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In the Hilbert space description of quantum theory one has two major inputs:
Firstly its linearity, expressing the superposition principle, and, secondly, the
scalar product, allowing to compute transition probabilities. The scalar prod-
uct defines an Euclidean geometry. One may ask for the physical meaning
in quantum physics of geometric constructs in this setting. As an important
example we consider the length of a curve in Hilbert space and the “velocity”,
i. e. the length of the tangents, with which the vector runs through the Hilbert
space.

The Hilbert spaces are generically complex in quantum physics: There is
a multiplication with complex numbers: Two linear dependent vectors rep-
resent the same state. By restricting to unit vectors one can diminish this
arbitrariness to phase factors.

As a consequence, two curves of unit vectors represent the same curve
of states if they differ only in phase. They are physically equivalent. Thus,
considering a given curve — for instance a piece of a solution of a Schrödinger
equation – one can ask for an equivalent curve of minimal length. This minimal
length is the “Fubini-Study length”. The geometry, induced by the minimal
length requirement in the set of vector states, is the “Fubini-Study metric”.

There is a simple condition from which one can read off whether all pieces
of a curve in Hilbert space fulfill the minimal length condition, so that their
Euclidean and their Study-Fubini length coincide piecewise: It is the parallel
transport condition, defining the geometric (or Berry) phase of closed curves
by the following mechanism: We replace the closed curve by changing its
phases to a minimal length curve. Generically, the latter will not close. Its
initial and its final point will differ by a phase factor, called the geometric
phase (factor). We only touch these aspects in our essay and advice the reading
of [6] instead. We discuss, as quite another application, the Tam-Mandelstamm
inequalities.

The set of vector states associated to a Hilbert space can also be described
as the set of its 1-dimensional subspaces or, equivalently, as the set of all rank
one projection operators. Geometrically it is the “projective space” given by



2 Armin Uhlmann and Bernd Crell

the Hilbert space in question. In finite dimension it is a well studied manifold1.
Again, we advice the reader to a more comprehensive monograph, say [23],
to become acquainted with projective spaces in quantum theory. We just
like to point to one aspect: Projective spaces are rigid. A map, transforming
our projective space one–to–one onto itself and preserving its Fubini-Study
distances, is a Wigner symmetry. On the the Hilbert space level this is a
theorem of Wigner asserting that such a map can be induced by a unitary or
by an anti-unitary transformation.

After these lengthy introduction to our first chapter, we have not much
to comment to our third one. It is just devoted to the (partial) extension of
what has been said above to general state spaces. It will be done mainly, but
not only, by purification methods.

The central objects are the generalized transition probability (“fidelity”),
the Bures distance, and its Riemann metric. These concepts can be defined,
and show similar features, in all quantum state spaces. They are “universal”
in quantum physics.

However, at the beginning of quantum theory people were not sure whether
density operators describe states of a quantum system or not. In our days, we
think, the question is completely settled. There are genuine quantum states
described by density operators. But not only that, the affirmative answer
opened new insight into the basic structure of quantum theory. The second
chapter is dedicated to these structural questions.

To a Hilbert spaces H one associates the algebra B(H) of all bounded
operators which mapH into itself. With a density operator ω and any operator
A ∈ B(H), the number

ω(A) = trAω

is the expectation value of A, provided the “system is in the state given by ω“.
Now ω is linear in A, it attains positive values or zero for positive operators,
and it returns 1 if we compute the expectation value of the identity operator
1. These properties are subsumed by saying “ω is a normalized positive linear
functional on the algebra B(H)”. Exactly such functionals are also called
“states of B(H) ”, asserting that every one of these objects can possibly be a
state of our quantum system.

If the Hilbert space is of finite dimension then every state of B(H) can be
characterized by a density operator. But in the other, infinite cases, there are
in addition states of quite different nature, the so-called singular ones. They
can be ignored in theories with finitely many degrees of freedom, for instance
in Schrödinger theory. But in treating unbounded many degrees of freedom
we have to live with them.

One goes an essential step further in considering more general algebras
than B(H). The idea is that a quantum system is defined, ignoring other

1 It is certainly the most important algebraic variety.
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demands, by its observables. States should be identified by their expectation
values. However, not any set of observables should be considered as a quantum
system. There should be an algebra, say A, associated to a quantum system
containing the relevant observables. Besides being an algebra (over the com-
plex numbers), an Hermitian adjoint, A† should be defined for every A ∈ A
and, finally, there should be “enough” states of A.

As a matter of fact, these requirement are sufficient if A is of finite di-
mension as a linear space. Then the algebra can be embedded as a so-called
∗-subalgebra in any algebra B(H) with dimH sufficient large or infinite. Re-
lying on Wedderburn’s theorem, we describe all these algebras and their state
spaces, They all can be gained by performing direct products and direct sums
of some algebras B(H). Intrinsically they are enumerated by their “type”, a
finite set of positive numbers. We abbreviate this set by d to shorten the more
precise notation Id for so-called type one algebras.

If the algebras are not finite, things are much more involved. There are von
Neumann (i. e. concrete W∗-) algebras, C∗-algebras, and more general classes
of algebras. About them we say (almost) nothing but refer, for a physical
motivated introduction, to [10].

Let us stress, however, a further point of view. In a bipartite system, which
is the direct product of two other ones, ( – say Alice’s and Bob’s – ), both
systems are embedded in the larger one as subsystems. Their algebras become
subalgebras of another, larger algebra.

There is a more general point of view: It is a good idea to imagine the quan-
tum world as a hierarchy of quantum systems. An “algebra of observables”
is attached to each one, together with its state space. The way, an algebra
is a subalgebra of another one, is describing how the former one should be
understood as a quantum subsystem of a “larger” one.

Let us imagine such a hierarchical structure. A state in one of these systems
determines a state in every of its subsystems: We just have to look at the state
by using the operators of the subsystem in question only, i. e. we recognize
what possibly can be observed by the subsystems observables.

Restricting a state of a quantum system (of an algebra) to a subsystem
(to a subalgebra) is equivalent to the “partial trace” in direct products. It
extends the notion to more general settings.

On the other hand, starting with a system, every operator remains an
operator in all larger systems containing the original one as a subsystem. To
a large amount the physical meaning of a quantum system, its operators and
its states, is determined by its relations to other quantum systems.

There is an appendix devoted to the geometric mean, the perhaps most
important operator mean. It provides a method to handle two positive op-
erators in general position. Only one subsection of the appendix is directly
connected with the third chapter: How parallel lifts of Alice’s states are seen
by Bob.
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As a matter of fact, a chapter describing more subtle problems of convex-
ity had been proposed. But we could not finish it in due time. Most of the
appendix has been prepared for it. Nevertheless, in the main part there is
a short description of the convex structure of states spaces in finite systems
(faces, extremal points, rigidity).

1 Geometry of pure states

1.1 Norm and distance in Hilbert space

Let us consider a Hilbert space2 H. Its elements are called vectors. If not
explicitly stated otherwise, we consider complex Hilbert spaces, i. e. the mul-
tiplication of vectors with complex numbers is allowed. Vectors will be denoted
either by their mathematical notation, say ψ, or by Dirac’s, say |ψ〉.

For the scalar product we write accordingly3

〈ϕ,ψ〉 or 〈ϕ|ψ〉 .

The norm or vector norm of ψ ∈ H reads

‖ ψ ‖ :=
√
〈ψ, ψ〉 = vector norm of ψ .

It is the Euclidian length of the vector ψ. One defines

‖ ψ − ψ′ ‖ = distance between ψ and ψ′

which is an Euclidean distance: If in any basis, |j〉, j = 1, 2, . . ., one gets

|ψ〉 =
∑

zj |j〉, zj = xj + iyj ,

and, with coefficients z′j , the similar expansion for ψ′, then

‖ ψ − ψ′ ‖= (
∑

[xj − x′j ]
2 + [yj − y′j ]

2)1/2 ,

and this justifies the name “Euclidean distance”.
The scalar product defines the norm and the norm the Euclidean geometry

of H. In turn one can obtain the scalar product from the vector norm:

4〈ψ, ψ′〉 =‖ ψ + ψ′ ‖2 − ‖ ψ − ψ′ ‖2 −i ‖ ψ + iψ′ ‖2 +i ‖ ψ − iψ′ ‖2

The scalar product allows for the calculation of quantum probabilities. Now
we see that, due to the complex structure of H, these probabilities are also
encoded in its Euclidean geometry.
2 We only consider Hilbert spaces with countable bases.
3 We use the ”physicist’s convention” that the scalar product is anti-linear in ϕ

and linear in ψ.
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1.2 Length of curves in H
We ask for the length of a curve in Hilbert space. The curve may be given by

t → ψt, 0 ≤ t ≤ 1 (1)

where t is a parameter, not necessarily the time. We assume that for all ϕ ∈ H
the function t → 〈ϕ,ψt〉 of t is continuous.

To get the length of (1) we have to take all subdivisions

0 ≤ t0 < t1 < . . . < tn ≤ 1

in performing the sup,

length of the curve = sup
n∑

j=1

‖ ψtj−1 − ψtj
‖ . (2)

The length is independent of the parameter choice.
If we can guaranty the existence of

ψ̇t =
d

dt
ψt ∈ H (3)

then one knows

length of the curve =
∫ 1

0

√
〈ψ̇t, ψ̇t〉 dt . (4)

The vector ψ̇t is the (contra-variant) tangent along (1). Its lengths is the
velocity with which4 ψ = ψt travels through H, i. e.

ds

dt
=

√
〈ψ̇, ψ̇〉 . (5)

Interesting examples are solutions t → ψt of a Schrödinger equation,

Hψ = ih̄ψ̇ . (6)

In this case the tangent vector is time independent and we get

ds

dt
= h̄−1

√
〈ψ, H2ψ〉 . (7)

The length of the solution between the times t0 and t1 is

length = h̄−1(t1 − t0)
√
〈ψ, H2ψ〉 (8)

Anandan,[28], has put forward the idea to consider the Euclidean length (5) as
an intrinsic and universal parameter in Hilbert space. For example, consider
4 We often write just ψ instead of ψt.
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dt

ds
= 〈ψ̇, ψ̇〉−1/2 = h̄ (〈ψ, H2ψ〉)−1/2

instead of ds/dt and interpret it as the quantum velocity with which time is
elapsing during a Schrödinger evolution. Also other metrical structures, to
which we come later on, allow for similar interpretations.
Remark: Though we shall be interested mostly in finite dimensional Hilbert
spaces or, in the infinite case, in bounded operators, let us have a short look
at the general case.

In the Schrödinger theory H, the Hamilton operator, is usually “un-
bounded” and there are vectors not in the domain of definition of H. However,
there is always an integrated version: A unitary group

t → U(t) = exp(
tH

ih̄
)

which can be defined rigorously for self-adjoint H.
Then ψ0 belongs to the domain of definition of H exactly if the tangents (3)
of the curve ψt = U(t)ψ0 exist. If the tangents exist then the Hamiltonian can
be gained by

ih̄ lim
ε→0

U(t + ε)− U(t)
ε

ψ = Hψ

and (7) and (8) apply.
If, however, ψ0 does not belong to the domain of definition of H, then (2)
returns ∞ for the length of every piece of the curve t → U(t)ψ0. In this case
the vector runs, during a finite time interval, through an infinitely long piece
of t → ψt. The velocity ds/dt must be infinite.

1.3 Distance and length

Generally, a distance “dist” in a space attaches a real and not negative number
to any pair of points satisfying
a) dist(ξ1, ξ2) = dist(ξ2, ξ1)
b) dist(ξ1, ξ2) + dist(ξ2, ξ3) ≥ dist(ξ1, ξ3),
c) dist(ξ1, ξ2) = 0 ⇔ ξ1 = ξ2.
A set with a distance is a metric space.

Given the distance, dist(., .), of a metric space and two different points, say
ξ0 and ξ1, one may ask for the length of a continuous curve connecting these
two points5. The inf of the lengths over all these curves is again a distance,
the inner distance. The inner distance, distinner(ξ0, ξ1) is never smaller than
the original one,

distinner(ξ0, ξ1) ≥ dist(ξ0, ξ1)

If equality holds, the distance (and the metric space) is called inner. A curve,
connecting ξ0 and ξ1, the length of which equals the distance between the
5 We assume that for every pair of points such curves exist.
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two point, is called a “short geodesic” arc. A curve, which is short geodesic
between all sufficiently near points, is a geodesic.

The Euclidian distance is an inner distance. It is easy to present the short-
est curves between to vectors, ψ1 and ψ0, in Hilbert space:

t → ψt = (1− t)ψ0 + tψ1, ψ̇ = ψ1 − ψ0 . (9)

is a short geodesic arc between both vectors.
In Euclidean spaces the shortest connection between two points is a piece

of a straight line, and this geodesic arc is unique. Indeed, from (9) we conclude

‖ ψt − ψr ‖= |t− r| ‖ ψ1 − ψ0 ‖ . (10)

With this relation we can immediately compute (2) and we see that the length
of (9) is equal to the distance between starting and end point.
We have seen something more general: If in a linear space the distance is
defined by a norm, the metric is inner and the geodesics are of the form (9).

1.4 Curves on the unit sphere

Restricting the geometry of H to the unit sphere {ψ ∈ H, ‖ ψ ‖= 1} can be
compared with the change from Euclidean geometry to spherical geometry in
an Euclidean 3-space. In computing a length by (2) only curves on the sphere
are allowed.

The geodesics on a unit sphere are great circles. These are sections of
the sphere with a plane that contains the center of the sphere. The spherical
distance of two points, say ψ0 and ψ1, is the angle, α, between the rays from
the center of the sphere to the two points in question.

distspherical(ψ1, ψ0) = angle between the radii pointing to ψ0 and ψ1 (11)

with the restriction 0 ≤ α ≤ π of the angle α. By the additivity modulo 2π of
the angle one can compute (2) along a great circle to see that (11) is an inner
metric.

If the two points are not antipodes, ψ0 + ψ1 6= 0, then the great circle
crossing through them and short geodesic arc between the two vectors is
unique.
For antipodes the great circle crossing through them is not unique and there
are many short geodesic arcs of length π connecting them.

By elementary geometry

‖ ψ1 − ψ0 ‖=
√

2− 2 cos α = 2 sin
α

2
(12)

and cos α can be computed by

cos α =
〈ψ0, ψ1〉+ 〈ψ1, ψ0〉

2
(13)
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We see from (13) that
cos α ≤ |〈ψ0, ψ1〉| (14)

Therefore, we have the following statement:
The length of a curve on the unit sphere connecting ψ0 with ψ1 is at least

arccos |〈ψ0, ψ1〉| .

Applying this observation to the solution of a Schrödinger equation one
gets the Mandelstam-Tamm inequalities, [57]. To get them one simply com-
bines (14) with (8): If a solution ψt of the Schrödinger equation (6) goes at
time t = t0 through the unit vector ψ0 and at time t = t1 through ψ1, then

(t1 − t0)
√
〈ψ,H2ψ〉 ≥ h̄ arccos |〈ψ0, ψ1〉| (15)

must be valid. (Remember that H is conserved along solutions of (6) and we
can use any ψ = ψt from the assumed solution.)
However, a sharper inequality holds,

(t1 − t0)
√
〈ψ, H2ψ〉 − 〈ψ,Hψ〉2 ≥ h̄ arccos |〈ψ0, ψ1〉| . (16)

Namely, the right-hand side is invariant against “gauge transformations”

ψt 7→ ψ′t = (exp iγt) ψt .

The left side of (16) does not change in substituting H by H ′ = H − γ1 and
ψ′t is a solution of

H ′ψ′ = ih̄ψ̇′ .

Hence we can “gauge away” the extra term in (16) to get the inequality (15).

Remarks:
a) The reader will certainly identify the square root expression in (16) as
the “uncertainty” 4ψ(H) of H in the state given by the unit vector ψ. More
specific, (16) provides the strict lower bound T4ψ(H) ≥ h/4 for the time T
to convert ψ to a vector orthogonal to ψ by a Schrödinger evolution.
b) If U(r) is a one-parameter unitary group with generator A, then

|r|4ψ(A) ≥ arccos |〈ψ, U(r)ψ〉|.

Interesting candidates are the position and the momentum operators, the
angular momentum along an axis, occupation number operators, and so on.
c) The tangent space consists of pairs {ψ, ψ̇} with a tangent or velocity vector
ψ̇, reminiscent from a curve crossing through ψ. The fiber of all tangents based
at ψ carries the positive quadratic form

ψ1, ψ2 → 〈ψ, ψ〉 〈ψ1, ψ2〉 − 〈ψ1, ψ〉 〈ψ, ψ2〉
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gained by polarization.
d) More general than proposed in (16), one can say something about time
dependent Hamiltonians, H(t), and the Schödinger equation

H(t)ψ = ih̄ψ̇ . (17)

If a solution of (17) is crossing the unit vectors ψj at times tj , then

∫ t1

t0

√
〈ψ, H2ψ〉 − 〈ψ,Hψ〉2dt ≥ h̄ arccos |〈ψ0, ψ1〉| . (18)

For further application to the speed of quantum evolutions see [43].

1.5 Phases

If the vectors ψ and ψ′ are linearly dependent, they describe the same state.

ψ 7→ πψ =
|ψ〉〈ψ|
〈ψ,ψ〉 (19)

maps the vectors of H onto the pure states, with the exception of the zero
vector. Multiplying a vector by a complex number different from zero is the
natural gauge transformation offered by H.
From this freedom in choosing a state vector for a pure state,

ψ → εψ, |ε| = 1, (20)

the phase change, is of primary physical interest.

In the following we consider parameterized curve as in (1) on the unit
sphere of H. At first we see

〈ψt, ψ̇t〉 is purely imaginary. (21)

To see this one differentiates

0 =
d

dt
〈ψ, ψ〉 = 〈ψ̇, ψ〉+ 〈ψ, ψ̇〉

and this is equivalent with the assertion.
The curves

t → ψt and t → ψ′t := εtψt, εt = exp(iγt), (22)

are gauge equivalent. The states themselves,

t → πt = |ψt〉〈ψt| (23)

are gauge invariant.
From the transformation (22) we deduce for the tangents
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ψ̇′ = ε̇ψ + εψ̇, ε−1ε̇ = iγ̇ (24)

with real γ. Thus, by an appropriate choice of the gauge, one gets

〈ψ′, ψ̇′〉 = 0 , the geometric phase transport condition (25)

(Fock, [41], from adiabatic reasoning). Indeed, (25) is the equation

〈ψ′, ψ̇′〉 = iγ̇〈ψ, ψ〉+ 〈ψ, ψ̇〉 = 0 .

Because of 〈ψ, ψ〉 = 1 and 〈ψ, ψ̇〉 = −〈ψ̇, ψ〉 we get

εt = exp
∫ t

t0

〈ψ̇, ψ〉 dt. (26)

For a curve t → ψt, 0 ≤ t ≤ 1, with ψ1 = ψ0 the integral is the geometric or
Berry phase, [33]. For more about phases see [6].
Remark: This is true on the unit sphere. If the vectors are not normalized one
has to replace (25) by the vanishing of the “gauge potential”

〈ψ, ψ̇〉 − 〈ψ̇, ψ〉
2i

or
〈ψ, ψ̇〉 − 〈ψ̇, ψ〉

2i〈ψ, ψ〉 . (27)

In doing so, we conclude: The phase transport condition and the Berry phase
do not depend on the normalization.

1.6 Fubini-Study distance

With the Fubini-Study distance, [42], [56], the set of pure states becomes an
inner metric space. But at first we introduce a slight deviation from its original
form which is defined on the positive operators of rank one. To this end we
look at (19) in two steps. First we skip normalization and replace (19) by

ψ 7→ |ψ〉〈ψ| ,

and only after that we shall normalize.
Let ψ0 and ψ1 be two vectors from H. We start with the first form of the

Fubini-Study distance:

distFS(|ψ1〉〈ψ1|, |ψ0〉〈ψ0|) = min
ε
‖ ψ1 − εψ0 ‖ (28)

where the minimum is over the complex numbers ε, |ε| = 1. One easily finds

distFS(|ψ1〉〈ψ1|, |ψ0〉〈ψ0|) =
√
〈ψ0, ψ0〉+ 〈ψ1, ψ1〉 − 2|〈ψ1, ψ0〉| . (29)

Therefore, (28) coincides with ‖ ψ1 − ψ0 ‖ after choosing the relative phase
appropriately, i. e. after choosing 〈ψ1, ψ0〉 real and not negative.
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(28) is a distance in the set of positive rank one operators: Choosing the
phases between ψ2, ψ1 and between ψ1, ψ0 appropriately,

distFS(|ψ2〉〈ψ2|, |ψ1〉〈ψ1|) + distFS(|ψ1〉〈ψ1|, |ψ0〉〈ψ0|)

becomes equal to

‖ ψ2 − ψ1 ‖ + ‖ ψ1 − ψ0 ‖ ≥ ‖ ψ2 − ψ0 ‖

and, therefore,

‖ ψ2 − ψ0 ‖ ≥ distFS(|ψ2〉〈ψ2|, |ψ0〉〈ψ0|) .

Now we can describe the geodesics belonging to the distance distFS and see
that (28) is an inner distance: If the scalar product between ψ0 and ψ1 is real
and not negative, then this is true for the scalar products between any pair
of the vectors

t → ψt := (1− t)ψ0 + tψ1, 〈ψ1, ψ0〉 ≥ 0. (30)

Then we can conclude

distFS(|ψr〉〈ψr|, |ψt〉〈ψt|) =‖ ψr − ψt ‖ (31)

and (30) is geodesic in H. Furthermore,

t → |ψt〉〈ψt|, 0 ≤ t ≤ 1, (32)

is the shortest arc between |ψ0〉〈ψ0| and |ψ1〉〈ψ1|. Explicitly,

t → (1− t)2|ψ0〉〈ψ0|+ t2|ψ1〉〈ψ1|+ t(1− t) (|ψ0〉〈ψ1|+ |ψ1〉〈ψ0|) . (33)

If ψ0 and ψ1 are unit vectors, πj = |ψj〉〈ψj | are (density operators of) pure
states. Then (31) simplifies to

distFS(π1, π0) =
√

2− 2|〈ψ1, ψ0〉| =
√

2− 2
√

Pr(π0, π1) (34)

where we have used the notation Pr(π1, π0) for the transition probability

Pr(π1, π0) = tr π0π1 . (35)

The transition probability is the probability to get an affirmative answer in
testing wether the system is in the state π1 if it was actually in state π0.

However, the geodesic arc (33) cuts the set of pure states only at π0 and
at π1. Therefore, the distance (28) is not an inner one for the space of pure
states. To obtain the appropriate distance, which we call

DistFS ,
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we have to minimize the length with respect to curves consisting of pure states
only.
This problem is quite similar to the change from Euclidean to spherical geom-
etry inH (and, of course, in ordinary 3-space). We can use a great circle on the
unit sphere of our Hilbert space which obeys the condition (25), 〈ψ̇, ψ〉 = 0.
Then the map ψ → |ψ〉〈ψ| = π is one to one within small intervals of the pa-
rameter: The map identifies antipodes in the unit sphere of the Hilbert space.
Thus “in the small” the map is one to one. Using this normalization we get

DistFS(π0, π1) = arccos
√

Pr(π0, π1) . (36)

The distance of two pure states become maximal if π0 and π1 orthogonal.
This is at the angle π/2. As in the unit sphere the geodesics are closed, but
now have length π.
Remark: If “Dist” is multiplied by a positive real number, we get again a
distance. (This is obviously so for any distance.) Therefore, another normal-
ization is possible. Fubini and Study, who considered these geodesics at first,
“stretched” them to become metrical isomorph to the unit circle:

DistStudy(π0, π1) = 2 arccos
√

Pr(π0, π1). (Study, 1904)

1.7 Fubini-Study metric

As we have seen, with distFS the set of positive operators of rank one becomes
an inner metric space. We now convince ourselves that it is a Riemannian
manifold. Its Riemannian metric, called Fubini-Study metric, reads

dsFS =
√
〈ψ,ψ〉〈ψ̇, ψ̇〉 − 〈ψ̇, ψ〉〈ψ, ψ̇〉 dt (37)

for curves
t 7→ ψt 7→ |ψt〉〈ψt| , (38)

where in (37) the index t in ψt is suppressed.
To prove it, we consider firstly normalized curves ψt remaining on the unit

sphere of H. Imposing the geometric phase transport condition (25), the map
(38) becomes an isometry for small parameter intervals. Simultaneously (37)
reduces to the Euclidean line element along curves fulfilling (25). Hence, for
curves on the unit sphere, (37) has been proved.
To handle arbitrary normalization, we scale by

ψ′t = ztψt, zt 6= 0 , (39)

and obtain

〈ψ′, ψ′〉〈ψ̇′, ψ̇′〉 − 〈ψ̇′, ψ′〉〈ψ′, ψ̇′〉 = (z∗z)2 [〈ψ, ψ〉〈ψ̇, ψ̇〉 − 〈ψ̇, ψ〉〈ψ, ψ̇〉] (40)
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Therefore, (37) shows the correct scaling as required by distFS, and it is valid
on the unit sphere. Thus, (37) is valid generally, i. e. for curves of positive
operators of rank one.

We now express (37) in terms of states. If

πt = |ψt〉〈ψt|, 〈ψt, ψt〉 = 1, 〈ψ̇t, ψt〉 = 0, (41)

then one almost immediately see tr π̇π̇ = 2〈ψ̇, ψ̇〉 or

dsFS =

√
1
2
tr π̇2 dt (42)

for all (regular enough) curves t → πt of pure states.
These curves satisfy

trπ = 1, tr π̇ = 0, tr π̇π = 0 . (43)

The latter assertion follows from π2 = π by differentiation, π̇ = π̇π + ππ̇, and
by taking the trace of both sides.

Let now ρ = |ψ〉〈ψ| with ψ = ψt a curve somewhere in the Hilbert space.
We lost normalization of ψ, but we are allowed to require the vanishing of the
gauge potential (27). Then

trρ̇ = 2〈ψ, ψ̇〉, trρ̇2 = 2〈ψ,ψ〉 〈ψ̇, ψ̇〉+
1
2
(trρ̇)2

and we conclude
ds2

FS =
1
2
[tr ρ̇2 − (tr ρ̇)2] dt2 (44)

for curves t → ρt of positive operators of rank one.
There is a further expression for the Fubini-Study metric. It is ρ2 = (trρ)ρ

for a positive operator of rank one. From this, by differentiating and some
algebraic manipulations, one arrives at

ds2
FS = [(trρ)−1tr ρρ̇2 − (tr ρ̇)2] dt2 . (45)

1.8 Symmetries

It is a famous idea of Wigner, [22], to use the transition probability to define
the concept of symmetry in the set of pure states. If π → T (π) maps the set
of pure states onto itself, T is a symmetry if it satisfies

Pr(T (π1), T (π2)) = Pr(π1, π2) . (46)

Looking at (34) or (30) it becomes evident that (46) is valid if and only if T
is an isometry with respect to distFS and also to DistFS.
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Before stating the two main results, we discuss the case dimH = 2, the
“one-qubit-space”. Here, the pure states are uniquely parameterized by the
point of a 2-sphere, the Bloch sphere. Indeed, π is a pure state exactly if

π =
1
2

(
1 +

3∑

j=1

xjσj

)
, x2

1 + x2
2 + x2

3 = 1 (47)

with a “Bloch vector” {x1, x2, x3}. Clearly,

tr π̇2 =
1
2

∑
ẋ2

j

and, by (42),

dsFS =
1
2

√∑
ẋ2

j dt . (48)

It follows already, that a symmetry, T , in the sense of Wigner, is a map of
the 2-sphere into itself conserving the metric induced on the sphere by the
Euclidean one. Hence there is an orthogonal matrix with entries Ojk changing
the Bloch vector as

π → T (π) ⇔ xj →
∑

k

Ojkxk . (49)

As is well known, proper orthogonal transformations can be implemented by
a unitary transformation, i. e., with a suitable unitary U ,

U(
∑

j

xjσj)U−1 =
∑

j

x′jσj .

An anti-unitary, say V , can be written V = Uθf with a spin-flip

θf (c0|0〉+ c1|1〉) = (c∗1|0〉 − c∗0|1〉)
producing the inversion xj → −xj of the Bloch sphere. This says, in short,
that

T (π) = V πV −1, V either unitary or anti-unitary. (50)

Wigner has proposed the validity of (50) for all Hilbert spaces. And he was
right.

There is a stronger result6 for dimH > 2 saying that it suffices that T
preserves orthogonality. To put it together:
Theorem: In order that (50) holds for all pure states π it is necessary and
sufficient that one of the following conditions take place:
a) It is a symmetry in the sense (46) of Wigner.
b) It is an isometry of the Study-Fubini distance.
c) It is dimH ≥ 3 and
6 The 1-qubit case is too poor in structure compared with higher dimensional ones.
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Pr(π1, π2) = 0 ⇔ Pr(T (π1), T (π2)) = 0 . (51)

If dimH > 2, the condition c) is an obviously more advanced statement
than a) or b). An elementary proof is due to Uhlhorn, [58]. Indeed, the theorem
is also a corollary to deeper rooted results of Dye, [38].

1.9 Comparison with other norms

While for the vectors of a Hilbert space one has naturally only one norm,
the vector norm, there are many norms to estimate an Operator, say A. For
instance one defines

‖ A ‖2=
√

tr A†A, ‖ A ‖1= tr
√

A†A . (52)

The first one is called Frobenius or von Neumann norm. The second is the
functional- or 1-norm. If H = ∞, these norms can be easily infinite and their
finiteness is a strong restriction to the operator. If A is of finite rank, then

‖ A ‖2≤‖ A ‖1≤
√

rank(A) ‖ A ‖2 . (53)

The rank of A is at most as large as the dimension of the Hilbert space.
For r ≥ 1 one also defines the Schatten norms

‖ A ‖r= (tr (A†A)r/2)1/r . (54)

If π a pure state’s density operator then ‖ π ‖r= 1 always. The Schatten
norms of the difference ν = π2 − π1 is also easily computed. One may assume
dimH = 2 as all calculations are done in the space spanned by the vectors
ψj with πj = |ψj〉〈ψj |. Now ν is Hermitian and with trace 0, its square is a
multiple of 1. We get

λ21 = ν2 = π1 + π2 − π1π2 − π2π1

and, taking the trace, λ2 = 1− Pr(π1, π2), by (35). Thus

‖ π2 − π1 ‖r= 21/r
√

1− Pr(π1, π2) . (55)

Comparing with

distFS(π1, π2) =
√

2
√

1− |〈ψ1, ψ2〉| =
√

2
√

1−
√

Pr(π1, π2)

results in

‖ π2 − π1 ‖r=
21/r

√
2

distFS(π1, π2)
√

1 +
√

Pr(π1, π2) . (56)

As the value of transition probability is between 0 and 1, the identity provides
tight inequalities between Schatten distances and the Fubini-Study distance
for two pure states.
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One important difference between the Schatten distances (55) and the
Fubini-Study one concerns the geodesics. We know the geodesics with respect
of a norm read

t → πt = (1− t)π0 + tπ1

and, therefore, they consist of mixed density operators for 0 < t < 1. The
Study-Fubini geodesics, however, do not leave the set of pure states, an im-
portant aspect.

2 Operators, observables, and states

Let us fix some notions. We denote the algebra of all bounded linear operators,
acting on an Hilbert space H, by B(H).

If dimH < ∞, every linear operator A is bounded. To control it in general
one introduces the norm

‖ A ‖∞= sup
ψ
‖ Aψ ‖, ‖ ψ ‖= 1 (57)

and calls A bounded if this sup over all unit vectors is finite. To be bounded
means that the operator cannot stretch unit vectors to arbitrary length. One
has

lim
r→∞

‖ A ‖r=‖ A ‖∞ (58)

if the Schatten norms are finite for large enough r. The “∞-norm” (57) of
every unitary operator and of every projection operator (different from the
operator 0) is one.

(57) is an “operator norm” because one has

‖ AB ‖∞≤‖ A ‖∞ ‖ B ‖∞
in addition to the usual norm properties. For 1 < r < ∞ no Schatten norm
is an operator norm. On the other hand, there are many operator norms.
However, among them the ∞-norm has a privileged position. It satisfies

‖ A†A ‖=‖ A ‖2, ‖ A† ‖=‖ A ‖ . (59)

An operator norm, satisfying (59), is called a C∗-norm. There is only one
C∗-norm in B(H), the ∞-norm.
Remark: In mathematics and in mathematical physics the operation A → A†

is called “the star operation”: In these branches of science the Hermitian
adjoint of an operator A is called A∗. The notion A† has been used by Dirac
in his famous book “The Principles of Quantum Mechanics”, [7].

Let us come now to the density operators. Density operators describe
states. We shall indicate that by using small Greek letters for them. Density
operators are positive operators with trace one:
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ω ≥ 0, trω = 1 . (60)

One can prove

‖ ρ ‖1= tr ρ = 1 ⇔ ρ is a density operator. (61)

A bounded operator on an infinite dimensional Hilbert space is said to be of
“trace class” if its 1-norm is finite. The trace class operators constitute a tiny
portion of B(H) in the infinite case.

2.1 States and expectation values

Let ω be a density operator and A ∈ B(H) an operator. The value tr Aω is
called “expectation value of A in state ω”. There are always operators with
different expectation values for two different density operators. In this sense
one may say: “Observables distinguish states”.

Remark: Not every operator in B(H) represents an observable in the strict
sense: An observable should have a spectral decomposition. Therefore, observ-
ables are represented by normal operators, i. e. A†A = AA† must be valid.
(For historical but not physical reasons, often hermiticity or, if dimH = ∞,
self-adjointness is required in textbooks. A critical overview is in [45].) On
the other hand, to distinguish states, the expectation values of projection
operators are sufficient.

As already said, observables (or operators) distinguish states, more ob-
servables allow for a finer description, i.e. they allow to discriminate between
more states.
To use less observables is like “coarse graining”: Some states cannot be dis-
tinguished any more.

These dumb rules will be condensed in a precise scheme later on. The first
step in this direction is to describe a state in a different way, namely as the set
of its expectation values. To do so, one consider a state as a function defined
for all operators. In particular, if ω is a density operator, one considers the
function (or “functional”, or “linear form”)

A → ω(A) := tr Aω . (62)

Let us stress the following properties of (62)
1) Linearity: ω(c1A1 + c2A2) = c1ω(A1) + c2ω(A2)
2) Positivity: ω(A) ≥ 0 if A ≥ 0
3) It is normalized: ω(1) = 1.

At this point one inverts the reasoning. One considers 1) to 3) the essential
conditions and calls every functional on B(H) which fulfils these three condi-
tions a state of the algebra B(H).
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In other words, 1) to 3) is the definition of the term “state of B(H) ”!
→ The definition does not discriminate between pure and mixed states from
the beginning.

Let us see, how it works. If dimH < ∞, every functional obeying 1), 2),
and 3) can be written

ω(A) = tr Aω, ω ≥ 0, tr ω = 1

as in (62). Here the definition just reproduces the density operators.
Indeed, every linear form can be written ω(A) = tr BA with an operator

B ∈ B(H). However, if tr BA is a real and non-negative number for every
A ≥ 0, one infers B ≥ 0. (Take the trace with a basis of eigenvectors of B
to see it.) Finally, condition 3) forces B to have trace one. Now one identifies
ω := B.

The case dimH = ∞ is more intriguing. A measure in “classical” mathe-
matical measure theory has to respect the condition of countable additivity.
The translation to the non-commutative case needs the so-called partitions of
the unit element, i.e. decompositions

1 =
∑

j

Pj (63)

with projection operators Pj . These decompositions are necessarily orthogo-
nal, PkPl = 0 if k 6= l, and in one-to-one relation to decompositions of the
Hilbert space into orthogonal sums,

H =
⊕

j

Hj , Hj = PjH . (64)

(If a sum of projections is a projection, it must be an orthogonal sum. To
see it, square the equation and take the trace. The trace of a product of two
positive operators is not negative and can be zero only if the product of the
operators is zero.)

A state ω is called normal if for all partitions of 1,
∑

j

ω(Pj) = ω(1) = 1 (65)

is valid. ω is normal exactly if its expectation values are given as in (62) with
the help of a density operator ω.

There is a further class of states, the singular states. A state ω of B(H) is
called “singular”, if ω(P ) = 0 for all projection operators of finite rank. Thus,
if dim(PH) < ∞, one gets ω(P ) = 0 for singular states.

There is a theorem asserting that every state ω of B(H) has a unique
decomposition

ω = (1− p)ωnormal + pωsingular, 0 ≤ p ≤ 1 . (66)
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In mathematical measure theory a general ω corresponds to an “additive
measure”, in contrast to the genuine measures which are countably additive.
Accordingly we are invited to consider a normal state of B(H) to be a “count-
ably additive non-commutative probability measure”, and any other state to
be an “additive non-commutative probability measure”.

I cannot but at this point of my lecture to mention the 1957 contribution
of Gleason, [44]. He asked whether it will be possible to define states already
by their expectation values at projections.

Assume P → f(P ) ≥ 0, f(1) = 1, is a function which is defined only on
the projection operators P ∈ B(H) and which satisfies

∑

j

f(Pj) = 1 (67)

for all orthogonal partitions (63) of the unity 1. Gleason has proved: If7

dimH > 2, there is a density operator ω with tr Pω = f(P ) for all P ∈ B(H),
i.e. ω(P ) = f(P ).

The particular merit of Gleason’s theorem consists in relating directly
quantum probabilities to the concept of “state” as defined above: Suppose
our quantum system is in state ω, and we test whether P is valid, the answer
is YES with probability ω(P ) = tr Pω.

It lasts about 30 years to find out what is with general states. There is a
lengthy proof by Maeda, Christensen, Yeadon, and others, see [51], with a lot
of (mostly not particular difficult) steps and with a rich architecture. Indeed,
they examined the problem for general von Neumann algebras, but in the case
at hand they assert the following extension of Gleason’s finding.
Theorem: Assume dimH ≥ 3. Given a function f ≥ 0 on the projection
operators satisfying (65) for all finite partitions of 1. Then there is a state ω
fulfilling ω(P ) = f(P ) for all projection operators of B(H).

2.2 Subalgebras and subsystems

There is a consistent solution to the question: What is a subsystem of a quan-
tum system with Hilbert spaceH and algebra B(H) ? The solution is unique in
the finite dimensional case. Below we list some necessary requirements which
become sufficient if dimH < ∞. As already indicated, a subsystem of a quan-
tum system should consist of less observables (operators) than the larger one.
For the larger one we start with B(H) to be on (more or less) known grounds.

Let A ⊂ B(H) be a subset.
a) If A is a linear space and
b) if A, B ∈ A then AB ∈ A,
A is called a subalgebra of B(H) or, equivalently, an operator algebra on H.
Essential is also the condition:
7 As already said, in two dimensions the set of projections is too poor in relations.
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c) If A ∈ A then A† ∈ A .
A subset A of B(H) satisfying a), b), and c) is called an operator ∗-algebra.

In an operator algebra the scalar product of the Hilbert space is reflected by
the star operation, A → A†. A further point to mention concerns positivity
of operators: B ∈ B(H) is positive if and only if it can be written B = A†A.

Finally, an algebra A is called unital if it contains an identity or unit
element, say 1A. The unit element, if it exists, is uniquely characterized by

1A A = A 1A = A for all A ∈ A (68)

and we refer to its existence as
d) A is unital.

Assume A fulfils all four conditions a) to d). Then one can introduce the
concept of “state”. We just mimic what has been said to be a state of B(H)
and obtain a core definition.

→ A state of A is a function A → ω(A) ∈ C of the elements of A satisfying
for all elements of A
1’) ω(c1A1 + c2A2) = c1ω(A1) + c2ω(A2) , “linearity”,
2’) ω(A†A) ≥ 0 , “positivity”,
3’) ω(1A) = 1, “normalization”.

Let us stop for a moment to ask what has changed. The change is in 2) to
2’). In 2’) no reference is made to the Hilbert space. It is a purely algebraic
definition which only refers to operations defined in A. It circumvents the
way, A is acting on H. That implies: The concept of state does not depend
how A is embedded in B(H), or “at what place A is sitting within a larger
∗-algebra”. Indeed, to understand the abstract skeleton of the quantum world,
one is confronted with (at least!) two questions:
→ What is a quantum system, what is its structure?
→ How is a quantum system embedded in other ones as a subsystem?
Now let us proceed more prosaic.

A,B → ω(A†B) is a positive Hermitian form. Therefore,

ω(A†A) ω(B†B) ≥ ω(A†B), (69)

which is the important Schwarz inequality.

The set of all states of A is the state space of A. It will be denoted by
Ω(A). The state space is naturally convex8:

ω :=
∑

pjωj ∈ Ω(A) (70)

for any convex combination of the ωj , i.e. for all these sums with

8 For more about convexity see [18, 3].
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∑
pj = 1 and pj > 0 for all j . (71)

A face of Ω(A) is a subset with the following property: If ω is contained in
this subset then for every convex decomposition (70), (71), of ω also all states
ωj belong to this subset.

Main example: Let P ∈ A be a projection. Define Ω(A)P to be the set of all
ω ∈ Ω(A) such that ω(P ) = 1. This set is a face of Ω(A).
To see it, one looks at the definition of states and concludes from (70) and
(71) that ωj(P ) = 1 necessarily.

Statement: If A is a ∗-subalgebra of B(H) and dimH < ∞, then every
face of Ω(A) is of the form Ω(A)P with a projection P ∈ A.

→ If a face consists of just one state π, then π is called extremal in Ω(A). This
is the mathematical definition. In quantum physics a state π of A is called
pure if and only if π is extremal in Ω(A).

These are rigorous and fundamental definitions. We do not assert that ev-
ery A satisfying the requirements a) to d) above represents or “is” a quantum
system. But we claim that every quantum system, which can be represented
by bounded operators, can be based on such an algebra. Its structure gives
simultaneously meaning to the concepts of “observable”, “state”, and “pure
state”. It does so in a clear and mathematical clean way.

Subsystems

Now we consider some relations between operator algebras, in particular be-
tween quantum systems. We start by asking for the concept of “subsystems”of
a given quantum system. Let Aj be ∗-subalgebras of B(H) with unit element
1j respectively. From A1 ⊂ A2 it follows 1112 = 11 and 11 is a projection in
A2. To be a subsystem of the quantum system A2 we require

A1 ⊂ A2, 11 = 12 . (72)

In mathematical terms, A1 is a unital subalgebra of A2. Thus, if two quantum
systems are represented by two unital ∗-algebras Aj satisfying (72), then A1

is said to be a subsystem of A2.
In particular, A is a subsystem of B(H) if it contains the identity operator,

1H or simply 1 of H because 1 is the unit element of B(H).
The case 11 6= 12 will be paraphrased by calling A1 an incomplete subsys-

tem of A2.

Let A1 be a subsystem of A2 and let us ask for relations between their
states. At first we see: A state ω2 ∈ Ω(A2) gives to us automatically a state
ω1 on A1 by just defining ω1(A) := ω2(A) for all operators of A1. ω1 is called
the restriction of ω2 to A1. Clearly, the conditions 1’) to 3’) remain valid in
restricting a state to a subsystem.
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Of course, it may be that there are many states in A2 with the same
restriction to A1. Two (and more) different states of A2 may “fall down”
to one and the same state of the subalgebra A1. From the point of view of a
subsystem two or more different states of a larger system can become identical.

Conversely, ω2 is an extension or lift of ω1. The task of extending ω1 to a
state of a larger system is not unique: Seen from the subsystem A1, (almost)
nothing can be said about expectation values for operators which are in A2

but not in A1.

As a consequence, we associate to the words ”a quantum system is a
subsystem of another quantum system” a precise meaning. Or, to be more
cautious, we have a necessary condition for the validity of such a relation.
Imaging that every system might be a subsystem of many other ones, one get
a faint impression how rich the architecture of that hierarchy may be.

Notice: The restriction of a state to an incomplete subsystem will conserve
the linearity and the positivity conditions 1’) and 2’). The normalization 3’)
cannot be guaranteed in general.

dim H = ∞. Some comments

As a matter of fact, the conditions a) to c) for a ∗-subalgebra of B(H) are not
strong enough for infinite dimensional Hilbert spaces. There are two classes of
algebras in the focus of numerous investigations, the C∗- and the von Neumann
algebras. We begin by defining9 C∗-algebras and then we turn to von Neumann
ones. Much more is in [10].

Every subalgebra A of B(H) is equipped with the ∞-norm, ‖ . ‖∞. One
requires the algebra to be closed10 with respect to that norm: For every se-
quence Aj ∈ A which converges to A ∈ B(H) in norm, ‖ A− Aj ‖∞→ 0, the
operator A must be in A also. In particular, a ∗-subalgebra is said to be a
C∗-algebra if it is closed with respect to the operator norm. The ∞-norm is a
C∗-norm in these algebras, see (59). One can prove that in a C∗-algebra there
exists just one operator norm which is a C∗-norm.

In the same spirit there is an 1-norm (or “functional norm”) ‖ . ‖1, esti-
mating the linear functionals of A. ‖ ν ‖1 is the smallest number λ for which
|ν(A)| ≤ λ ‖ A ‖∞ is valid for all A ∈ A.

With respect to a unital C∗-algebra we can speak of its states and its
normal operators are its observables. However, a C∗-algebra does not neces-
sarily provide sufficiently many projection operators: There are C∗-algebras
containing no projection different from the trivial ones, 0 and 1A.

In contrast, von Neumann algebras contain sufficient many projections. A
is called a von Neumann algebra, if it is closed with respect to the so-called
weak topology.
9 We define the so-called “concrete” C∗-algebras.

10 Then the algebra becomes a “Banach algebra”.
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To explain it, let F be a set of operators and B ∈ B(H). B is a “weak
limit point” of F if for every n, every ε > 0, and for every finite set ψ1, . . . , ψn

of vectors from H there is an operator A ∈ F fulfilling the inequality

n∑

j=1

|〈ψj , (B −A)ψj〉| ≤ ε .

The set of all weak limit points of F is the “weak closure” of F .
A von Neumann algebra A is a ∗-subalgebra of B(H) which contains all

its weak limit points. In addition one requires to every unit vector ψ ∈ H an
operator A ∈ A with Aψ 6= 0.
Because of the last requirement, the notion of a von Neumann algebra is
defined relative to H. (If A is just weakly closed, then there is a subspace,
H0 ⊂ H, relative to which A is von Neumann.)

J. von Neumann could give a purely algebraic definition of the algebras
carrying his name. It is done with the help of commutants. For a subset
F ⊂ B(H) the commutant, F ′, of F is the set of all B ∈ B(H) commuting
with all A ∈ F . The commutant of a set of operators is always a unital and
weakly closed subalgebra of B(H).

If F† = F , i. e. F contains with A always also A†, its commutant F ′
becomes a unital ∗-algebra which, indeed, is a von Neumann algebra.

But then also the double commutant F ′′, the commutant of the commu-
tant, is a von Neumann algebra. Even more, von Neumann could show:
A is a von Neumann algebra if and only if A′′ = A.

We need one more definition. The center of an algebra consists of those of
its elements which commute with every element of the algebra. The center of
A is in A′ and vice versa. We conclude

A ∩A′ = center of A . (73)

If A is a von Neumann algebra, A ∩A′ is the center of both, A and A′.
A von Neumann algebra is called a factor if its center consists of the

multiples of 1 only. Thus, a factor may be characterized by

A ∩A′ = C1 . (74)

2.3 Classification of finite quantum systems

There are two major branches in group theory, the groups themselves and
their representations. We have a similar situation with quantum systems if
they are seen as operator algebras: There is a certain ∗-algebra and its con-
crete realizations as operators on a Hilbert space. However, at least in finite
dimensions, our task is much easier than in group theory.
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Wedderburn [21] has classified all finite dimensional matrix algebras11, or,
what is equivalent, all subalgebras of B(H) if dimH < ∞. Here we report and
comment his results for ∗-subalgebras only. (These results could also be read
of from the classification of factors by Murray and von Neumann12, see [10],
section III.2 .)

One calls two ∗-algebras,

A ⊂ B(H) and Ã ⊂ B(H̃) (75)

∗-isomorph if there is a map Ψ from A onto Ã,

A 7→ Ψ(A) = Ã ∈ Ã, A ∈ A ,

satisfying
A) Ψ(c1A1 + c2A2) = c1Ψ(A1) + c2Ψ(A2) ,
B) Ψ(AB) = Ψ(A)Ψ(B) ,
C) Ψ(A†) = Ψ(A)† ,
D) A 6= B ⇒ Ψ(A) 6= Ψ(B) ,
E) Ψ(A) = Ã .

The first three conditions guarantee the conservation of all algebraic re-
lations under the map Ψ . From them it follows the positivity of the map Ψ
because an element of the form A†A is mapped to Ã†Ã.
Condition E) says that A is mapped onto Ã, i. e. every Ã can be gained as
Ψ(A). It follows that the unit element of A is transformed into that of Ã.
Condition D) now shows that Ψ is invertible because to every A ∈ A there is
exactly one Ã with Ψ(A) = Ã.

If only A) to D) is valid, Ψ maps A into Ã. Replacing E) by
E’): Ψ(A) ⊂ Ã
and requiring A) to D) defines an embedding of A into Ã.

If A → Ψ(A) ⊆ B(H) is an embedding of A, the embedding is also said to
be a ∗-representation of A as an operator algebra.
A “unital ∗-representation” of A maps 1A to the identity operator of H.

Important examples of unital ∗-representations and ∗-isomorphisms of
B(H) are given by ”matrix representations”. Every ortho-normal basis ψ1, ψ2, . . . ψn

of the Hilbert space H, dimH = n, induces via the map

A → matrixA = {Aij} with matrix elements Aij = 〈ψi, Aψj〉, A ∈ B(H),

a unital ∗-isomorphism between B(H) and the algebra Mn(C), of complex
n× n matrices. If dimH = ∞, however, matrix representations are a difficult
matter.

11 He extends the Jordan form from matrices to matrix algebras.
12 Von Neumann and Murray introduced and investigated von-Neumann algebras

in a famous series of papers on ”Rings of operators” [52].
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Direct product and the direct sum constructions

Let us review some features of direct products. We start with

H = HA ⊗HB . (76)

The algebra B(HA) is not a subalgebra of B(H), but it becomes one by

B(HA) 7→ B(HA)⊗ 1B ⊂ B(HA ⊗HB) : (77)

Here “7→” points to the unital embedding

A ∈ B(HA) 7→ A⊗ 1B ∈ B(H) (78)

of B(HA) into B(H). It is a ∗-isomorphism from the algebra B(HA) onto
B(HA) ⊗ 1B. Similarly, B(HB) is ∗-isomorph to 1A ⊗ B(HB) and embedded
into B(H) as a ∗-subalgebra. 1A ⊗ B(HB) is the commutant of B(HA) ⊗ 1B

and vice vera. Based on A⊗B = (A⊗ 1B) (1A ⊗B) there is the identity

B(HA ⊗HB) = B(HA)⊗ B(HB) = (B(HA)⊗ 1B) (1A ⊗ B(HB)) . (79)

The algebras of B(HA) ⊗ 1B and 1A ⊗ B(HB) are not only subalgebras, but
also factors. In finite dimensions every von Neumann factor on H is of that
structure:
If A is a sub-factor of B(H) and dimH < ∞ then there is a decomposition
(76) such that A = B(HA)⊗ 1B.

It is worthwhile to notice the information contained in an embedding of
B(HA) into B(H): We need a definite decomposition (76) of H into a direct
product of Hilbert spaces with correct dimensions of the factors. Most unitary
transformations of H would give another possible decomposition of the form
(77) resulting in another embedding (77). Generally speaking, distinguishing
a subsystem of a quantum system enhance our knowledge and can be well
compared with the information gain by a measurement.

One knows how to perform direct sums of linear spaces. To apply it to
algebras one has to say how the multiplication between direct summands is
working. Indeed, it works in the most simple way:

A is the direct sum of its subalgebras A1, . . . ,Am if every A ∈ A can be
written as a sum

A = A1 + . . . + Am, Aj ∈ Aj (80)

and the multiplication obeys

AjAk = 0 whenever j 6= k . (81)

One can rewrite the direct sum construction in block matrix notation. Let
us illustrate it for the case m = 3.
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A = A1 + A2 + A3 =




A1 0 0
0 A2 0
0 0 A3


 , Aj ∈ Aj , (82)

is the “block matrix representation” of the direct sum. If one considers, say
A2, as an algebra in its own right, its embedding into A is given by

A2 ↔



0 0 0
0 A2 0
0 0 0


 . (83)

In contrast to the direct product construction the embedding (83) is not a
unital one. (82) illustrate the two ways to direct sums: Either an algebra A
can be decomposed as in (80), (81), or there are algebras Aj and we build up
A by a direct sum construction out of them. In the latter case one writes

A = A1 ⊕ . . .⊕Am .

We shall use both possibilities below.

Types

Our aim is to characterize invariantly the set of ∗-isomorphic finite von Neu-
mann algebras and to choose in it distinguished ones. The restriction to finite
dimensions make the task quite simple:
Any ∗-subalgebra of B(H) is ∗-isomorph to a direct sum of factors.

Let d be a set of natural numbers,

d = {d1, . . . , dm}, |d| =
∑

dj . (84)

The number m is called the length of d.
We say that d′ = {d′1, . . . , d′m} is equivalent to d and we write d ∼ d′ if

the numbers d′j are a permutation of the dj . Exactly if this takes place, i. e.
if d ∼ d′, we say that d is is of the same type as d′.

Given d as in (84) and Hilbert spaces Hj of dimensions dimHj = dj , we
consider

Bd = Bd1,...,dm := B(H1)⊕ B(H2)⊕ . . .⊕ B(Hm) . (85)

Similar we can proceed with d′ and Hilbert spaces H′j of dimensions d′j . We
assert

d ∼ d′ ⇔ Bd is ∗-isomorph to Bd′ (86)

To see the claim we use the permutation dj → dij . In Hj we choose a basis
|k〉j , k = 1, . . . , dj and a basis |k〉ij in Hij . Obviously there is a unitary U
with U |k〉j = |k〉ij for all j, k. We see that both algebras become ∗-isomorphic
by A′ = UAU−1 for any operator A out of (85).
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We are now allowed to define: A ∗-algebra is of type d, if it is ∗-isomorph to
the algebra (85).

Remark: The number |d| is occasionally called the algebraic dimension of A.
Its logarithm (in bits ore nats) is called entropy of A.

It is often convenient to choose within a type a standard one. This can be
done by convention. A usual way is to require d1 ≥ . . . ≥ dm. One then calls
d standardly or decreasingly ordered. It opens the possibility to visualize the
types with Young tableaux, see [8].

The following example is with |d| = 3. The standard representations are

{3}, {2, 1}, {1, 1, 1} .

The first one is the “full” algebra B(H), dimH = 3, the last one is a maximally
commutative subalgebra, while the middle one is B(H2) ⊕ C. (C stands for
the algebra over an 1-dimensional Hilbert space.) Their Young diagrams are

One may put (part of) Wedderburn’s theorem in the form:
Every finite dimensional ∗-subalgebra of an algebra B(H) is ∗-isomorph to an
algebra (85), i. e. it is of a certain type d.

The algebra (85) can be identified with a subalgebra of B(H) where

H = H1 ⊕ . . .⊕Hm, Hj = QjH, 1 =
∑

Qj , (87)

with projections Qj . The Qj sum up to 1, the identity operator of H. In
the course of constructing Bd, the unit element 1j ∈ B(Hj) is mapped onto
the projection Qj ∈ B(H). (We may use alternatively both notations. 1j can
indicate a use “inside” the algebra, while Qj indicates a definite embedding
in a larger algebra.)

Let us restrict the trace over H to operators A = A1 + . . . + Am, Aj ∈
B(Hj). We get

trA =
∑

trj Aj , trj is the trace over Hj .

Notice dimH = tr1 = |d|.
The restriction of the trace of H to Bd is called the canonical trace of Bd.

Let us denote the canonical trace of Bd by trcan and let us try to explain
the word “canonical”. The point of this extra notation is its “intrinsic” nature:
Let us think of trcan as a linear functional over Bd. It can be characterized
by two properties: trcan is positive integer valued at the projections P 6= 0 of
Bd, and it is the smallest with that property. It means:
The canonical trace is a type invariant. We can recover the canonical trace in
every algebra ∗-isomorph to Bd.
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There is yet another aspect to consider. The Lüders-von Neumann, or
projective measurements, [14], [50], [5], are in one-to-one correspondence with
the partition of the identity (87) of H. We can associate

d = {d1, . . . , dm}, dj = rank(Qj) (88)

with the measurement. The average measurement result is given by a trace
preserving and unital completely positive map13,

A → Φ(A) :=
∑

QjAQj , A ∈ B(H) . (89)

In the direct sum (85), the term B(Hj) can be identified with QjB(H)Qj , the
algebra of all operators which can be written QjAQj . Hence,

Bd1,...,dm
:=

⊕
QjB(H)Qj , dj = rank(Qj) . (90)

→ Φ maps B(H) onto Bd .

Remark: Φ is a completely positive unital map which maps the algebra onto
a subalgebra, though it does not preserve multiplication: Generally QABQ
is not equal to QAQBQ with a projection Q. Several interesting questions
appear. For instance, which channels result after several applications of pro-
jective ones? The problem belongs to the theory of conditional expectations.

The state space of Bd

To shorten notation we shall write Ω(H) instead of Ω(B(H)).
Let us now examine the state space Ω(Bd) which is a subset of Ω(H). Indeed,
a state ω of Bd can be written ω(A) = tr ωA and we conclude

tr ωA = tr ω
∑

QjAQj = tr (
∑

QjωQj)A

by (87). Hence we can choose ω ∈ Bd and, after doing so, ω becomes unique.
In conclusion, Ω(Bd) ⊂ Ω(H) and

ω ∈ Ω(Bd) ⇔
∑

QjωQj = ω (91)

for density operators ω ∈ Ω(H).
A density operators ωj of B(Hj) can be identified with a density operators

on H supported by Hj = QjH. Equivalently we have ωj(Qj) = 1 for the
corresponding states. These states form a face of Ω(H), and these faces are
orthogonal one to another. We get the convex combination

ω ∈ Ω(Bd) ⇔ ω =
m∑

j=1

pjωj , tr Qjωj = ωj(Qj) = 1 . (92)

13 Complete positive maps respect the superposition principle in tensor products,
[15], [5].
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The convex combination (92) is uniquely determined by ω, a consequence of
the orthogonality ωjωk = 0 if j 6= k.
→ The state space of Bd, embedded in Ω(H), dimH = |d|, is the direct convex
sum of the state spaces Ω(Hj) with dimHj = dj and dj ∈ d.
We see further: Φ defined in (89) maps Ω(H) onto Ω(Bd).

A picturesque description is in saying we have a simplex with m corners
and we “blow up”, for all j, the j-th corner to the convex set Ω(Hj). Then
we perform the convex hull.

From (87), (92), and the structure of Bd we find the pure (i. e. extremal)
density operators by selecting j and a unit vector |ψ〉 ∈ Hj to be P = |ψ〉〈ψ|.
(We may also write π = P , but presently we like to see the density operator
of a pure state as a member of the projections. This double role of rank one
projectors is a feature of discrete type I von Neumann algebras.) Let π be the
state of Bd with density operator P . Just by insertion we see

PAP = π(A)P for all A ∈ Bd . (93)

On the other hand, if for any projector P there is a linear form π such that
(93) is valid, π must be a state and P its density operator. (Inserting A = P
we find π(P ) = 1. Because PA†AP is positive, π(A†A) must be positive.
Hence it follows from (93), if P is a projection P , π is a state.) It is also not
difficult to see that (93) requires P to be of rank one and π is pure. We now
have another criterium for pure states which refers to the algebra only.

Let A be ∗-isomorph to an algebra Bd. A state π of A is pure if and only
if there is a projection P such that (93) is valid for all A ∈ A. Then P is the
density operator of the pure state, or, in other terms, π = P .

The projections, which are density operators of pure states, enjoy a special
property, they are minimal. A projection P is minimal in an algebra, if from
P = P1 + P2 with Pj projections, it follows either P1 = P or P1 = 0.

It is quite simple to see P = |ψ〉〈ψ| for a minimal projection operator of
Bd and, hence, it is a density operator of a pure state. Therefore in algebras
∗-isomorph to an algebra Bd we can assert:
A projection P of A is minimal if and only if it is the density operator of a
pure state of A.

A further observation: Let A be of type d. There is a linear functional over
A which attains the value 1 for all minimal projections. This linear form is
the canonical trace of A.

By slightly reformulating some concepts from Hilbert space we have ob-
tained purely algebraic ones. This way of thinking will also dominate our next
issue.
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Transition probabilities for pure states

We start again with Bd as a subalgebra of B(H) with dimH = |d|. Let us
consider some pure states πj of Bd. They can be represented by unit vectors,

πj(A) = 〈ψj , Aψj〉, πj ≡ Pj = |ψj〉〈ψj | . (94)

Let us agree “as usual” that

Pr(π1, π2) = Pr(π1, π2) = |〈ψ1, ψ2〉|2 (95)

is the transition probability. To obtain the same value for two pure states
of an algebra A ∗-isomorph to Bd, we reformulate (95) in an invariant way:
The right-hand side of (95) is the trace of π1π2. In Bd the canonical trace
coincides with the trace over H. Hence, for a general algebra A, we have to
use the canonical trace. We get

Pr(π1, π2) = Pr(π1, π2) = trcanπ1π2 . (96)

Switching, for convenience, to the notation Pj = πj , we get P1P2P1 =
π1(P2)P1 by inserting A = P2 in the appropriate equation (93) for π1. By
taking the trace we get the expression (96) for the transition probability. In-
terchanging the indices we finally get

Pr(π1, π2) = Pr(π1, π2) = π1(P2) = π2(P1) . (97)

This and (96) express the transition probability for any two pure states of an
algebra A, ∗-isomorph to a finite dimensional von Neumann algebra.

Our next aim is to prove

Pr(π1, π2) = inf
A>0

π1(A)π2(A
−1) , (98)

A is running through all invertible positive elements of A.
It suffices to prove the assertion for Bd. Relying on (94) we observe

|〈ψ1, ψ2〉|2 ≤ 〈A1/2ψ1, A
1/2ψ1〉 〈A−1/2ψ2, A

−1/2ψ2〉 .

Therefore, the left-hand side of (98) cannot be larger than the right one. It
remains to ask, whether the asserted infimum can be reached. For this purpose
we set

As = s1 + P2, A−1
s =

1
s
1− 1

s(1 + s)
P2 .

As is positive for s > 0. We find

π1(As) = s + Pr(π1, π2), π2(A
−1
s ) =

1
s
− 1

s(1 + s)
= (1 + s)−1

and it follows
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lim
s→+0

π1(As)π2(A
−1
s ) = Pr(π1, π2)

and (98) has been proven.
In [1] a similar inequality is reported:

2|〈ψ1, ψ2〉| = inf
A>0

〈ψ1, Aψ1〉+ 〈ψ2, A
−1ψ2〉

with A varying over all invertible positive operators on a Hilbert space. The
equation remains valid for pairs of pure states in a finite ∗-subalgebra A of
B(H). The slight extensions of the inequality reads

2
√

Pr(π1, π2) = inf
0<A∈A

π1(A) + π2(A
−1) . (99)

To prove it we write out the inequality

0 ≤ (t
√

π1(A)− t−1
√

π2(A−1))2 ,

t a positive number. We get

2
√

π1(A)π2(A−1) ≤ t2π1(A) + t−2π2(A
−1)

and, by (98), the right-hand side of (99) is not less than the left one. Adjusting
the operators As above to Bs = t2sAs in such a way that π1(Bs) = π2(A

−1),
then

2
√

π1(Bs)π2(B
−1
s ) = π1(Bs) + π2(B

−1
s ) .

Performing the limes s → 0 as in the proof of (98) shows that the asserted
infimum can be approached arbitrarily well.

Last not least we convince ourselves that the transition probability be-
tween pure states is already fixed by the convex structure of Ω(A) respectively
of Ω(A).

We prove it for Ω(A). Let l be a real linear form over the Hermitian
operators of A such that for all density operators ω one has 0 ≤ l(ω) ≤ 1.
Then l(A) ≥ 0 for all positive operators A. Now assume l(P ) = 1 for a minimal
projection. Combining both assumptions we find l(1A) = 1. Hence l is a pure
state π of A. If P ′ is another minimal projection, i. e. an extremal element of
Ω(A), we can calculate the transition probability l(P ′) = π(P ′).

The result implies: Our state spaces are rigid: If a linear map Φ,

Φ : A 7→ A ,

maps Ω(A) one–to–one onto itself, it must preserve the transition probabilities
between pure density operators.

In the particular case A = B(H) the map Φ must be a Wigner symmetry.
A useful reformulation of this statement reads:
Let Φ1, Φ2 denote invertible linear maps from B(H) onto B(H). Assume Ω(H)



32 Armin Uhlmann and Bernd Crell

is mapped by both maps onto the same set of operators. Then there is a unitary
or an anti-unitary V such that

Φ2(X) = Φ1(V XV ∗) for all X ∈ B(H) .

Indeed, Φ−1
1 Φ2 must be a Wigner symmetry.

Remark: Mielnik has defined a “transition probability” between extremal
states of a compact convex set K in this way. Let P and P ′ be two extremal
points of K. The “probability” of the transition P → P ′ is defined to be
inf l(P ′) where l runs through all real affine functionals on K with values
between 0 and 1 and with l(P ) = 1. Indeed, for Ω(A) the procedure gives the
correct transition probability as shown above.

2.4 All subsystems for dim H < ∞

Here we are interested in Wedderburn’s description, of the ∗-subalgebras of
B(H), dimH < ∞, [21, 37]. In short, such a subalgebra is ∗-isomorph to a
certain algebra Bd.

We change our notations towards its use in quantum information. We think
of a quantum system with algebra BA, owned by some person, say Alice. We
may assume the algebra BA to be a unital ∗-subalgebra of a larger algebra
B(HAB). The type of BA is the not ordered list dA = {dA

1 , . . . , dA
m}. Alice

is allowed to operate freely within her subsystem, which is also called “the
A-system”.
Theorem: Let BA be a unital ∗-subalgebra of B(HAB) of type dA. Then
There is a decomposition

HAB = H1 ⊕ . . .⊕Hm, Hj = HA
j ⊗HB

j , (100)

dA
j = dimHA

j , dB
j := dimHB

j ,

such that
BA = (B(HA

1 )⊗ 1B
1 )⊕ . . .⊕ (B(HA

m)⊗ 1B
m) . (101)

Equally well we may represent BA as a diagonal block matrix with diagonal
blocks B(HA

j )⊗ 1B
j .

In the theorem we denote by 1A
j the identity operator of HA

j and by 1B
j

the one of HB
j . Therefore, 1A

j ⊗ 1B
j is equal to 1j , the identity operator of

Hj . The latter can be identified with the projection Qj projecting H onto Hj ,
i. e. 1j = Qj . (100) and (101) describe how BdA is embedded into B(HAB) to
become BA by the embedding ∗-isomorphism

A1 + . . . + Am ↔ A1 ⊗ 11 + . . . + Am ⊗ 1m, Aj ∈ B(HA
j ) . (102)

Now we can see, why, by identifying BA as a subsystem of B(HAB), a
second subsystem, called “Bob’s system”, appears quite naturally. It consists
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of those operators of B(HAB) which can be executed independently of Alice’s
actions. These operators must commute with those of the A-system. Hence,
all of them14 constitute Bob’s algebra, BB. Therefore, Bob’s algebra is the
commutant of BA in B(HAB). By (101) we see

BB := (BA)′ = (1A
1 ⊗ B(HB

1 ))⊕ . . .⊕ (1A
m ⊗ B(HB

m)) . (103)

We further can find the center of BA, respectively of BB. The center describes
the actions which are allowed to both, Alice and Bob. These operators behave
“classical” for them. We get

BA ∩ BB = CQ1 + . . . + CQm, Qj = 1A
j ⊗ 1B

j = 1j . (104)

The type of the commutant consists of m-times the number one.
The types of BA and of BB are dA = {dA

1 , . . . , dA
m} and dB = {dB

1 , . . . , dB
m}

respectively. In general, neither one can be assumed decreasingly ordered.
Notice

dimHAB =
∑

dA
j dB

j .

Let us denote by BAB the subalgebra generated by BA and BB. Equiva-
lently, BAB is the smallest subalgebra of B(H) containing BA and BB,

BAB = B(H1)⊕ . . .⊕ B(Hm) = Q1B(H)Q1 + . . . + QmB(H)Qm . (105)

The fact that BAB is generated in a larger algebra by the algebras BA and BB

can be expressed also by BAB = BA ∨ BB. The type of BAB is

dAB := {dA
1 dB

1 , . . . dA
mdB

m} .

As long as BAB is not considered itself as a subsysstem of a larger one, and
we are allowed to write BAB = BdAB .

Embedding and partial trace

Let us stick to the just introduced subalgebras of B(HAB), namely BA, BB,
BAB, and C = BA ∩ BB.

If ωAB is a state of BAB, its restriction to BA is a state ωA of BA. The
restriction map lets fall down any functional of BAB to BA. After its appli-
cation, we have obtained ωA from ωAB and all what has changed is: Only
arguments from BA will be allowed for ωA.

The partial trace15, ωAB → ωA , concerns the involved density operators.
It is a map from BAB to BA. For its definition and for later use we need
the canonical traces of BA and BB which we now denote by trA and trB

respectively. It is

14 We ignore that there may be further restrictions to Bob.
15 The partial trace is a particular “conditional expectation”.
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trAωAX = ωAB(X) ≡ tr ωABX, X ∈ BA . (106)

Remark: The algebra BAB is of the form (90), (85). Therefore, its canonical
trace, trAB is the canonical trace over B(H), i. e. it is just the trace over H.

We read (106) as follows: The right-hand side becomes a linear form over
BA. Every linear functional over BA can be uniquely written by the help of
the canonical trace as done at the left-hand side. This defines the partial trace

ωAB → ωA := trBωAB (107)

from BAB to BA. The partial trace is “dual” to the restriction map.

The algebra BAB consists of all operators

Z =
m∑

j=1

XjYj =
m∑

j=1

(Aj ⊗ 1B
j ) (1A

j ⊗Bj) (108)

with
Aj ∈ B(HA

j ), Bj ∈ B(HB
j ) .

This follows from (100) and (101). Now

trYj = tr (1A
j ⊗Bj) = dA

j trBj = dA
j trBYj . (109)

The dimensional factors point to the main difference between the canonical
trace of BA and of the induced trace, which is the trace of H applied to the
operators of the subalgebra BA. All together we get the partial trace of the
operator (108),

trB Z =
∑

(dA
j )−1(trYj)Xj =

∑
Xj trBYj . (110)

An important conclusion is

trB XZ = XtrBZ, trB ZX = (trBZ)X, X ∈ BA. (111)

Similar to trB one treats the partial trace trA. One can check

trB trA = trA trB = trAB . (112)

Because trAB projects an operator of BAB into both, BA and BB, it projects
onto the center, C = BA ∩ BB, of BAB. By inspection we identify (112) with
the partial trace of BAB onto its center.

The ansatz (106) applies also to the partial trace from B(HAB) to BAB.
Because the latter is the commutant of the center C = BA ∩ BB, we have

trA∩B(Z) =
∑

QjZQj , BA ∩ BB =
∑

QjC , (113)

see (87) and (89), where the map has been called Φ because at this occasion
the partial trace was not yet defined.
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3 Transition probability, fidelity, and Bures distance

The aim is to define transition probabilities, [59], [46], between two states of
a quantum system, say A, by operating in larger quantum systems. We call
it Pr(ρ, ω) or, with density operators, Pr(ρ, ω).

The notation for the fidelity, F(ρ, ω), used here is that of Nielsen and
Chuang16, [15], i. e. it is the square root of the transition probability,

F(ρ, ω) :=
√

Pr(ρ, ω) . (114)

This quantity is also denoted by “square root fidelity” or by “overlap”. An
analogous quantity between two probability measures is known as “Kaku-
tani mean”, [47], and, for probability vectors, as “Bhattacharyya coefficient”.
Occasionally the latter name is also used in the quantum case.

There is a related extension of the Study-Fubini distance to the Bures one,
[34]. The Bures distance, distB(ρ, ω), is an inner distance in the set of positive
linear functionals, or, in finite dimensions equivalently, in the set of positive
operators. The Bures distance is a quantum version of the Fisher distance,
[40].

There is a Riemannian metric, the Bures metric, belonging to the Bures
distance, [61]. It extends the Fubini-Study metric to general (i.e. mixed) states.
It also extends the Fisher metric, originally defined for spaces of probability
measures, to quantum theory. (However, there is a large class of reasonable
quantum versions of the Fisher metric, discovered by Petz, [53].)

Below we shall define transition probability and related quantities “oper-
ationally”. Later we shall discuss several possibilities to get them “intrinsi-
cally”, without leaving a given quantum system, [59], [46].

From the mathematical point of view, there are some quite useful tricks
in handling two positive operators in general position.

3.1 Purification

Purification is a tool to extend properties of pure states to general ones. It
lives from the fact that, given a state, say ωA, of a quantum system A, there
are pure states in sufficiently larger systems the restriction of which to the A-
system coincides with ωA. The same terminology is used for the corresponding
density operators. Of special interest is the case of a larger system which
purifies all states of the A-system.

We can lift any state of a quantum system to every larger system. We can
require that a pure state is lifted to a pure state:
Let A1 ⊂ A2 ⊂ B(H) and π1 a pure state of A1 with density operator P1.
Being a minimal projection in A1, P1 may be not minimal in A2. But then
we can write P1 as a sum of minimal projections of A2. If P2 is one of them
and π2 the corresponding pure state of A2, then π2 is a pure lift of π1.
16 There are also quite different expressions called “fidelity”.
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As a matter of fact, every state ω2 satisfying ω2(P1) = 1 is a lift of π1 to
A2. These states exhausts all lifts of π1 to A2. They constitute a face of the
state space of A2.
Assume the state ω1 of A1 is written as a convex combination of pure states.
After lifting them to pure states of A2 we get a convex combination which
extends ω1 to A2.
Generally, there is a great freedom in extending states of a quantum system
to a larger quantum system.

The most important case is the purification of the states of B(H) or, equiv-
alently, of Ω(H), well described in [9], [15], [4], [19], and in other text books on
quantum information theory. It works by embedding B(H) as the subalgebra
B(H)⊗ 1′ into a bipartite system B(H⊗H′), provided d = dimH ≤ dimH′.
Given ω ∈ Ω(H), a unit vector ψ ∈ H ⊗H′ is purifying ω, and π = |ψ〉〈ψ| is
a purification of ω, if

〈ψ, (X ⊗ 1′)ψ〉 = tr Xω for all X ∈ B(H) (115)

or, equivalently,
ω(X) = π(X ⊗ 1′) ≡ trπ(X ⊗ 1′) . (116)

To get a suitable ψ, one chooses d ortho-normal vectors |j〉′ in H′ and a basis
|j〉 of eigenvectors of ω. Now

|ψ〉 =
∑

λ1/2|j〉 ⊗ |j〉′ with ω|j〉 = λj |j〉 (117)

purifies ω. Indeed,

〈ψ, (X ⊗ 1′)ψ〉 =
∑

λj〈j|X|j〉 = tr Xω .

Now let A be a unital ∗-subalgebra of B(H) and ωA one of its states. We
have already seen that we can lift ωA to a state ω of B(H). With the density
operator ω of ω we now proceed as above.

3.2 Transition probability, fidelity, ...

Let A be a unital ∗-subalgebra of an algebra B(H) with finite dimensional
Hilbert space H. Denote by ωA

1 and ωA
2 two states of A and by ωA

1 and ωA
2

their density operators.
The task is, to prepare ω2 if the state of our system is ω1.

To do so one thinks of purifications πj of our ωA
j in a larger quantum system

in which A is embedded.
One then tests, in the larger system, whether π2 is true. If the answer of the
test is “yes”, then π2 and, hence, ωA

2 is prepared.
The probability of success is Pr(π1, π2) as defined in (95), (96), and (97).
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One now asks for optimality of the described procedure, i.e. one looks for
a projective measurement in a larger system which prepares a purification of
ωA

2 with maximal probability.
This maximal possible probability for preparing ωA

2 with given ωA
1 is called

the transition probability from ωA
1 to ωA

2 or, as this quantity is symmetric in its
entries, the transition probability of the pair {ωA

1 , ωA
2 }. The definition applies

to any unital C∗-algebra and, formally, to any unital ∗-algebra, [59, 27].
The definition can be rephrased

Pr(ωA
1 , ωA

2 ) := sup Pr(π1, π2) , (118)

where π1, π2 is running through all simultaneous purifications of ωA
1 , ωA

2 . We
also use the density operator notation

Pr(ωA
1 , ωA

2 ) ≡ Pr(ωA
1 , ωA

2 ) .

In almost the same way we define the fidelity by

F(ω1, ω2) = sup |〈ψ1, ψ2〉| (119)

where ψ1, ψ2 run through all simultaneous purifications of ω1, ω2 in some
B(H). Though, we do not include all possible purifications, (by using only
“full” algebras,) the relation (114) remains valid.
Remark: Let ω1, ω2 two states of a unital C∗-algebra A and ν one of its a
linear functionals. If and only if

|ν(A†B)|2 ≤ ω1(A
†A) ω2(B

†B) (120)

for all A, B ∈ A there is an embedding Ψ in an algebra B(H) such that there
are purifying vectors ψ1, ψ2 satisfying

ν(A) = 〈ψ1, Ψ(A)ψ2〉, A ∈ A . (121)

This relation implies
|ν(1)|2 ≤ Pr(ω1, ω2) . (122)

Now the definition above can be rephrased: The transition probability is the
sup of |ν(1)|2 with ν running through all linear forms satisfying (121). There
exist linear functionals ν satisfying (120) with equality in (122). Their struc-
ture and eventual uniqueness has been investigated by Alberti, [26].

The Bures distance

For the next term, the Bures distance, [34], it is necessary, not to insist in
normalization of the vectors and not to require the trace one condition for the
density operators in (119).
Remembering (28) and (29), one defines the Bures distance by
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distB(ω1, ω2) = sup distFS(π1, π2) = sup ‖ ψ2 − ψ1 ‖ (123)

where the sup is running through all simultaneous purifications of ω1 and ω2.
Because of (119) this comes down to

distB(ω1, ω2) =
√

trω1 + tr ω2 − 2F(ω1, ω2) . (124)

Rewritten for two density operators it becomes

distB(ω1, ω2) =
√

2− 2
√

Pr(ω1, ω2), trωj = 1 .

If only curves entirely within the density operators are allowed in opti-
mizing for the shortest path, we get a further variant of the Bures distance,
namely

DistB(ω1, ω2) = arccos
√

Pr(ω1, ω2) (125)

in complete analogy to the discussion of the Study-Fubini case.

What remains is to express of (118) or (119) in a more explicit way. The
dangerous thing in these definitions is the word “all”. How to control all
possible purifications of every embedding in suitable larger quantum systems?
The answer is in a “saturation” property: One cannot do better in (118) than
by the squared algebraic dimension of A for the purifying system.

3.3 Optimization

Let A = Bd with d = |d| as in (85) and (87). Hence, up to a slight change in
notation we have

A = B(HA
1 )⊕ B(HA

2 )⊕ . . .⊕ B(HA
m) , (126)

HA = HA
1 ⊕ . . .⊕HA

m .

A ⊂ B(HA) is an embedding with the least possible Hilbert space dimension.
(In contrast to (101), the general case.) Our working space will be

HAB = HA ⊗HB, dimHB = dimHA = d . (127)

The production of purifying vectors is simplified by first selecting a maximally
entangled vector

|ϕ〉 =
d∑

j=1

|jj〉 ≡
∑

|j〉A ⊗ |j〉B (128)

of length d. {|j〉A} and {|j〉B} are bases of HA and of HA respectively. For
any X ∈ B(HA) we get

(X ⊗ 1A)|ϕ〉 =
∑

X|j〉A ⊗ |j〉B .
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Bases are linearly independent. Hence if the right-hand side is zero, then
X = 0. Because the dimension of B(Ha) as a linear space is equal to the
dimension of the Hilbert space (127), every vector ψ in HAB has a unique
representation (X ⊗ 1)|ϕ〉.
One computes for X1, X2 ∈ B(HA) the partial trace

ψi = (Xi ⊗ 1)|ϕ〉 ⇒ trB|ψ1〉〈ψ2| = X1X
†
2 , (129)

because we have to trace out the B-system in
∑

X1(|j〉A〈k|)X†
2 ⊗ (|j〉B〈k|) .

Our choice of A implies Ω(A) ⊂ Ω(HA), see (91) and (92). Therefore, we
can apply (129) above to the density operators of the A-system. Now let ωA

be a density or just a positive operator from A. It is convenient to call an
operator W ∈ A an amplitude of ωA if ωA = WW ∗. (W ⊗1)|ϕ〉 is a purifying
vector for ωA if W is an amplitude of ωA and vice versa.

There are many amplitudes of ωA and the change from one to another one
can be described17 by gauge transformations W → W ′ = WU with unitary
U ∈ A. The gauge transformations respect ωA as a gauge invariant.

Let us return to our problem with two density operators, ωA
1 and ωA

2 , and
two purifying vectors, ψ1 and ψ2. There are two operators W1, W2 in our A
satisfying

ψj = (Wj ⊗ 1)ϕ, ωA
j = WjW

†
j . (130)

With these amplitudes we have

〈ψ1, ψ2〉 = 〈(W1 ⊗ 1)ϕ, (W2 ⊗ 1)ϕ〉 = tr W †
1 W2 . (131)

Gauging ψ2 → ψ′2 by W2 → W ′
2 = W2U , we see

〈ψ1, ψ
′
2〉 = tr W †

1 W2U .

Let us stress that we fix W1 and vary only W2 in this relation. Hence

F (ωA
1 , ωA

2 ) = sup
ψ′
|〈ψ1, ψ

′
2〉| = sup

U∈A
|trW †

1 W2U | ,

provided one cannot get better results in higher dimensional purifications. But
this is not the case, as one can prove. (Essentially, this is because the largest
dimension of a cyclic representation of B(HA) is of dimension d2.)

It is |tr BU | ≤ tr B in case B ≥ 0 and U is unitary. Hence we are done if
W †

1 W2 ≥ 0 can be reached. This is possible because the polar decomposition

17 due to our finiteness assumptions
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theorem is valid in A (and, indeed, in every von Neumann algebra). In other
words, we can choose a pair of amplitudes such that

F (ωA
1 , ωB

2 ) = tr W †
1 W2, W †

1 W2 ≥ 0 . (132)

Let us restate (132) to respect ∗-isomorphisms. If A is any (finite dimensional)
∗-subalgebra of any B(H), we have to understand the trace in (132) as the
canonical trace. (Remember: Only for the algebras Bd with dimH = d the
canonical trace coincides with the trace of H.)
Whenever for two density operators of A

ωA
1 = W1W

†
1 , ωA

2 = W2W
†
2 , W †

1 W2 ≥ 0 ,

we call the pair of amplitudes W1, W2 parallel. Parallelity implies

F(ωA
1 , ωA

2 ) = trcan W †
1 W2, Pr(ωA

1 , ωA
2 ) = (trcan W †

1 W2)2 . (133)

3.4 Why the Bures distance is a distance

Before proceeding along the main line the triangle inequality should be proved.
Inserting (132) into (124) yields:

distB(ωA
1 , ωA

2 ) =
√

trW1W
†
1 + trW2W

†
2 − 2trW †

1 W2

Now observe that the traces of WW † and W †W are equal. Further remind
that W †

1 W2 is assumed to be positive and, therefore, hermitian:

W †
1 W2 = W †

2 W1 . (134)

Altogether we proved: If W1, W2 are parallel amplitudes then

distB(ωA
1 , ωA

2 ) =
√

trcan (W1 −W2)†(W1 −W2) , (135)

and for two arbitrary amplitudes the left-hand side cannot be larger than the
right one. The latter can also be rewritten ‖ W2 −W1 ‖2.

Consider now three positive operators, ωA
1 , ωA

2 , and ωA
3 . Starting with W2

we can choose W1 and W3 such that the pairs W2,W1 and W2, W3 are parallel
amplitudes. This allows to convert the triangle inequality

‖ W1 −W2 ‖2 + ‖ W2 −W3 ‖2≥‖ W1 −W3 ‖2
into

distB(ωA
1 , ωA

2 ) + distB(ωA
2 , ωA

3 ) ≥‖ W1 −W3 ‖2
and the last term cannot be smaller than the Bures distance. Hence

distB(ωA
1 , ωA

2 ) + distB(ωA
2 , ωA

3 ) ≥ distB(ωA
1 , ωA

3 ) . (136)



Geometry of State Spaces 41

It is instructive to rewrite our finding with purifying vectors. We extend
our notation and call a pair of purifying vectors parallel if the amplitudes in
(130), that is in ψj = (Wj ⊗ 1)ϕ, are parallel ones. We can express (135) by

distB(ωA
1 , ωA

2 ) ≤‖ ψ2 − ψ1 ‖ (137)

for all pairs of purifying vectors of ωA
1 , ωA

2 . Equality holds for pairs of parallel
purifying vectors.

Some geometric properties of the Bures distance

The Bures distance is an inner one: There are short geodesic arcs with length
equal to the Bures distance of their end points. Given ωA

0 , ωA
1 we choose par-

allel amplitudes W0,W1. Then any pair of amplitudes belonging to the arc

t 7→ Wt = (1− t)W0 + tW1, 0 ≤ t ≤ 1, (138)

is a parallel pair. Exactly as in (10) we get

distB(ωA
s , ωA

t ) =‖ Wt −Ws ‖2, ωA
s = WsW

†
s . (139)

Bures did not ask wether his distance is based on a Riemannian metric. He
was interested in cases with infinite tensor products of von Neumann algebras
and the theory of infinite dimensional manifolds had not been developed. But
for finite dimension it is tempting to ask for.

There is, indeed, a Riemannian metric reproducing the Bures distance. Its
line element is given by

(dsB

dt

)2 = trcan G2ωA =
1
2
trcan ω̇AG , (140)

whenever there is a solution of

ω̇A = ωAG + GωA, G = G† . (141)

For invertible positive operators ωA there is a unique solution of (141). At
the boundary, where the rank is smaller than the Hilbert space dimension,
the existence of G depends on the direction of the tangent ω̇A. For dimH ≥ 3
there are directions for which the metric becomes singular [36].

However, for invertible ωA the metric behaves regularly. Let

t → ωA
t = WtW

†
t , |ψt〉 = (Wt ⊗ 1B)|ϕ〉, (142)

be an arc of invertible density operators. The the curve t → Wt of the ampli-
tudes are called parallel, if

Ẇ †
t Wt = W †

t Ẇt . (143)
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By straightforward computation one proves the equivalence of (141) with the
condition

Ẇt = GtWt, G†t = Gt . (144)

Now one easily gets

t → Wt parallel, ⇒ (dsB

dt

)2 = trcan ẆẆ † . (145)

It is an easy nice exercise to compute the Bures distance (139) by (145) to
establish that the Bures distance can be gained from the metric (140).

After switching to the purifying arc |ψt〉 = (Wt ⊗ 1B)|ϕ another form of
the results above appears: The Hilbert space length of a purifying lift t → |ψt〉
of t → ωA

t is never less than its Bures length. Equality is reached exactly with
parallel amplitudes (143) in (142).

The extended Mandelstam-Tamm inequality

An application is the extended Mandelstam-Tamm inequality . Let be

t → ωt, 0 ≤ t ≤ 1 (146)

a solution of time dependent von Neumann - Schrödinger equation

ih̄ω̇ = [H, ω], H = Ht . (147)

Then one can prove
∫ 1

0

dt
√

tr(ωH2)− (tr ωH)2 ≥ h̄ arccos F(ω1, ω0) , (148)

see [60]. (One has to look for a lift t → Wt satisfying the differential parallel
condition Ẇ †W = W †Ẇ and a Schrödinger equation with an Hamiltonian
W → HW + WH̃, where t → H̃t has to be chosen suitably.)

Using this one can get a differential form of (148) :

tr(ωH2)− (tr ωH)2 ≥ h̄

2
trGω̇ . (149)

One may compare this inequality with the “quantum Rao-Cramers in-
equality”, which, however, plays its role in a quite different context (hypothe-
sis testing and other questions of mathematical statistics). A recent overview,
discussing these relationships, is in I. Bengtsson’s paper [32]. Another question
has been discussed by A. Ericsson, [39].
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3.5 Expressions for fidelity and transition probability

Now we return to (132) and (133) to benefit from the positivity of W †
1 W2 for

parallel amplitudes. It holds

(W †
1 W2)2 = W †

1 W2W
†
2 W1 = W †

1 ωA
2 W1 .

There is a polar decomposition

W1W
†
1 = ωA

1 , W1 = (ωA
1 )1/2U1

with a unitary U1. Putting things together yields

(W †
1 W2)2 = U−1

1 (ωA
1 )1/2ωA

2 (ωA
1 )1/2U1 (150)

we can take the positive root and obtain

W †
1 W2 = U−1

1

√
(ωA

1 )1/2ωA
2 (ωA

1 )1/2 U1 (151)

The canonical trace of (151) yields the fidelity,

F(ωA
1 , ωA

2 ) = trcan
√

(ωA
1 )1/2ωA

2 (ωA
1 )1/2 , (152)

its square is the transition probability.

As an application we consider direct products. With two pairs, ω1, ω2 and
ρ1, ρ2 of density operators in two different Hilbert spaces, one can perform
their direct products ωj ⊗ ρj . The structure of the expression (152) allows to
conclude

Pr(ω1 ⊗ ρ1, ω2 ⊗ ρ2) = Pr(ω1, ω2) Pr(ρ1, ρ2) . (153)

In what follows we assume invertible positive operators though the results
do not depend on that assumption. As above W1,W2 are parallel amplitudes
of ωA

1 , ωA
2 . We define a positive gauge invariant, K,

W †
1 W2 > 0 ⇔ W2 = KW1, K > 0 . (154)

Indeed, W †
1 W2 = W †

1 KW1 proves K > 0 equivalent to parallelity. Now

K = W2W
−1
1 > 0, K−1 = W1W

−1
2 > 0, (155)

and we conclude the existence of K ∈ A such that

trcanωA
1 K = trcanW †

1 W2 = trcanωA
2 K−1 . (156)

But trcanW †
1 W2 is the fidelity and with our K we have
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F(ωA
1 , ωA

2 ) = trcanωA
1 K = trcanωA

2 K−1 (157)

For a pair ψ1, ψ2 of parallel purifications and for every positive C ∈ B(HA ⊗
HB) we know from (99)

F(ωA
1 , ωA

2 ) = |〈ψ1, ψ2〉| ≤ (1/2)(〈ψ1, Cψ1〉+ 〈ψ2, C
−1ψ2〉)

Inserting C = X⊗1B it becomes clear, that the right-hand side cannot become
smaller than

1
2

inf
X>0

(tr ω1X + tr ω2X
−1), X ∈ A .

The particular case X = K proves

F(ωA
1 , ωA

2 ) =
1
2

inf
X>0

(tr ωA
1 X + trωA

2 X−1) . (158)

Let us reformulate (158) to change from density operators to states. Finally
there is no reference on any bipartite structure.
Let A be a ∗-subalgebra of B(H) and ω and ρ two of its states or positive
linear forms. Then

F(ω, ρ) =
1
2

inf
0<X∈A

ω(X) + ρ(X−1) , (159)

Pr(ω, ρ) = inf
0<X∈A

ω(X) ρ(X−1) . (160)

Thanks to the work of Araki and Raggio, [25], and Alberti, [24], the two last
assertions are known to be true for any pair of states of any unital C∗-algebra.

Super-additivity

For all decompositions

ω =
∑

ωj , ρ =
∑

ρj (161)

of positive operators the inequality

F(ω, ρ) ≥
∑

j

F(ωj , ρj) (162)

is valid. The inequality expresses “super-additivity” of the fidelity.
For simplicity we prove super-additivity assuming ω and ρ invertible and

choose K ∈ A satisfying

F(ω, ρ) = trcanωK = trcanρK−1

as in (156) and (157). We now have
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2F(ω, ρ) =
∑

trcanωjK +
∑

trcanρjK
−1 .

The proof terminates by estimating the right part by (158). This is the finite
dimensional case. (For von Neumann and C∗-algebras one returns to positive
linear forms for which super-additivity of the fidelity can be proved equally
well.)

Let us mention how (161) implies joint concavity. Because of

F(aω, bρ) =
√

ab F(ω, ρ), a, b ∈ IR+ (163)

it follows from (161) for convex sums of equal length

F(
∑

j

pjωj ,
∑

k

qkρk) ≥
∑

j

√
pjqj F(ωj , ρj) . (164)

From (152) one can conclude: Equality holds in (164) if for j 6= k it holds
ωjρk = 0. Similar (indeed equivalent) statements are true for (159) and (160).

Monotonicity

Choi, [35], proved for positive unital maps

Ψ(A−1) ≥ Ψ(A)−1 if A ≥ 0 . (165)

In the case of a 2-positive and unital Ψ the conclusion
(

A C
C† B

)
≥ 0 ⇒

(
Ψ(A) Ψ(C)
Ψ(C†) Ψ(B)

)
≥ 0 (166)

comes simply from the very definition of 2-positivity. Then (165) follows with
B = A−1, C = 1 and unitality, Ψ(1) = 1. However, according to Choi, in
the particular case C ≥ 0 just positivity and unitality are sufficient for the
validity of (166). Therefore, (165) is valid for positive unital maps.

Let us apply (165) to the fidelity. To this end we denote by Φ the map
dual to Ψ ,

trXΨ(Y ) = tr Φ(X)Y . (167)

Ψ is positive if Φ is positive. Φ is trace preserving if Ψ is unital. Not every
positive operator might be of the form Ψ(X) with positive X. Therefore, by
(158) or (159),

F(ω, ρ) ≤ 1
2

inf
0<X∈A

trcanΨ(X)ω + trcanΨ(X)−1ρ .

We can replace Ψ(X)−1 by the smaller Ψ(X−1) in virtue of (165) to get an
even larger right hand side:
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F(ω, ρ) ≤ 1
2

inf
0<X∈A

trcanΨ(X)ω + trcanΨ(X−1)ρ .

Now we apply duality, (167), and obtain

F(ω, ρ) ≤ 1
2

inf
0<X∈A

trcanXΦ(ω) + trcanX−1Φ(ρ) .

The right-hand side is an expression for the fidelity of the pair Φ(ω), Φ(ρ) and
the proof of the monotonicity property is done:
Let Φ be positive and trace preserving. Then

F(ω1, ω2) ≤ F(Φ(ω1), Φ(ω2)) . (168)

As a consequence, trace preserving positive maps are “Bures-contracting”,

distB(ω1, ω2) ≥ distB(Φ(ω1), Φ(ω2)) . (169)

Density operators (and states) become closer one to another under the action
of these maps.

Remark: It is well known that there are many Riemannian metrics in a
state space Ω(H) which are monotone decreasing with respect to channels,
i. e. with respect to completely positive and trace preserving maps18. Thanks
to the work of Petz, [53], they can be constructed by the help of certain
operator means. Kubo and Ando,[49], could enumerate all operator means by
operator monotone functions. Another, but much related story is the question
for functions Pr ′(., .), depending on two states, which are
a) monotone increasing with respect to channels and which
b) coincide with the transition probability for pure states.
Some of them are related to distances, i. e. inserting in distB the square root
of Pr ′ for F returns a distance. Most of them, however, are not related to
any distance. But what our alternative choice may be, only the transition
probability (118) is “operational” defined. Just by this very definition one
finds, for pairs of density operators,

Pr(ω, ρ) ≥ Pr ′(ω, ρ) (170)

for all Pr′ satisfying the two condition a) and b) above. A nice example is

Pr(ω, ρ) ≥ tr ω1−sρs, 0 < s < 1 . (171)

Indeed, the right hand side fulfills a) and b) above, see [30], where one can
also find a more “direct” proof of (171).

18 Though their geodesics and distances are mostly unknown.
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3.6 Estimates and a “hidden symmetry”

I use the notation

char(A) = all roots of the characteristic equation of A . (172)

Clearly, this are the eigenvalues, counted with the appropriate multiplicity, if
A is diagonalisable. Because of

ω
1/2
1 (ω1/2

1 ω2ω
1/2
1 )ω−1/2

1 = ω1ω2

one concludes
char(ω1/2

1 ω2ω
1/2
1 ) = char(ω1ω2) . (173)

An estimate

Denoting the characteristic values of (173) by λ1, λ2, . . ., we get

Pr(ω1, ω2) = (
∑ √

λj)2 . (174)

The sum of the λj is the trace of ω1ω2. Hence

Pr(ω1, ω2) = tr ω1ω2 + 2
∑

j<k

√
λjλk .

We write 2r for the last term and use

√
r2 =

√∑

j<k

λjλk + . . . .

The dots abbreviate some non-negative terms. The other term in the sum is
the second elementary symmetric function of the characteristic values λk of
ω1ω2. Expressing the latter by traces yields

Pr(ω1, ω2) ≥ tr ω1ω2 +
√

2
√

(trω1ω2)2 − tr(ω1ω2)2 (175)

with equality for rank(ω1ω2) ≤ 2. For dimH = 3 closer inspection produces

Pr(ρ, ω) = tr ρω +
√

2
√

(tr ρω)2 − tr(ρωρω) + 4F (ρ, ω)
√

det(ρω) .

One qubit, dim H = 2

In the one qubit case (175) becomes an equality. λ1λ2 is the determinant of
ω1ω2. Thus

Pr(ω1, ω2) = trω1ω2 + 2
√

detω1 detω2 . (176)

Let us represent our density matrices by
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ω1 =
1
2
(1 +

∑
xnσn), ω2 =

1
2
(1 +

∑
ynσn) (177)

and let us define a new coordinate by

x4 := 2
√

detω1, y4 := 2
√

det ω2 . (178)

We have now placed the density operators on the upper 3-hemisphere,

x2
1 + . . . + x2

4 = y2
1 + . . . + y2

4 = 1 (179)

with x4 ≥ 0, y4 ≥ 0 . The transition probability becomes

Pr(ω1, ω2) =
1
2
(1 +

4∑

j=1

xjyj) . (180)

A “hidden symmetry”

Remember first the equality (173) for the characteristic numbers. Let Z be
invertible and consider the change

ω′1 = Z−1ω1(Z−1)†, ω′2 = Z†ω2Z . (181)

One immediately sees
ω′1ω

′
2 = Z−1(ω1ω2)Z (182)

and
char(ω′1ω

′
2) = char(ω1ω2) . (183)

Now (173) implies:
The eigenvalues of

√
ω1ω2

√
ω1 do not change if ω1, ω2 are transformed ac-

cording to (181). In particular

F (ω1, ω2) = F (Z−1ω1(Z−1)†, Z†ω2Z) . (184)

Indeed, the argument is valid for every symmetric function of the character-
istic numbers in question. We can even refrain from the invertibility of Z by

substituting
ω1 → Zω1Z

†

in (184):
F (Zω1Z

†, ω2) = F (ω1, Z
†ω2Z) . (185)

Relaying on continuity we can state (185) for all operators Z.



Geometry of State Spaces 49

3.7 “Operational fidelity”

The question is, whether the fidelity concept can be extended to pairs of
quantum channels. It seems, the first relevant studies are done by Raginski,
[55]. More recent developments can be seen from Belavkin et al., [31], and
Kretschmann et al., [48]. Essentially, our aim is to define what is called opera-
tional fidelity and to arrive at it via the Bures distance. We restrict ourselves
to maps Φ from B(H) into itself, and we assume dimH = d finite.

We denote by I the identity map I(X) = X, X ∈ B(H). Later on we need
the identity maps Ik of auxiliary algebras B(Hk) with dimHk = k.

With two positive maps, Φ1 and Φ2, and a density operator ω ∈ Ω(H) we
observe that

Φ1, Φ2 → distB(Φ1(ω), Φ2(ω))

is symmetric in the maps and fulfils, for three positive maps, the triangle
inequality. This is because the Bures distance does so. As Φ1(ω) = Φ2(ω)
may happen, we do not necessarily get a metrical distance, but only a “semi-
distance”. As one can check, the sup of arbitrary many semi-distances is again
a semi-distance. Therefore,

dist1(Φ1, Φ2) := sup
ω∈Ω

distB(Φ1(ω), Φ2(ω)) (186)

is a distance in the space of positive maps.
Indeed, as said above, it is a semi-distance. But if two maps are not equal
one to another, there must be a density operator at which they take different
values. The index “1” in (186) reflects our assumption that the maps are just
positive, i. e. 1-positive. Obviously, the distance dist1(Φ, I) estimates how
strongly Φ deviates from the identity map.

If a map Φ is k-positive, then the map Φ⊗ Ik is still positive. For pairs of
k-positive maps the expression

distk(Φ1, Φ2) := dist1(Φ1 ⊗ Ik, Φ2 ⊗ Ik) (187)

is well defined. More explicitly, (187) is a sup,

sup
ρ

distB([Φ1 ⊗ Ik](ρ), [Φ2 ⊗ Ik](ρ)) , (188)

over all density operators ρ ∈ Ω(H⊗Hk).
One can unitarily embed H ⊗ Hk into H ⊗ Hk+1. This implies that the

sup in (188) is running over less states as in the case distk+1, resulting in

distk(Φ1, Φ2) ≤ distk+1(Φ1, Φ2) . (189)

This enables the introduction of an operational Bures distance

dist∞(Φ1, Φ2) := lim
k→∞

distk(Φ1, Φ2) (190)
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which takes into account possible entanglement in the input. Possible entan-
glement based on H⊗Hk saturates with dimH = k,

dist∞(Φ1, Φ2) = distd(Φ1, Φ2), d = dimH . (191)

To obtain what has been called operational fidelity in the literature, we have
to go back to the relation (124)

distB(ω1, ω2) =
√

trω1 + tr ω2 − 2F(ω1, ω2)

and try to replace accordingly states by maps. The task can be done quite
naturally for completely positive, trace preserving maps: For all these maps
trΦ(ω) = 1 for density operators. It suggests

dist∞(Φ1, Φ2) =
√

2− 2F(∞)(Φ1, Φ2) . (192)

The quantity F(∞)(Φ1, Φ2) is called “operational fidelity”. The index (∞)
is not standard and stands here only to respect the possibility of the same
procedure with k-positive and trace preserving maps. For such maps one can
consider an “operational fidelity for k-positivity”, F(k), as well.

As a matter of fact, one can transmit several properties of the fidelity and
the Bures distance for states to completely or k-positive and trace preserving
maps. The joint concavity for instance allows to perform the sup in (186) or
in (187) over pure states only.

4 Appendix: The geometrical mean

Let A, B, and C be positive operators in a finite dimensional Hilbert space. A
remarkable observation due to Pusz and Woronowicz, [54], can be rephrased
in the following form:

Given A ≥ 0 and B ≥ 0, there is a largest operator in the set of all C
satisfying (

A C
C B

)
≥ 0, C ≥ 0 . (193)

This unique element is called the geometrical mean of A and B and it will be
denoted, following Ando, by

A#B . (194)

In other words: (193) is valid if and only if

0 ≤ C ≤ A#B . (195)

From the definition we get the relation

A#B = B#A, A−1#B−1 = (A#B)−1 , (196)
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the latter is true for invertible positive operators. If just A is invertible then
the block matrix (193) is positive if and only if

B ≥ CA−1C (197)

and one concludes: A#B is the unique positive solution X of the equation

B = XA−1X, X ≥ 0 . (198)

The equation can be solved and one gets

A#B = A1/2(A−1/2BA−1/2)1/2A1/2 . (199)

To prove it, one rewrites (198) as

A−1/2BA−1/2 =
(
A−1/2XA−1/2

)2

and takes the root.
In case B−1 exists too, we may rewrite (198) as

1 = B−1/2XA−1XB−1/2 = (B−1/2XA−1/2) (B−1/2XA−1/2)† .

Therefore, if A und B are strictly positive, the following three statements are
equivalent: a) X = A#B, b) (B−1/2XA−1/2) is unitary, c) (A−1/2XB−1/2)
is unitary.

In turn, as shown in [29], an operator X = (A1/2UB1/2) with unitary U
is positive exactly if X = A#B.

If A and B commute one can see from (193)

AB = BA ⇒ A#B = (AB)1/2 (200)

To get it one uses a common eigenbasis which reduces (193) to
(

a c
c b

)
≥ 0 ⇔ ab ≥ c2

for three positive numbers a, b, and c.

4.1 Geometric mean and fidelity

Let us return to the operator K, defined in (154) by

W2 = KW1 if W †
1 W2 > 0

for parallel and invertible amplitudes. One can calculate

K = ω
−1/2
1 (ω1/2

1 ω2ω
1/2
1 )1/2ω

−1/2
1 (201)
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and conclude: At first we can rewrite (201)

K = ω2#ω−1
1 , (202)

and, secondly, the expression remains meaningful for not invertible ωj . In this
sense we understand the right-hand side of (201) and (202) to be valid for
all pairs of positive operators in our finite dimensional setting. One further
concludes that for general pairs of positive operators we have to substitute

K → ω2#ω−1
1 and K−1 → ω1#ω−1

2

in order that (156) and (157) can be applied to not necessarily invertible
positive operators. With this convention one arrives at

Pr(ω1, ω2) = ω1(ω2#ω−1
1 ) = ω2(ω1#ω−1

2 )

For parallel purifications in HAB = HA ⊗ HA of states ωA
1 and ωA

2 one
may ask, how these purifications appear in Bob’s system, i. e. after tracing
out the A-system. To this end let us first review the general situation, not
requiring parallelity. We choose amplitudes, W1, W2, for ωA

1 and ωA
2 , so that,

for m = 1, 2,

ωA
j = WmW †

m = trB|ψm〉〈ψm|, |ψm〉 = (Wm ⊗ 1B)|ϕ〉 (203)

with |ϕ〉 chosen maximally entangled and with norm d = dimHA as in (128).
For any Y ∈ B(HB) we get

tr (|ψn〉〈ψm|)BY = 〈ψm|(1A ⊗ Y )|ψn〉 = 〈ϕ|(W †
mWn ⊗ Y )|ϕ〉 . (204)

The last expression is equal to
∑

〈j|W †
mWn|k〉 〈j|Y |k〉 .

Let us define the transposition X → X> by

〈j|X>|k〉B = 〈k|X|j〉A . (205)

In this equation we used the two basis of the subsystems with which ϕ is
represented in (128). It now follows

tr (|ψn〉〈ψm|)BY = tr (W †
mWn)>Y

and, therefore,
(|ψn〉〈ψm|)B = (W †

mWn)> . (206)

Next we conclude, for m = 1, 2,
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ωB
m := (|ψm〉〈ψm|)B = (W †

mWm)> . (207)

We are now prepared to use parallel amplitudes and proceed in showing

W †
mWn ≥ 0 ⇒ W †

mWn = (W †
mWm)#(W †

nWn) . (208)

At first we assume invertibility of Wm and use the identity

(W †
nWn) = (W †

nWm)(W †
mWm)−1(W †

mWn)

which is true for parallel amplitudes. According to (198) our assertion must
be true. In the general case we mention that (193) forces the geometric mean
A#B to give zero if applied to any null-vector of either A or B. Therefore,
the support of A#B is the intersection of the supports of A and of B. Thus
A and B become invertible if restricted onto the support of their geometric
mean and the reasoning above applies.

We can now return to (208) and state:
If Wm are parallel amplitudes for ωA

m then

W †
1 W2 = (ωB

1 #ωB
2 )> (209)

and, in particular,
F (ωA

1 , ωA
2 ) = tr (ωB

1 #ωB
2 ) . (210)

4.2 The transformer identity

To get further insight one may use the fact that A#B is an operator mean.
In particular it satisfies the so-called transformer identity, i.e. for invertible
Z it enjoys

Z(A#B)Z† = (ZAZ†)#(ZBZ†) . (211)

For the proof one relays on
(

A C
C B

)
≥ 0 ⇔

(
ZAZ† ZCZ†

ZCZ† ZBZ†

)
≥ 0

for invertible Z.

Now we can combine (200) and (211) with Z = A + B. To check the
positivity of (193) it is sufficient to do so on the support space of A+B. Thus
we may assume that this operator is invertible. Then

A′ = (A + B)−1/2A(A + B)−1/2 and B′ = (A + B)−1/2B(A + B)−1/2

commute. Indeed, it follows

A′ + B′ = 1, A′#B′ = (A′B′)1/2
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and we can apply (211). Therefore we can express A#B by

(A + B)1/2
(
(A + B)−1/2A(A + B)−1B(A + B)−1/2

)1/2(A + B)1/2 . (212)

Resume: An expression is equal to A#B if it do so for commuting positive
operators and if it satisfy the transformer identity.

A further application arises from the integral

1#A =
√

A =
1
π

∫ 1

0

(xA−1 + (1− x)1)−1 dx√
x(1− x)

.

Substituting A → B−1/2AB−1/2 the transformer identity

B#A = B1/2 (1#(B−1/2AB−1/2)) B1/2

allows to infer algebraically

A#B =
1
π

∫ 1

0

(xA−1 + (1− x)B−1)−1 dx√
x(1− x)

. (213)

Super-additivity

We prove super-additivity. Let

A =
∑

Aj , B =
∑

Bj , and

Cj = Aj#Bj , C =
∑

Cj .

Then (
A C
C B

)
=

∑ (
Aj Cj

Cj Bj

)

is a positive block matrix. Thus C is smaller than A#B and that proves

A#B ≥
∑

Aj#Bj . (214)

This nice inequality is the key to further estimates. We enumerate m positive
operators, A1, . . . Am, modulo m by Ak+m = Am. Then we set Bj = Aj+1.
Then the sum A of m consecutive Aj is equal to that of the Bj . Then, on the
left side of (214), we have A#B = A. (214) yields

m∑
1

Aj ≥
m∑

j

Aj#Aj+1 . (215)

Take m = 2 as a particular case and respect (196).We get

(A + B)/2 ≥ A#B .
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Replacing A and B by A−1 and B−1 we get

(A−1 + B−1)/2 ≥ (A#B)−1

by (196). Taking the inverse of that inequality:

A#B ≥ 2(A−1 + B−1)−1 .

The right-hand side is the harmonic mean of A and B.

A hint to further developments: It is not obvious how to define a “geomet-
rical mean” of more than two operators. One of the proposals is by Ando et
al., [29]. It fits to the equality (215) and we describe it for just three positive
operators, A, B,C. We define recursively

Aj+1 = Bj#Cj , Bj+1 = Cj#Aj , Cj+1 = Aj#Bj , (216)

starting with A0 = A,B0 = B,C0 = C . (215) proves (216) to be a decreasing
sequence of positive operators. There is, therefore, a limiting operator which
is, up to a factor, the geometric mean G(A,B,C) favored by Ando, Li, and
Mathias,

G(A, B,C) =
1
3

lim
j→∞

Aj + Bj + Cj . (217)

For three commuting operators one gets (ABC)1/3. However, for three positive
Operators in general position no explicit expression is known for (217) — even
if the operators live on a 2-dimensional Hilbert space.

Monotonicity

Our next task is to prove a monotonicity theorem. Let Ψ be a positive super-
operator and Ψ(1) > 0. According to Choi, [35], Ψ is “almost” 2-positive: A
2 × 2 positive block matrix with Hermitian off-diagonal remains positive by
applying Ψ . That is

(
A C
C B

)
≥ 0, C = C† ⇒

(
Ψ(A) Ψ(C)
Ψ(C) Ψ(B)

)
≥ 0 . (218)

Therefore, applied to C = A#B, with
(

A A#B
A#B B

)
also

(
Ψ(A) Ψ(A#B)

Ψ(A#B) Ψ(B)

)

must be a positive block operator with positive entries. Hence,

Ψ(A#B) ≤ Ψ(A)#Φ(B) (219)

is valid by the very definition of the geometric mean.
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A rank criterion

Here we like to prove the following:
Let A, B, and C be positive operators in a Hilbert space of dimension d.
We further assume that A−1 and B−1 exist. With these data we consider the
matrix

X =
(

A C
C B

)
(220)

which is an operator in B(H⊕H). Then

rankX ≥ d = dimH , (221)

and equality holds if and only if C = A#B .

Proof: At first we mention that the invertibility of A and B is essential. It
allows to introduce the matrix

Y =
(

1 D
D† 1

)
:=

(
A−1/2 0

0 B−1/2

)
X

(
A−1/2 0

0 B−1/2

)
, (222)

which is of the same rank as X. The set of eigenvectors of Y with eigenvalue
0 is a subspace H0 of H⊕H. The unit vector ψ ⊕ ϕ belongs to H0 if

ψ + Dϕ = 0, D†ψ + ϕ = 0 .

At first we see that neither ψ nor ϕ can be the zero-vector of H. (Otherwise
both, ψ and ϕ must be zero.) Hence, the dimension of H0 cannot exceed
d, confirming (221) (This is so because otherwise one must have a non-zero
vector in H0 with either ψ or ϕ equal to the zero-vector. This we had already
excluded.) Secondly, we deduce, by eliminating ψ respectively ϕ,

(1−DD†)ψ = 0, (1−D†D)ϕ = 0 .

If dimH0 = d, then these equations are valid for all ψ ∈ H and all ϕ ∈ H.
Therefore, D is unitary if the ranks of Y and X are equal to d. Then D =
A−1/2CB−1/2 is unitary. However, we already know that this can be true if
and only if C = A#B. Finally, if D is unitary, we easily can find d linear
independent vectors of Y with eigenvalue zero.

Geometrical mean in dimension two

Let A, B be two positive operators acting on a 2-dimensional Hilbert space.
Explicit expressions for the geometric mean are known:

A#B =
√

st√
det(A/s + B/t)

(A/s + B/t)

with
s =

√
det A, t =

√
detB .
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4.3 #-Convexity

To handle more than two positive operators in general position is a very hard
task. One of these problems we like to pose. We think it is important and,
perhaps, not completely hopeless.

A set K of positive operators is called #-convex , if
a) K contains all its limiting operators and
b) K contains with A, B also A#B.

Let us denote by #[A, B] the smallest #-convex set containing A and B.
Assuming AB = BA and both invertible, then

#[A, B] = {AsB1−s | 0 ≤ s ≤ 1} (223)

If the operators A and B are not invertible, then A0 and B0 must be inter-
preted as the projections PA and PB onto the support of A and B respectively.
The general case of two non-commuting positive operators can be settled by
the transformer inequality

Z #[A,B] Z† = #[ZAZ†, ZBZ†] . (224)

Denote by #[A1, A2, . . . , Am] the smallest #-convex set containing A1, . . . , Am.
If the operators Aj are invertible and pairwise commuting, it is not hard to
show that #[A1, A2, . . . , Am] consists of all operators

As1
1 As2

2 · · ·Asm
m ,

∑
sj = 1, (225)

with all sj ≥ 0. What happens without commutativity is unknown.
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