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14. (Mandatory) We consider a charged particle in a spherically symmetric potential V
and a homogeneous electric field of magnitude E in z-direction. The Hamiltonian is given
by

Ĥ =
~̂p 2

2m
+ V (r)− qzE .

a) Determine the symmetry group of the system and show that there exists a common
eigenbasis of Ĥ and L̂3.

b) Show that
[L̂±, H] = ±~qEx̂±

where L̂± = L̂1 ± iL̂2 and x̂± = x̂1 ± ix̂2. Use this to argue why the electric field
breaks the degeneracy of the energy levels with respect to the quantum number m
of L̂z which is present in the case E = 0 (Stark effect).

15. In quantum mechanics, for an autonomous system, the analogue of a classical Galilei
transformation

~x ′ = ~x− t~v , t′ = t

is defined by
ψ′(~x, t) =

(

Ĝ(~v, t)ψ
)

(~x, t)

with
Ĝ(~v, t) = e−

i

~
Ĥt Ĝ(~v) e

i

~
Ĥt , Ĝ(~v) |~p〉 := |~p−m~v〉 .

Using results from Exercise 9, show that for a spinless free particle, the following holds.

a) ψ′(~x, t) = e−
i

~
m~v(~x+ 1

2
~vt) ψ(~x+ ~vt, t) .

b) The Galilei transformation leaves invariant the Schrödinger equation, i.e.,

i~
∂

∂t
ψ(~x, t) = −

~
2

2m
∆ψ(~x, t)

implies

i~
∂

∂t′
ψ′(~x ′, t′) = −

~
2

2m
∆′ψ′(~x ′, t′) .



16. For a system of N identical particles, the operators of symmetrization and antisym-
metrization are defined by

Ŝ :=
1

N !

∑

π∈SN

π̂ , Â :=
1

N !

∑

π∈SN

ǫ(π) π̂ ,

where SN denotes the group of permutations of N elements and ǫ(π) denotes the sign of
the permutation π, i.e.,

ǫ(π) =

{

1 π is even,

−1 π is odd.

Show that Ŝ and Â are orthoprojectors and that they satisfy Ŝ Â = Â Ŝ = 0.
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