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Any non-pure quantum state admits an infinite number of non-trivial decompositions.
A recent proposal how to measure the information content of a quantum state with reference
to a given subalgebra of operators, singles out some of them, called optimal decompositions,
which depend both on the state and on the subalgebra. In this paper we start exploring
their main features.

1. Introduction

Considering a state w over a large algebra M, but concentrating on its restriction
w[/A to a smaller algebra A C M, we see that the usual definition of entropy [I,
2] of the restricted state fails to be monotonic for noncommutative algebras. This
causes severe problems if one considers this entropy as a starting point for a dy-
namical entropy of the Kolmogorov-Sinai type [3]. In the framework of relativistic
quantum field theories problems arise, too; the local entropy that is needed to do
thermodynamics becomes infinite [4].

In [5] an alternative definition is offered, tailormade to restore monotonicity which
turned out to be useful to define both a quantum dynamical entropy [6, 7] and a
local entropy in quantum field theory. The definition is based on an appropriate
optimization of the decomposition of the state on the large algebra M with respect
to the small algebra A C M.

Unfortunately, only under very special circumstances, that is in case a state-pre-
serving conditional expectation exists, we have complete control how these optimal
decompositions look like. In addition, for the abelian subalgebra of M, generated by
1 and the Pauli matrix o, and the state w = (1 + a? + 2a0,)/2(1 + o?), the optimal
decomposition was given in [8], though without a detailed argument. Its generalization
to arbitrary states can be found in [9], again the surprisingly lengthy and not so much
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revealing argument was omitted. In all examples under control all decompositions
corresponded to an appropriately chosen maximal abelian subalgebra.

In this paper we want to give a support to the conjecture that all possible de-
compositions that are needed to define entropy correspond to maximal abelian sub-
algebras. In order to do so, we will first study the general structure of optimal
decompositions and find compatibility relations between the components of such a
decomposition.

2. The entropy functional and its structure

DEFINITION 1. Let M be a von Neumann algebra and w a state over it. Let A
be a subalgebra of M. Then, the entropy of A relative to the state w is [7]

Hom(A):= sup > A\S(wwi)lA. (1)
Tidiwi=w

In the above definition ), A\;w; is any convex decomposition of w, as a state on
M, into (normalized) states w; (over M) and S (w,w;)[A is the relative entropy of the

states w, w; restricted to A.

Some properties

1. As S(w,p)|A is increasing in A [2, 10, 5], so is H,, m(A).

2. As every decomposition of w as a state over M gives a decomposition of the
restriction of w to any subalgebra N C M (the reverse need not be generally true),
H,, m(A) is monotonically decreasing in M.

3. If A is finite dimensional, the relative entropy can be written

S(w,wi)[A = Trw;[A {logw;[A — logw[A}, 2)

where
S (wilA) = —Trw;[Alogw,[A 3

is the von Neumann entropy of the state w; restricted to the (finite dimensional)
subalgebra A.
Accordingly, the entropy functional (1) reads:

Hom(A) = S (w[A) ~ R(w,A),
R (w, A):= inf {R (w. {Njw;} A) Y Ajw; = w}, ()

R (w, {Mjw;},A) :=Z/\jS(wj[A). 5)

4. In (4), it suffices to compute the infimum over decompositions into pure states.
In fact, any non-pure state w; appearing in w = . A;w; could be further decomposed

into w; = Y, ¥lw] and due to strict concavity of the von Neumann entropy:

S (w;lA) > Y vls (wi [A) ., (6)
k
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unless w}[A = w;[A, Yk, we could improve on R (w, {);w;},A).

THEOREM 1. Let the set of states {w(:),i € I} and corresponding weights {\(7)}
provide an optimal decomposition for the state w over M with respect to A. that is

w= [ du@r@)(i). (7
I

R (w.A) =R (w, {MoOw(2)}er . A) - 8)

where we have kept the possibility that the set I has finite cardinality or that we can
decompose with respect to a continuous measure on it. Consider the state

o= [du@dA@w). [ duG)AE) =1, 9)
I I
with A(i) a positive p-measurable function on I. Then

R(@,A) = R (w (30w} e, ,A) : (10)

Proof: Choose a p-measurable function on I, 0 < g(i) < 1, and set

wi .

[ du(@)g (A i). (11)
I

i

woi= [ du(i)(1 = (DA (i). (12)
I
by using the A(¢) and w(é) given in (7).

The states w; 2 in w = w; + wy are not normalized. Let v, be the normal-
izing factors and consider any optimal decomposition {vj&i}jes for &1 = v Yu,
respectively {v20?}rex for @2 = v5'w,. Together they provide a decomposition
{v}0]}jer U {f@i}rex for w which is not necessarily optimal, thus:

R (w,A) < i R(&1. {v} @} }jes A) + 12 R(&2, {i@R ke k A)
= I/1R(<:11,A) + 1R (LZJQ,A) . (13)

On the other hand, through (11) and (12) the optimal decomposition (7) for w pro-
vides two decompositions for @y 2. The latter need not be optimal for &, respectively
@2, hence:
VlR((Dl,A) + 1R ((:)2,A) <R (wl, {g(i)’\(i)w(i)}iel ,A) +
+ R (w2, {(1 = g@IMDw(i)}e;  A)
SR (w,A), (14)

so it follows that the two decompositions are indeed optimal and a further normal-
ization of w; and wy concludes the proof. ]
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DEFINITION 2. Any linear convex combination w = Y., Aw; (I being possibly of
infinite cardinality) of states w; on M (possibly not normalized) at which the minimum
in (4) is attained we will call optimal for A C M. That is

R(w‘{/\iwi}ieI’A) =R(w,A). (15)

DEFINITION 3. A set of vectors {|¢;)}ier Will be called compatible (with respect to
A C M) if every positive, linear functional M > & — 3 ., Xi(¢:|2]¢s), with A; > 0,
Yicr A = 1 and with mutually different positive linear functionals M > & — (¢:|%|¢;)
is an optimal decomposition with respect to A (if [ is not of finite cardinality, the
corresponding set of vectors is called compatible if every finite subset is compatible).

A set {|¢:)}ier is called maximally compatible (with respect to A) if it is compatible
but not a proper subset of any compatible set.

Remarks: 1. In Theorem 1, we have written the decomposition as an integral to cover
the possibility of both finite and infinite decompositions. If M is not of type I, then we
know that pure states on M do not exist, therefore the infimum is not attained. However,
the theorem holds if we interpret the result in the sense that R (w, {A({)w(i)} ,A) can
get arbitrarily close to the infimum. To avoid these difficulties, from now on we restrict
ourselves to finite dimensional algebras M on which the pure states are well defined and
we will take M = M,,(C) as a full (n x n) matrix algebra over a complex Hilbert space
H, =C".

2. The specification “mutually different” in the above definition serves to get rid
of the arbitrariness of phase factors. Otherwise, any maximally optimal set might be
of infinite cardinality, for it could contain, together with a vector |¢), the whole ray

{7 1)} vep.2m-
LEMMA 1. If A=M, all sets {|P1).....]¢)}. v =1,.... +oo, are compatible.

Proof: The states ¢;: & — ¢;(Z) := (¢;|Z|$;) are pure on M and then have von
Neumann entropy S (¢;{M) = 0. They need not be pure on a strict subalgebra A C M,
but in our case A = M. Then

ST AS @M =0 =inf{ Y uS(hIM). Y me =Y Ao} (16)
J k k J

LEMMA 2. Let M = M, (C). Then, there exist compatible sets with cardinality
1.2,....n.

Proof: Compatible single vector sets exist because any pure state & — ¢(&) := (@|E|d)
on M has S (¢[M) = 0 and cannot be further decomposed.

Any faithful state w on M needs at least n vectors {¢;) to be decomposed into pure
states M > & — (¢;|£|¢;), the latter giving

R (W, {hidhi} M) =0 = R (w. M).

Therefore, for faithful states we need at least n pure states to decompose them optimally
with respect to M. But, in principle, we could need more than that.
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Cardinalities 2 < k < n can be derived as follows. We consider a sequence of states
built from a continuous compatible set {¢()\)} by means of an absolutely continuous
measure u(A) on some finite measure space A:

wn = [ (g, (17)
A
0.0 [duNg.() =1 vneN, (18)
A
l
Jim du(A)gn(A)f(A)%;f(Aj). (19)

for any continuous function f on A. Then, because of the finite dimensionality of
M, the following limit holds in the norm topology:

le

o~ —

!
Doy = w (20)
j=1

in the sense that lim,_ 4 SUP; e, 2)|=1 lwn (£) — w(£)] = 0.

o ol
Since ||w, — w| — O implies lim, S (w,[A) = S(w[A) [7] for all A C M, from
Theorem 1 we get

—~] —

lim R (wnA)= lm R (wn {ga(N6N)}res-A) =

n—+>c

l
Z S (C/))\j TA) : (21)
j=1

On the other hand, liminf < inflim implies

lim R(w, A) < R(w,A) <

n——4oc

~] =

{
> S (¢a,1A). (22)
j=1

Instead of looking for optimal decompositions of states on M = M,,(C), we pro-
ceed by investigating the structure of compatible sets.

The von Neumann entropy S(w[A) is a smooth function of w except at the
states « where w|A has eigenvalue 0. Therefore, we can consider the functional
R (w.{A;{¢;| - |¢;)} .A) to be differentiable with respect to the various components
¢;(a) of the vectors |¢;) in a suitable orthonormal basis {|a)}?_; of H, = C". We
then proceed with

DEFINITION 4. Given any subalgebra A C M, (C), the following vector valued
function on H,:

P@)o) = s lols (12hdlia) 23)
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is defined everywhere except on a submanifold where it becomes singular. Moreover,
it is homogeneous in the sense that

|[F(cg)) = c|F(¢)) VceC. (24)
Remark 3: If A ¢ M,,(C) is maximally abelian, then

ol s("i’;ff'r ) = (6. F(9)). (25)

More explicitly, let {|k)};_, be an orthonormal basis in C" defined by the minimal
projections |k)(k| of A. Then, setting ¢(k) = (k|¢), we get

16)(4] O o, AT
5 (n¢n2> Z CERRTEE (26)

LEMMA 3. Let the set {|$1).|¢2)} be compatible and assume that |F(¢41)) and
|F(¢2)) exist. Then

(61, F(¢2)) = (F(¢1). $2). 27

Proof: Consider the state w = 1(¢1|-|¢1) + 3 (¢2|-|¢2), with |||¢1)]| = [||$2)]| = 1. This
state corresponds to a two-dimensional density matrix over the Hilbert space spanned
by the vectors |¢1) and |¢2). In full generality, representing the state w by a density
matrix 5, we can consider its positive square root /5 and decompose the state into pure
states according to:

k k
wC) =Y (VA VR w@) =Y T (V) (v Vbi}, (28)
j=1 j=1

where |¢;) are vectors in H,, such that Z§=1 l4;)(4;| = 1. Therefore, only linear com-
binations \/7|¥;) = v;|¢1) + 6;|¢2) can contribute to the optimal decomposition. Let

Ly=\s-6bi=VEn=Vvebh=—;—c

2. Y1 = \/%——6, 51 =i\/g; Y2 = \/E, 62 = —Z‘\/%—E.
The stationarity of R(w, {3(¢1]-|¢1) + 3{(¢2|-|#2)},A), which follows from the assumed
compatibility of |¢;) and |#2), requires that the term of order /e vanishes, which is
exactly relation (27). "

Remark 4: The above equality is not sufficient, it might correspond to a maximum
or to a saddle point. That the supremum can be found by differentiation is guaran-
teed because we are considering a continuous functional differentiable everywhere on a
manifold without boundary except where the vector components vanish. (Notice that we
consider the functional as a functional over normalized vectors and not over density
matrices.)

Since, according to Theorem 1, for every compatible set, every subset of it is com-
patible, too, we can generalize the previous result.
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LEMMA 4. If the set {|¢1),....|¢x)} is compatible, then

(6 F(8;)) = (F(d). d;)  Vij=lo....k. (29)

These conditions can be used in a constructive way to find compatible sets. We
consider |¢;) as points in a 2n-dimensional real manifold. With |¢;) also ¢|¢;), Ve € C,
solves (29). The latter is the only obvious redundancy, and, if we fix the norms and
the overall phases such that |||¢;)]| = 1 and ¢;(1) € R, we remain with 2k(n — 1)
unknown vector components in relations among each other through the k(k —1) real
equations (29). In addition, the set {|¢1),...,|#x)} should be optimal for some density
matrix (Trp = 1)

k
p= Z/\l|¢t><¢)l|- (30)
=1

Thus, the unknown vector components must satisfy n? — 1 equations for any fixed /.
The total number of constraints to be obeyed by the 2k(n — 1) + k — 1 unknowns is
then k2 —k+n? - 1. If k> n > 2, the former exceed the latter. Thus, we expect that
any solution to the minimization problem can be found only for % at most equal to
n. Of course, the result of Lemma 1 teaches us that great care has to be exercised
while using this argument.

LEMMA 5. Assume the set {|$1),...,|¢n)} to be linearly independent in 'H, and

compatible. Let {|p1),....10n),|dn+1)} and {|¢1).....|¢n),|®ns2)} be compatible sets,
too. Then,

(n+1: F(Pnt2)) = (F(dnt1). bnta)- (31)

Proof: We write |pni1) = 307, @jld;), |dnr2) = 3 _4_; Pkl¢x). From the compati-
bility of {|¢:)}F! it follows

n

<¢1~F(§:%¢j)> = i%(F(@),%) = <¢I-Z”J'F(¢j)>» (32)
i=1 j=1

J=1

for all | = 1,...,n. That is, F(IZ;=1aj¢j>) = 23;1011}7(]%)), because of the
assumed linear independence of {|¢;)}7_;. Analogously, F(|} ;_, Se¢r)) =
i1 BeF(|éx)). Therefore,

n

Y- Brai(dn F(@)) = Y Biai(F(én).9))

k,j=1 k,g=1
<F(¢n+2)w ¢n+1>- (33)

it

<¢n+2~ F(¢n+1>

From the preceding lemma we also deduce that any compatible, linearly indepen-
dent set {|¢1),....|¢,)} of vectors of H,, defines a hermitian nxn matrix M € M,,(C)
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such that Y
> Mapd;(8) = F(¢;)(c0)- (34)

B=1

The latter can be completed to a maximally compatible set by finding out all solutions
to (34).

Remark 5: B. Kiimmerer and R. Werner arrived at the matrix M by optimizing
among all finite decompositions into pure states of a given density matrix. Then, M
enters as the matrix of Lagrange multipliers and depends on the matrix j [11}. The
assumption that finite decompositions suffice follows from Choquet theory (every n x n
density matrix is a linear convex combination of n fixed 1-dimensional projections). As
a consequence, they could draw a conclusion similar to Theorem 1.

We stick to the other strategy, for not all M can be used, and how to find the
subclass of permitted M is still an open problem; solving (34) is by far not a trivial
task.

2.1. Continuity considerations

Provided the exactness of considerations in the previous section that “in general”
only sets of cardinality at most equal to the cardinality of the underlying Hilbert space
H, are compatible, we have to examine the consequences of possible exceptional points,
namely points where the functional (23) is no longer smooth. In the next section we
will see that the few examples where the optimal decompositions can be given explicitly
give support to these considerations.

We begin with the following

LEMMA 6. The cardinality of a minimal optimal set for a fixed A C M(C) is lower
semicontinuous as a functional on the states over M,,(C).

Proof: Let {w(v)},en be a sequence of normalized states such that it converges in

norm to a normalized state w: lim,_, 1 |lw(y)—w|| = 0. Let the set |¢;(7)),i = 1.....k,,
provide an optimal decomposition for w(v): w(v) = 3_; Ai(Mej, ¢;(£) = (¢;(%[;).
Finally, let {|¢1).....[¢1)} be an optimal set for the limit state w, that is w(Z)

= Zé:l V;i(£), ¥;(&) = X\ (¥;|£]¢;), and assume [ > k* := max.en k-.

By representing w(v) and w as the density matrices j(v), respectively j, the states
v, can be written as \/p&;/p, where £; € M,(C) fulfil 1> £; > 0, 23:1 #; = 1. The
same set of positive operators #; can be used to construct a decomposition (in general
not optimal) of p(v):

!
A =SV EE V() (35)
ji=1
That is, w(y) = 22:1 (), where

V(&) = Tr V()35 v/ A7) (36)
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Because of the assumed convergence w(v) — w, the same uniformity characterizes the
limit p(y) — p when v — +oc. Thus

Jim Rw, {¢i(1)},A) = R(w. {#j}.A) = R(w.A). (37

Furthermore, as the ¢; need not form an optimal decomposition for the w(y) we
have

R {#i(M}.A) 2 R(w(): {A;(M)4;}.A) V. (38)

Even if lim,_ 4. Aj(7)¢;(y) does not make any sense, we can select a norm-con-
verging subsequence A;(7v.)¢:(v.) to a positive linear functional (not a normalized
state) A%¢%,0 < j < k*. These limit states provide a decomposition w = Z;zl My
that cannot be optimal, because we assumed the cardinality ! of the optimal set for
w to be strictly greater than k*. But then, by using (37) and (38), we arrive at a
contradiction:

R (w,A) < R(w, {\ig?}.A)
= lim_ R, {Ai(m)65 ()} A)

< Jim Rw(yn), {#5(7n)} A) = R (w.A). (39)
Hence, [ < lim._,+ &k, which proves the lemma. .

LEMMA 7. Let w be a state over A C M,(C) and assume that some optimal
decomposition be given by n pure states. Then,
H,m(A)= sup Swoww)[A®B. (40)

BCM/,NB’

Remark 6: Given M, (C), let H,2» = H,, ® H, and B(H,2) = M,,(C) ® M,,(C). In
this way, w, which is a density matrix j with eigenvalues p, and eigenvectors |r)
on M, (C), gets purified as a state on B(H,2). It corresponds to the vector state

VD) = > kcq VPkITk) ® |ri) € Hyz such that

w(@) = (Vi ® 11V/). (41)

The commutant M, (C)’ that appears in (40) is isomorphic to 1® M, (C). Therefore
the supremum in the same formula has to be taken over all subalgebras A @ B C
B(H,2), where B C 1® M, being contained in its own commutant must be abelian.
Furthermore, via (41), w also defines a state on M,(C)’, and in turn, a state on
B(H,2): w@w(d®a') = w(@)w(d).

Therefore, using (2) the argument of the supremum on the right-hand side of the
above expression reads

Trw[A ® Blogw[A ® B + S (w[A) + S (w[B). (42)

Proof: We represent w as a density matrix p that, by assumption, is optimally
decomposed by a set of n pure states. Thus p = >, v/p%:\/p, with the operators #;
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being minimal projections P; (in M,,) of a maximally abelian algebra P, P, P; = 6,;P;.
According to the previous remark, selecting any abelian (not necessarily maximally
abelian) subalgebra B with orthogonal projections (not necessarily minimal in M,)
Q;, j = 1,....k < n, such that Ef.:l Q;, = 1, w/A®B can be represented as the
following density matrix on H,,2:

k
AIA@B =Y ViQ;ViA®Q;. (43)
7=1
Then, (42) reads
k k
=55 (VAQ;VAIA) - 3T pQ; logTr 4Q; + S (wIA) - (44)
j=1 j=1

By going to the normalized states w;(-) = Tr V3Q; VA(-)/ Tt pQ;, we get

(42) = S (WIA) = Rw. {(Tr 6Q;)w;} . A). (45)

CONJECTURE: We deem it true that

H,m(A)= sup SwRww)/[A®B (46)

BCM'NB’

holds in full generality, namely, also for algebras M that are not finite dimensional as
supposed in (40), but that are, instead, the strong operator closure of an increasing
sequence of finite dimensional subalgebras M,, C M.

Indeed, for finite dimensional subalgebras we could not find any counterexample.
In the infinite dimensional case, we cannot expect that there exists any optimal decom-
position into normal states. Therefore, we equally expect not to have a replacement
for the compatibility conditions. Nevertheless, in order to pass from formula (40) to
formula (46) the continuity considerations are applicable.

LEMMA 8.
H, M) = inf H, ,(M,,) = lim H, ,(M,). 47

Proof: Every decomposition corresponds to a choice of positive trace class operators
of the form /p&+/p for finite dimensional algebras, otherwise we can write them as

(R|12AY2%4)0) VYi€M,, VYa€ACM,, (48)

where we have considered the GNS representation based on w and the associated
modular operator defined as Friederichs extension of the quadratic form

dn($: ¢) 1= w(@a’). (49)

inf
|$)=al$2),aeM,. (C)
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For n — oo, A, converges in the strong resolvent sense to A [4, 8]. If @ € M,,, then
a|12) € dom(AY?). Therefore, st — lim AY %4 = AY/24.

Assume H(A,l,/ 2 AY2)a)02)|| < ella]), for all & in the finite dimensional subalgebra
A. Let Z;(n) give the optimal decomposition for w relative to M,,. Then they are nearly
optimal relative to M because the individual states with respect to A and A,, differ only
by .

In order to conclude the argument for the conjecture, we believe now that the
#i(n) form an abelian subalgebra B of M, that can be embedded into M’. Conse-
quently, the optimum result with respect to M would be also reachable by restriction
to abelian subalgebras as conjectured. n

3. Examples

We will construct examples of maximally compatible sets for various A C M, (C).
The purpose of these examples is to get a feeling whether the relations (29) are
independent constraints so that maximally compatible sets have the cardinality n, that
is the dimension of any maximally abelian subalgebra of M, (C). If this is not the
case, we can still look for other conditions that might allow us to fix the cardinality
of compatible sets.

EXAMPLE 1. A C M,(C).

We consider an abelian subalgebra A that we choose to be generated by the
identity and the Pauli matrix o. (A is uniquely determined up to unitary equival-
ences). Its elements are o = a + yo., whereas those of Mz(C) will be of the form
m = 3+ 5. We represent vectors (states) and the action of the functional (23) on
them with respect to the orthonormal basis associated with A. Let us take

COS v cos a log cos? o

o= S )L Ry = | SO (50)
€' sin o e sin a log sin” «
cos 3 cos 3 log cos® j3

|¢2>=<,_ ) |F<¢2)>=(_,,g ) (51)
e’ sin 3 €'7sin Flog sin® 3

Thus, equation (27) becomes

cos a cos 3 log cos? o + €® =7 sin o sin 3 log sin® &

= cos avcos 3logcos? B + ¢~ sin a sin 3 log sin® 3. (52)

We distinguish two possibilities: either § # -, or ¢ = ~.

In the first case, the only solutions to (52) are sino = +£sin /. Since ¢12[A = ¢[A,
all states ¢ = /\1<¢1l . ’¢1> + /\2(¢2] . |¢2>, A1_2 > 0, /\1 + X = 1, will have S((f)fA)
= A5 ($1]A) + A2S (¢2[A). Therefore, S (¢, #1,2)[A = 0, which is the minimal value
achievable, while we are interested in its maximum.
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Thus, we must choose the second alternative in which case by denoting = = cosa
and y = sin« equation (52) reads f(z,y,0) = 0, where

f(a.y.B) := A(B)x — B(B)zloga? + C(B)y — D(B)y logy®, (53)
A(B) = cos Blogcos* 3,  B(3) = cos 3, (54)
C(B) = sin Blogsin® 3. D(B) = sinf. (55)

Obviously, we seek solutions (z,y) of (53) that satisfy the additional condition z? + 4?
= 1. It is easily verified that we have the following solutions (z(3).y(5)):

(cos 3, sin 3), (cos 3, —sin j3), (56)
(—cosf,sin3), (—cosp,—sinf), 57
(sin 3, cos 3), (—sin /3, — cos 3). (58)

The first four couples provide decompositions that correspond, as before, to the mini-
mum of S (¢, ¢;) A whereas both the last two give rise to the nontrivial set

o= ) = ). 59
e'® cos 3 e’ sin 3

Notice that the whole of the state space over My(C) is covered by the convex combi-
nations A{(¢1| - {1} + (1 — A){¢2| - |¢2) by varying 0 < A <1 and 3,6 € [0, 2~x].

In the appendix it is proved that there are no other solutions than those in (56)—(58),
whence the second solution will correspond to the optimal one and the cardinality of
the maximal optimal sets will be 2.

EXAMPLE 2. A C M3(C).

We will restrict ourselves to a particular class of states on M;(C), those invariant
under all possible permutations of the vectors |k), £ = 1,2, 3, in the orthonormal basis
defined by the maximally abelian subalgebra A.

As up to a certain point we need not limit ourselves to n = 3, let P, = [k){k],
k = 1,....n, be the minimal projections of maximally abelian A in M, (C) and let us
call “completely symmetric” with respect to the fixed orthonormal basis any density
matrix of the form

I/n 2 2 2
z Yn =z ... oz
p= z z 1/n ... =z , z€R (60)

z 1/n

All these are uniquely determined by a real parameter : and are invariant under all
possible permutations:

|k) = |m(k)), m (1,2,...,n)— (w(1),7(2),...,®(n)). (61)
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The range of the possible values of ~ is fixed by the request that the eigenvalues
pi(z) of p(z) be 0 < p;(z) < 1. As the latter are p1(z) = 1/n + 2(n — 1) and pa(z) =
cee=pp(z) =1/n— 2z, we get —1/n(n—-1)< 2 < 1/n.

We are now interested in decomposing 5(z) in such a way that R (5(z).A) in (5)
be attained. Notice, however, that getting control over optimal decompositions of p
immediately involves controlling optimal decompositions of all /50U, with U being
unitaries in A.

According to what was discussed in point 4 after Definition 1, we can limit our
considerations to decompositions into pure states:

) =D Nl O< A<l RN =1 (62)

The next lemma makes use of the considerations mentioned above, essentially
about the concavity of the von Neumann entropy, and shows that for a restricted
class of completely symmetric j(z) the search for optimal decompositions can be
restricted to those given in terms of the real one-dimensional projections.

LEMMA 9. Given any density matrix j(z) € M,,(C) as in (60), there always exists
an optimal decomposition of j(z) in terms of the real one-dimensional projections
P = |¢;\(¢;| that gives R(p(z),A), where A C M,(C) is the maximally abelian
subalgebra that fixes the representation (60).

Proof: Let p(z) = 3, A;6; be a decomposition into non-real projections &,. Then,
let r}; € M,,(C) be such that in the orthonormal basis defined by A

((};)ik = (&j);k* 1 7é k, (3';)” = (&j)ii- ik = 1,....71,. (63)

Since (4(z))ir =z = 325 Aj(G)ir = 20, (67 )ir, We get that j(z) = 3~ A;6%, too.
Moreover, S (67]A) = S(6;/A) = 5 (3(6; + 53)]A), hence

R () {As63} A) = R (3(2). N} A) | (64)

where p; = 3(6; + 67) are not pure states and can thus be further decomposed.
For instance, take their spectral decompositions (they are rank two operators) j;
= Tj]Rj] + rjgf%jg that must involve real eigenprojectors R i L =1.2.

Strict concavity of the von Neumann entropy (inequality (6)) tells us that either
an optimal decomposition is already given in terms of real projections, or, if this
is not the case and the optimal decomposition involves generic projections, we can
always find one with the same optimal contribution R (4(z),A), but using real pure
states. In fact, from (6)

R((:)- {4i6,}.8) 2 R (). {Amsifyi } A). (65)
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We turn now to the case n = 3 where we have the following

LEMMA 10. Given a density matrix j(z) € M3(C) completely symmetric with respect
to a maximally abelian subalgebra A C M3(C) as in (60), there exists a one-parameter
family of real vectors |¢(u, z)) € C3. u € [0.2x], such that

p2) = 5 Un |(u. 2))(u. 2)| U7 (66)

J=1

where the (A],,j are the unitaries in M3(C) that implement the cyclic permutations of the
basis vectors defined by A, that is

e (1.2,3) = (1,2.3),
Un, k) = |m;(k)) and  { my: (1,2.3) — (3.1.2), (67)
rz (1,2,3) — (2.3,1).

Proof: When n = 3, the real parameter z € [—3, 1]. Define the quantities

=v1+6z, b=2V1-3z (68)

and the vectors, whose components with respect to the basis |k), & = 1,2,3, defined by
A are:

$1(u, 2) = t{a + beos (u — 3m)],
¢2(u,z) = o+ beos(u + im)]. e [0,27], (69)

pa(u.2) = 3[a — beosu]

Remark 7T: Given any vector ¢ € C", in order to get out of it a completely symmetric
density matrix with respect to a maximally abelian subalgebra A C M,,(C), one would in
principle use all the unitaries U, € M,(C) implementing all the possible permutations
« of the basis vectors provided by A and construct

52 = S O l)6107 (70)

In fact, when n = 3, not all permutations are necessary, but only the cyclic ones.

From Lemma 9 we know that the class of decompositions of j(z) consisting of
real pure states always contains at least one optimal decomposition with respect to the
maximally abelian A with respect to which p(z) is completely symmetric. What turns
out is that, in the 3-dimensional case, the subclass of the latter containing only three
cyclically permuted real projections already provides optimal decompositions of A(z)
with respect to A.
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We start with fixing the notation. R
We will denote by P;(u,z) the projections onto the vector states Uy, |¢(u.z)) that
contribute to (66), and by

r(u,2) = R(3(2) {1 By (. 2)}, A)

3 3
=135 (Bi(w.2)A) = = ulu. 2 log éu(u. 2)° (71)
J=1 k=1

their entropic contribution as a decomposition of j(z). Notice, in fact, that ﬁj (u, 2)[A
= |p(u, 2)){(d(u, 2)|]A, Vi = 1,2,3, as A is mapped into itself by the whole of the U,’s.
Finally, we will consider

r*(z) = inf {r(u,2). we€]0,2x]}, (72)

namely the minimum of the entropic contributions coming out of the special subclass
of cyclically permuted real decompositions (66) and denote by u*(z) the point at
which it is attained: 7*(z) = r(u*(2), 2).

Notice that we cannot exclude that more than one vector |p(u;(z),2)), | = 1.2....,
might optimally contribute with 7!(u}(2),z) = 7*(2).

Before coping with the various possibilities we introduce the following

LEMMA 11. Let p(z) € M3(C) and A € M3(C) as in the previous considerations.
Assume r*(z) in (72) to be a convex function of z € [-1.1]:

r*(Z/\kzk> < Nt (73)
k k

for all 0< X\ <1 with 3, M =1 and all 2z € [-1, 1] Then, R((2),A) = r*(z).

Vze[-3.3)

Proof: Let us consider any decomposition j(z) = >, A;6; of j(z) into real
one-dimensional projections &; € M3(C). Since j(z) = U.p(z)U*, for all permutations
7 of the basis vectors |k), k£ = 1,2,3, provided by A we can use the cyclic projections
and decompose it as follows

3
p) = N3 Un;07,. (74)

According to Lemma 10, the density matrices %Zizl U, &jﬁ;k are completely sym-
metric with respect to A and identified by a real parameter z), & = 1,2,3. Let they
be denoted by ji(z1).

Let us now assume the initial decomposition j(z) = 3°;A;5; to be optimal with
respect to A, that is

R (P(2) {105} A) = R(3(2).A) = 3 A;5(5,1A). (75)
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Because of Theorem 1, it thus turns out that the decompositions

3
pi(2) = § 3 Un6;0 (76)

k=1

must be optimal for p;(z;) and therefore the contributors U,,,C&JUM, k=123, must
coincide with some triple Py(u}(z),z), k = 1,2.3, that minimizes r(u, z) in (71) giving

r*(z) in (72). That is,

3
13" 8 (Un6,0,14) = S(5518) = 7 (z)). (77)

k=1

Using now the assumed convexity of 7*(2) in [-3, 1], and (75)~(77), we get
() 2 R(GE)A) = 3 M) 2t (M) = (). (78)
J J

Indeed, the first inequality follows because the decomposition of j(z) that minimizes
r(u, z) in (71) need not minimize R (5(z), {wip1} , A). The last equality is a consequence
of (74).

Concluding, 7*(z) = R(4(z),A) and every decomposition of 4(z) as in (66) that
minimizes r(u,z) in (71) is already an optimal decomposition in the larger sense of
Definition 2. ]

The convexity of r*(z) in [‘6 %] is controlled by the numerical means and Fig. 2
supports the conjecture that r*(z) is indeed convex. As far as the minima of r(u.z)
in (71) are concerned, again by the numerical means, the following two possibilities are
discovered (see Fig. 1).

There exists a bifurcation value z* < 0:

L 1) -4 +3

=32y —ar+3 0 (79)

z

where e~t" = t* — 1, such that, for all z > z*, 7‘(u z) has three absolute minima at
ui(z) = i, u(z) = 7 = ui(z) + 47 and u3(z) = S =21 — ui(2).

On the contrary, for all z < 2%, there are SiX 2- dependent absolute minima of r(u, z).
The first two are attamed at 0 < ui(z) = 17— a(2) and u3(z) = 37 + a(z). For z = —1
we have uj(z) = 7r uy(z) = i

The other four are related to these latter as are the second two to the first one for
z > 2*, namely u3(z) = uj(2) + 37, uj(z) = ui(z) + 27 and, finally, uf(z) = 27 — ui(2),
ug(z) = 21 — ul(2).

Indeed, the functional r(u, z) in (71) is invariant under u +— u + %w and u — 27 — u.

For » > z*, the three minima are associated with optimal decompositions that are
just the cyclic permutation of the other and thus do not differ; the optimal vectors have
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Fig. 1: Various minima of f(u.z) with varying —1/6 <z < 1/3.
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Fig. 2: Convexity of r*(z).
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two equal components. Therefore, our conjecture on the minimal number of optimal
decomposers is confirmed.

For z < z*, the first two minima correspond to two different optimal decompositions
of the kind (66), whereas the other minima contribute with optimal decompositions
that come out of the first two by cyclic permutations. It thus turns out that there exist
optimal decompositions which contain just three decomposers in agreement with our
hypothesis, but there is more of them than one. Together with the two provided by the
two minima at u}(z) = 7 F a(z), we also have the whole of their convex span.

Appendix

In order to show that the solutions (56)-(58) to equation (52) are the only ones,
we follow the idea expounded in [12, Chapter 18]. Precisely, we consider the complex
functions

Fi(z1,29) 1= A(B)z1 — B(B)z1log 27 — C(3)22 + D(B)z2 log 23, (80)
Fy(z1,22) 1= zf + zg -1, 81

we choose definite branches of the logarithms in order to make them analytic functions
and form the homotopy H(z1.2;.t) := (Hi(z1, 22, 1), Ha(z1. 22. 1)), t € [0,1]:

Hi(zy. 20.8) i= (1= t)(z3 = 1) + tF1(21. 22), (82)
Hg(zl. Zz,t) = (1 - f)(Z% - 1) + f/Fg(Zl. 22). (83)

Notice that for ¢t = 0, H(z1.22,0) = 0 has 6 solutions and that, for ¢t = 1, H(z1,22.1)
= 0 is solved by the 6 (real) solutions to (56)-(58).

Via the implicit function theorem, the manifold of solutions to H(z1, z9,t) = 0 con-
sists of the paths connecting the solutions to H(z1, z2,0) = 0 with those to H(z1,22.1)
= 0. Now, splitting H; and z; in their real and imaginary parts, H i1(z1. 22, 1),
I:I,g(zl, z2.t) and x;, y;, respectively, the determinant of the Jacobian

(1) := [0, (AaGo.d) i@, )] w = (@1p1,22.0), (84)

is always > 0 because of the Cauchy—Riemann relations. It happens to be strictly positive
at ¢ = 0, which means that no more than one path can start from the solutions to
H(z1,20.t) = 0 at ¢ = 0, namely from the 6 solutions to 2 = 1 and 23 =

Therefore, if there were more than 6 solutions at ¢ = 1, then some of the paths
issuing from them should diverge somewhere in between 0 and 1. This is excluded. In
fact,

Hi(zt)
foll—4oe 28 —1

lim ———HQ(?’ZQJ) =1-
llz2ll =400 25 — 1

t, (85)

. (86)
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Thus, the diverging solutions to H(z;, 23,t) = 0 are forbidden for all 0 < ¢ < 1.
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