4) and

(10) Pep = fldp , Jag = g , aed
every *-representation r of 4 with z(p)#o satisfies
( , LIS
() gy fp - s <-f'.$><?1'?:r'>
where the supremum runs ovér all *f.‘f’e -0t with the
restriction ,
(12) SUP RN FEE S 4

We are now in the position to show theorem 5. Let ./4 be a
*—algebra with property I. With T we denote the index set
given by lemma 3. For every teT we choose Py € ‘m((#)
and define ft by P P = fi® P, . Let us now perform the
GNS-representation Tt of 04 determined by ﬁ with domain
of definition I, and cyclic vector §€J, 1 fym=<§,, tw§,).
It is T, (P)$,-§, . If for some Pe Iy we nave r, (2§ - T,
then Tt(reu)‘ttﬁpt)f = T(P)$ and with the help of (6) we find
¢ depending linearly on §’ . This shows that T,(P.) is
a one-~dimensional projector. The same conclusion can be drawn
for every ‘5(9) with ge '"Q(J) by similar arguments. Lemmata
1 and 4 now indicate a one-to-one correspondence between

'mt(d) and the set of all one-dimensional subspaces of Jt .

Hence the vectors (12) form one-dimensional spaces and
equ. (12) is valid without performing the operation "sup" |
We construct the direct sum 7T of the representations Te
t€T, and the result is a *-isomorphism of 4 into &£' (D, teT)
with properties required by theorem S,
We consider now a second '-representation < into i*(s‘_‘ieT)
with the same properties. Then the one-dimensional subspaces
of Y, and aﬁ; are given by T,(R) A and ‘i-:(l’ﬂ's; and
there is a one-to-one corresp@ndence
(13) T A, e w(p)de
As proved above, the transition probabilities between one-
dimensional subspaces remain unchanged by the mapping (13).
Applying a theorem of Wigner [+] there is a unitary or anti-
unitary one-to-one mapping W, from 'Dt onto 0.: with
(14) FPHU, = U T(Pe)
Considering now with the help of (14)the validity of
T(q) { Ta, - u*'cm)}«'q\ = ( T(yogqiu, - u r(gaq)} =0

for every minimal projector ? we get
(15) W Reyu = r@ , u-=Tu
Applying this to ia too, one proves linearity of w .,
By this way we have not only proved theorem 5 but also a
generalisation of theorem 1. Indeed, let 4= f*(.o“u»T) ’

T the identic automorphism and € a %isomorphism onto
,['(.8;,(57') . There is a unitary map W of the direct sum
of all abt onto the direct sum of all 5¢. which impliments

~r

T .



The last part of the proof of theorem 5 contains the following

statement:

+
Theorem 10: Let T be a *-isomorphism of &L (Jy .f“T) onto

rH( ‘B:t"t":f-) . Then there exists a unitary mep «
from ¥ J,, ST onto £ I, t'eT and a map 1 from
T onto T with
v ‘b-t = 'Ej(t)
and
@) = uauw' | ae 252, teT),

Theorem 10 implies the theorems 1 and 2 and shows how to prove
theorem 6: We have to consider an imbedding

A= 2 teT) € 6 with W (A)=WM(B),
Theorem 5 tells us, that we need to consider the case

A= LN, teT) s LUF, teT)= 8 | mes)- (L)

only. Further, A eand L5 have to be *-isomorph (theorem 5)
end hence theie is a ¥-isomorphism from & onto A4 , i.e.,
into fy that leaves stable the set of all minimal projectors
as a whole. This *—ismorphism has therefore to be an f_auto-

morphism and it follows K =4 .

4, Proof of theorem 3.

Let ¢ be a derivation of L°() . Using an idea of P.Krdger
we construct the element X of eq. (4) explicitely. For any
two vectors §,M of )] we define PS."l by

(P‘m)«l =t I(Pi.'z)"l"‘° for all 111.11 |

12

Now §= Pen is a linear map of o0 into L)  and we
have Q'Pi'l’ e“ n for all &€ -f‘w')
Now we define
e o= P(P) §
and get a linear map 'rl-wc"z from into .0- . Now
P () « *a-ax , oe L'(D)
is a map of JJ into [J for every ae £1(J) ana
Tq(o’)n = ?_(Pﬁ’l|§ ) § - Q?(P“l.f)§ = {?(GP"I,§) -G?(P‘vhg‘} g

shows that
Pl = PPy & = PO,
Hence ¢ = ¢ , Substituting a- Ppg W get g, x§>=0
Next we consider ¥(oW = ?(Q‘)* . “V 1is again a derivetion
and we construct as above Yy = ?(P:‘)‘f so that
4ay=[y,al and
CIyadn,me) = (oo
Choosing ,= § , &= P‘E-i we obtain with (§,.x§)=<§,y,§)=
<yﬁ'~lt> =" <i'x“ylz> o
Now y maps & into J  and x*=-Y so that
X,ye L'(F) and the theoren is proved.
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