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In his paper ij Toller has indicated a way to formulate

"crossing without analytic continvation", that is after crossing
we arrive at unphysical values in the t-channel and analyse this
unphysical amplitude in terms of irreducible representations of
the Poincaré group or of its appropriate little groups. In doing

so we come across of some severe mathematical difficulties arising
from the problem of reducing out representations of noncompact
groups 1in some Banach spaces. These problems are not solved in

the following; it will be stressed only the points at which the

deviation from the finite dimensional case starts.

A, Crossing for Finite Dimensional Group Representations.

First we remember of the following: If N denotes the represen-
tation space of a finite dimernsional representation of the group
G, one can define the conjugate representation. The representation
space of the conjugate representations is the space of all linear

*

forms over N and is denoted by N~ (dual of N )., Further, if
N and M are two finite dimensional representation spaces, we
denote by N@ M the Kronecker product and by L(N,M) the
set of all linear mappings from N into M . These two spaces
carry representations of the group in a natural way, as is well

kmown. We now remember of the following natural isomorphisms:

N @ M %2 M ® N &)
N ® M ~ Nt e ut (2)
e M ¥ L (N,M (3)
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After these preliminaries we consider a quasi-elastic
Process. As an example, G may be thought of as the iso-spin
group. To every incoming particle we associate a finite dimensional

representation of G s the representation spaces of them will be
denoted by

in-particle 1 Hy y 1=1,2,3,4 4
and for the outgoing particles, we define
out-particle T -—»- H: y 1=1,2,3,4. (5)
An s-chdnnel amplitude may be considered as linear mapping from
* *
H, Q H, into H3 S H4 that is
X *
Ty, € L (H, S Hy , Hy; ® H, ). (6)
In the same way we may consider other amplitudes, for example
* *
T, € L (H, ® Hy , H, ® H,) (D
* . x ®
T1 € L (H1 y Hy Q® H3.® H4 ) (8)

and we shall call them "conneoted by crossing" if under the

natural isomorphisms

x x ~ o) X X *
L(6,® Hy ,H; ® H, ) * H ® H, 3 Hy ® H,

= % ~ = % x »x
L(H,® H; , By ® B, ) ¥ H O H, ® Hy ® H, (9)

® * * x * * )
L(H,H ® Hy ® B ) ~ H'®6 H, 8 H; @ &,
we always arrive at th: same element T of

® x *
Te H Q H® H; ® H: * (8@ H,@ H;3 H) (10)

Bs The Infinite Dimensional Case.

Let us now assume that we are dealing with unitary representations
of a non-compact grbup, say the Poincaré group. The main defect,
that prevents‘the scheme above from working is the failure of
equation (3). To be more precise, we consider Hilbert spaces,

their duals and we denote by L(N,M) the set of bounded linear
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mappings from N into M. L(N,M) is not a Hilbert space but
only Banach space, However, N ® M is a Hilbert space.
We can prevent the machinery of section A if we consider only
Hilbert-Schmidt mappings: The equation (3) remains valid, if we
substitute for L(N,M) the space LZ(N,M) of all Hilbert-
Schmidt mappings T , that is all T with [2]

tr. ( T* T ) < oo, 11
Taking this into account all the formulas (4) to (10) remain
valld and all things are going like the finite~dimensional case.
Unfortunately, relativistic invariant amplitudes cannot be of
Hilbert-Schmidt class and here the problem occur.
Now if N and M are Hilbert spaces, we introduce according
to Toller the Banach space NX% M . This is a subspace of NQ® M
and for an element of N® M to be in NX M 1t is necessary
and sufficient, that there exists a decomposition

2 MO wm ) e N e M (12)

with
Z -y < oo (13)

Considering NXM as a Banach space we use the star to denote
its dual. Now we may replace equation (3) vy
CNx u* ) o n(w,m) (14)

Now we are able to define the substitute for eq . (10) in the
case of non-compact groups , i.e. in the case of infinite—dimen-
sional Hilbert spaces. The result will be a linear functional
over a certaln Banach space and we shall call this functional "Tol-
ler functional". From (14) we have the isomorphisms x

L (8, ® H,, H; ® Hy) {(g, ® 8, x (55 ® H)}

L(H,® Hy, By ® Hy )Y {(H, ® H) x (8, ® BYI  (15)

L (8, H, ® Hj ® Hy )% {H, x (5,08, ® 1)
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They replace (9). Now the spaces on the right-hand-side are
subspaces of

(H1'x.H2 X Hy X H4)K- (16)
Therefore, coming from an amplitude say T12, we arrive at an
element T of the space (16), the Toller functional. In order to
get a bounded map T23 we should'continue the functional T t¢ be in
{(HZQ HB) x (H1 ® H4) 3* which, generally, is impossible.
Physically this is ﬁo defect, becausa after our formal crossing
we arrive at unphysical situation in the other channel -~ remind
that there was no analytic continuation.
Nevertheless it may be very instructive to carry through this
mechanism if the H1 are supposed to be irreducible repre-
sentations of the Poincaré group in order to calculate a thing
like "orossing-matrices" for the unitary representations of this
group.

Remark: A more explicit consideration of our part A has appeared
in /3/.
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