Appendix A

Curvilinear coordinates

A.1 Lamé coefficients

Consider set of equations
gi:gi(xhx%xiﬁ)a 1217273

where &1, &5, &3 independent, single-valued and continuous
(x1,x2,x3) : coordinates of point P in Cartesian system with radius-vector x
(&1,&2,&3) © coordinates of point P in curvilinear system

€1, ey, e3: base unit vectors in Cartesian coordinates
€¢,, €¢,, €, base unit vectors in curvilinear system
we restrict ourselves to orthogonal curvilinear coordinates systems

€+ € = 0y

Consider x = x(z;(&;)) and take the total differential (summation over double appearing
indices understood)

ox
dx = — d§;
0g;
ox . L . : . .
% partial derivative keeping &5, &3 fixed: vector tangential to coordinate line &;
1
ox
= _h
oG
in general

dx = hy d& € + ho d&; €, + hs d&s C¢

h; Lamé coeflicients
Those coefficients (might) depend on the coordinates &;

hi - hi(glv 527 53)

157



h; d¢; (no summation) components of length element along e,

Without restriction to orthogonal systems the length element ds = |dx| is defined as

ds® = dx - dx = dx; dv; = (Zg ggi d& d&p = gim A& d&pm,
Coeflicients
Oz Ox;
Jim = 87& @

are called the elements of the metric tensor

For an orthogonal curvilinear system the base vectors e¢, , eg,, e¢, are mutually perpendic-
ular and form a right-handed system
We get the length element squared

ds® = hi (d&)? + 3 (d€2)* + B3 (d€3)°
the Lamé coefficients
gu="hi, gn="h, gs=h3, gr=0fritk
the volume element (elementary rectangular box)

dg.%' =dV = hlhghg dgldggdgg
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A.2 Some special orthogonal coordinates

e Cartesian coordinates (—oo < z; < 00, —00 < g < 00, —00 < T3 < 00)

hi=hy=hg=1

ds® = da} + das + dx;

dr = dry dvy drs
e Cylindrical coordinates (0 < p < oo, 0 < p <27, —00 < z < 00)

Ty =pCcosy, Ty =psing, r3==z
hy=h,=1, h,=p

ds® = dp* + p*dy® + d2*
dx = pdpdpdz

e Spherical coordinates (0 <r <oo, 0<0 <7, 0< ¢ <2n)
21 =71 sinf cosy, xo =1 sinf sinp, r3=r cosd
hy =1, hg =1, h, =1 sin0

ds® = dr® + r*df* + r* sin 6° dy?
d*z = r*dr sin0df dp = r* dr dcos 0 dp = rdr dS)

e Parabolic cylindrical coordinates
parametrization in Mathematica (0 <u < oo, 0 <v <00, —00 < 2z < 00)

xlzi(u2—v2), To=uUv, T3=2z

hy =hy =Vu2+1v2, h, =1
ds® = (u® +v?) (du® + dv?) + dz?
&z = (u* 4+ v*) dudvdz

parametrization of Arfken (0 <& < oo, 0 <n<oo, —00 < 2z < 0)

Ty To, Uu—N, v—E

e Parabolic coordinates
parametrization of Arfken, Landau/Lifshitz (0 < & < oo, 0 <n < oo, 0 < p < 27)

, 1
T =/Encosp, o =+/Ensing, 353:5(5—77)
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§+n €+77 b =En
o=

1
4 N3 U

&’z = 1(£+n)d£dnd¢

parametrization in Mathematica (0 <u < oo, 0 <v <oo, 0< ¢ < 27)

S —v?)

2 .
E=u?, n=1%, x1=uvcosy, T, =uvsinyp, x3:2

=vu+v?, h,=uv
ds? = (u® +v?) (du® + dv?) + uv dp?
&Pz = wv(u® +v*) dudv dp
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A.3 Vector operations in orthogonal coordinates

Gradient

The length element along coordinate line &; is hy d&;

0
— e -grady = e - Vi) = }:Lll az
1 o) Loy 1 aw
VY= hi 0& T hay 352 h3 35

= form of the nabla operator

Divergence and Laplacian

Use the divergence definition

VA= gy A nds

with
A = A1(&,8, &) e, + Ax(&1, &, &) e, + A3(&1, &0, &3) e,

and choose as volume AV an elementary rectangular box of sides hi A& hoAéohsA&s
Analogously to the derivation in Cartesian coordinates (compare Chapter 1.2) we calculate
the net outward flux in direction of coordinate line &; divided by the volume:

Al‘i/%o [Al (61 + Agla 57 g) h2 (fl + A£17 57 g) A£2 h3 (51 + Aglv g) g) A§3_
Al (517 57 g) h‘? (51 ) ga g)A£2 h3 (517 g? g)A&ﬂ /(h1A€1h2A£2h3A£3)

1 0
- — hohs A
hihahs afl( 2hady)

= we get for the divergence

1 0 0 0
V- A= hoha A hahiAs) + — (h1hoA
hlhzhg{é?fl( o) + o (st ) + 5o (il 3>}

The Laplacian operator follows (V? = V2 = A):
A 1 {8 (h2h3 6>+ 0 <h3h1 8)+ 0 (hlhg 8>}
hihohy |06 \ hn 0&) 0% \ hy 0&%) 08 \ hs 0&
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Curl

Using a similar derivation as in Cartesian coordinates we get for the curl of vector A

1 0 o
A= —(hgAg) — —(ha A ! cati
Vv hohs {352( 343) 853( 2 2)} €¢ + cyclic permutations

Representation as determinant:

hl €¢ h2 €¢, hg €¢,
1 0 0 0
hihohs | 0& — 0&  0&3
hi1A;  hoAs thg

V x A=
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A.4 Some explicit forms of vector operations

Cartesian coordinates (1, x2,23) with base vectors ej, ey, e3

V¢ = 7814’7624‘783
V-A =

Coa o (SO (O Oy (00 00,

Oxs  Ony Ory O
Py 0% 0%
Av = N ox3 * ox3

2
ory

Cylindrical coordinates (p, ¢, z) with base vectors e,, e,, e,

v, 1ov, o

A A P
eox - B ) (o3

Spherical coordinates (r,6,p) with base vectors e,, ey, e,

L 1o 1w
Vv = 8rer+r 8986+rsin084pe¢
10 , 1 0 . 1 0A,
ﬁE(TAT)+rsin9%(bm9A9)+

1 o . 0Ag
A = — (Zi(sinpa,) - 22
V x —nd <86(Sln9 ) 8@) e,

1 04, 10 1/0 0A,
M <r sinf Oy _7’57“(“4“0)> ee—'—r(@T(TAe)_ 06 > Ce

10 A 10 (. o L
Ay = =2 (220 a dd ilid
L i (T 87“) T e 26 <Sm9 ae> T 20 02

10 (.09
r2 Or " or

V- -A =

rsinf Oy

Note

1 02
;ﬁ(rw)
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A.5 Relation between unit base vectors and their time
derivatives

Relation between the local unit base vectors of cylindrical coordinates e,(t),e,(t), e, and
their time derivatives and the global constant unit base vectors of Cartesian coordinates

€1,€2,€3
€, = cospe;t+sinyes € =cospe, —sinye,
€, = —sinpe; +cosyes € =sinpe, + cospe,
e, = e3 €3 = €,
€, =—slnppe; +cospyes =pe, e =0
e, =—pe, e =0
e, =0 e; =0

Same for the local unit base vectors of spherical coordinates e,(t),ey(t),e,(t) and their

time derivatives

€

€9

€
€9

€3

sin @ cos pe; + sinf sin p ey + cosf e
cosf cospe; +cosf sinpe; —sinf e

—sinpe; +cospey

sin ¢ cos pe, + cost cospey —sinpe,
sinf sinpe, + cosf sinpey + cospe,

cosfle, —sinfey

éeg +sinfye,
—fe, +costpe,
—¢ (sinfe, + cosfey)

Relation between the local unit base vectors e,(t), e,(t),e. and e.(t), eq(t), e,(t)

e, =sinfe, + costl ey e, =sinfle, + coste,
e, =e, eg = cosfle, —sinfe,
e, =cosbfle, —sinfey e, =e,
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