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t ion of the abso rp t ion  probabi l i ty  for  a va ry ing  ex- 
t e rna l  magnet ic  f ield shows,  that  in the l imi t  of 
long waves ,  it is comple te ly  confined to the spin 
waves .  With i nc reas ing  q the abso rp t ion  is shif ted 
in favour  of the p a r t i c l e - h o l e  exci ta t ions .  

S i l in ' s  r e s u l t  for  the s p e c t r u m  is d i f ferent .  This 
is due to the neg lec t  of the pa r t i c l e  in te rac t ion  in 
shift ing the F e r m i  sphe re s .  

A m o r e  deta i led inves t iga t ion  will  be p r e s e n t e d  
in a f o r t h - c o m i n g  paper .  

The author  wishes  to thank P r o f e s s o r  W. Breh ig  
fo r  sugges t ing  the p rob l em and many  helpful  d i s -  
cu s s ions ,  and the Deutsche  F o r s c h u n g s g e m e i n -  
schaf t  fo r  a g ran t .  
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F r o m  the knowledge of the d i s t r ibu t ion  funct ion one ge t s  - as  is well  known - al l  d e s i r e d  t h e r m o d y n a m i -  
ca l  p r o p e r t i e s  of a c l a s s i c a l  s y s t e m .  

For  quantum s t a t i s t i c s  Wigner  1) found a funct ion which has s o m e  per t inen t  f e a t u r e s  of a d i s t r ibu t ion  
function. This  Wigner  d is t r ibu t ion  funct ion (W.d.f.) is defined as  a F o u r i e r  t r a n s f o r m  of the dens i ty  m a -  
t r ix  p in the following manner  

1 3N 
fw (__~Tr) f. f 2i = . .  e x p ( 7  p" Y) p (q + Y' q -  Y) d Y ,  (1) 

p, (q): 3N d imens iona l  m o m e n t a  (coordinate)  vec to r .  The 3N d imens iona l  in tegra t ion  extends  over  all  
space .  

In the las t  y e a r s  the W.d.f. f r equen t ly  has been applied to p r o b l e m s  in equ i l ib r ium s t a t i s t i ca l  m e c h a n i c s  
as  well  as  in non -equ i l i b r i um s t a t i s t i c a l  m e c h a n i c s ,  e.g. r e f s .  2, 3). For  that  r e a s o n  s o m e  fu r t he r  t e r m s  
of the W.d.f. should  be eva lua ted  which a r e  impor t an t  for  s y s t e m s  with l a rge  quantum effec ts .  We use  a 
method of Oppenheim and R o s s  4). F r o m  the Bloch equat ion for  the dens i ty  m a t r i x  p one ge t s  with (1) the 
fol lowing equat ion 

afw(q,p; [3) (. ~2 p2 
aB - _,--8-~ Vq 2 - ~ - ~ ) f w  (q 'P ;~ )  - cos  (½/~Vq,-Vp) U(q')fw(q,p;~ ) . (2) 

Vq, o p e r a t e s  on q' only;  ~ = (kT) -1.  This  equation can be solved by the s e r i e s  expans ion :  

p2 

f w  (q 'P ;~ )  =fcl ~ h2n ~n (q,p;~), fc l  ~e-~(~-~+U) " (3) 
n=0 

U: potent ia l  energy .  As  fa r  as  we know, in the l i t e r a tu r e  only the expans ion  coef f ic ien t  ~1 is g iven  in the 
g e n e r a l  f o r m  for  3N d imens ions ,  and #2 for  one d imens ion  1, 5). We have ca lcu la ted  ~2 and #3 in the 
g e n e r a l  f o r m  6), but  fo r  the sake  of b r e v i t y  he re  we will  publ ish the W.d.f. fo r  one d imens ion  only: 

172 



Volume 8, number 3 P H Y S I C S L E T T E R S 1 February 1964 

fw(q ,P;  19) =fcl[1 + 8m t -~--~) + 31--UI2/~} + 2{uIV(-15 + 10 /3 - - ~  
1 

~n2 l O p 2  p2 5 p 4  5 + uIIIuIl3(20- 4 ~) + uIIuI2/~2(-18 + - ~ - - ~  p) + uII2/3(25 - 18 m ~ + 3 ~-2 f12) + uI4 /33} 

~6/34 uVI( 15P2 p4 1 p6 + - m 3~_/32 +~_ ~_~3)  uVuI3(30 - 12)2/3 + { )  4 
46080 m 3 { 15 + /3 - + m ~_~2)  

155 p4 ~2 p6~3) + uIVuI2132(_39 + 94 p2 _ p4/32) + uIVuII~(105 - l13P2m ~ + 7 m 2 - - ~  7 - - ~ f l  -~z2 

+ UIII 2/3 (42- 20 P~/3 + ~ P---42/32)+m umuIIul#2(-148 + __q_ _~7 ~ _ 4 3 2  p2 4 ~P4~ 2) 

+ p2 p4 ~2+ 5 p6 U]IIUI3/33<~ -~ -  4 P ~ ) +  U I I 3 / 3 2 ( - 6 1 + ~ - f i -  13-m-~ ~__~33)  

UII2uI2#3 A79 P~ 5 p4 ~2) + UIIuI4~4 5 p2 UI 6 5 + t - ~  - 26 ~ +~ ~-~ (-13 + ~ )  + ~ 5 } ]  

The der ivat ives  of U are  marked  by Roman numera ls .  
F r o m  the genera l  form we get the Slater sum by a 3N dimensional  integrat ion over all momenta  : 

S(q; ~) =Scl[1 - ~ { & U - ½ / ~ ( V U )  2} y4~3 {&&U - {~(2&(VU) 2 + 8 VU. V& U + 5(&U) 2) 
240 m 2 

(4) 

+-~/32(3VU .V(VU) 2 +5AU(VU) 2 ) -  ~B  3(vU) 4}-  

_ fi6fi4 3 {AAAU- -~/~(18VU" VAAU+ 14AUAAU+ 24 A(VV: VIVI)U+ 17(VAU) 2 
6 7 20m 

+ 6 (VVv: ViViVi) U) + ~/32(63(VU)2±~U + 162 v U - v A v U ,  vU + 216 V U - v ( V v  :VIVI)U 

+ 306 VU. VVU- VAU+ 252 VU" VAUAU+ 84 AU(VV: VIVI) U+ 35 (AU) 3 
(5) 

+ 64 (VIIVHVI:VVVI) U) - 3~fl3(84 A v U .  vU(VU) 2 + 36 (vvIIVIH: vIIVIVH) U 

+ 28 (vU)2(VV:VIV I) U+ 102 (Vvvi :  VyflVHVi) U+ 35 (VU)2(&U) 2 + 84 AUVU. v v U .  VU) 

35 ~5(vu)6}] + ~2/34(84 (VU) 2 VU. VVU-VU + 35 AU(VU) 4) + 6-~ 

The notation is, for example 

VVVI) U = ~ ' ~ ~  a2m a 2 u  a 2 u  
( v n v n v i :  (6) 

• j k axi a xj aXk axi axj aXk" 

Applying (4), (5) to special  cases  the number  of t e rms  is reduced,  of course ,  appreciably (see eqs. (11), 
(17)). 

As an application the third quantum correction to the second v i r ia l  coefficient B(T) is calculated. For 
completeness we give the f i rst  terms too 7). The second v i r ia l  coefficient has the form 

oO 

B(T) = 2~N f 0 - S (r)).2 d~. (7) 
o 
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Tab le  1 
E x p a n s i o n  coe f f i c i en t s  and q u a n t u m  c o r r e c t i o n s  fo r  the s e c o n d  v i r i a l  coe f f i c i en t  

s b~ s) b~ s) b~ s) b~ s) 

0 1.733 001 0 
1 - 2 . 5 6 3 6 9 3 4  
2 -8 .665 004 6 x 10-1 
3 -4.272 822 3 × 10 -1 
4 -2.166 2512 × 10 -1 
5 -1 .068205  6 x 10-1 
6 -5 .054 586 0 x 10 -2 
7 -2 .289 0119 × 10 -2 
8 -9.928 6511 x 10 -3 
9 -4.1329382 × 10 -3 

l0 -1.654 775 2 × 10 -3 
11 -6.387268 1 x 10-4 
12 -2.381 8734 x 10 -4 
13 -8.598 2456x 10 -5 

8,253 193 3 × 10 -2 
6.301 1804 x 10 -2 
7.6279514 × 10 -2 
6,7912722 × 10 -2 
5,081 8274 x 10 -2 
3,3524613 × 10 -2 
2.001 739 0 × 10 -2 
1,1003265 x 10 -2 
5.6349767 × 10 -3 
2,712 557 6 × 10 -3 
1.2358674 x 10 -3 
5.358 673 4 × 10 -4 
2,2211883 x 10 -4 
8,8344652 × 10 -5 

- 2 . 6 2 5 9 0 6 4  x 10 -3 
- 7 . 7 5 4 4 5 2 2  x 10 -3 
-1 .273524  7 × 10 -2 
- 1 . 4 9 2 6 5 9 5  x 10 -2 
- 1 . 4 0 2 4 4 0 9  x 10 -2 
- 1 . 1 2 1 0 3 9 2  x 10 -2 
- 7 . 8 9 8 5 4 1 7  x 10 -3 
- 5 . 0 2 0 4 8 8 6  x 10 -3 
- 2 . 9 2 6 0 9 9 4  x 10 -3 
-1.582 6510 x 10-3 
- 8 . 0 1 7 1 1 4 4  × 10 -4 
-3 .831123  7 x 10 -4 
- 1 . 7 3 7 1 6 5 4  × 10 -4 
- 7 . 5 1 0 1 0 5 5  x 10 -5 

4.1995493 × 10 -4 
1.6164985 x 10 -3 
3.2600479 × 10 -3 
4.580 942 1 × 10 -3 
5.049 7784 x 10-3 
4.6518397 x 10-3 
3.722 188 8 x 10 -3 
2.654 576 7 × 10 -3 
1.718 537 6 x 10 -3 
1.023 7213 x 10 -3 
5.670 061 6 x 10 -4 
2.944 073 2 × 10 -4 
1,442 604 9 × 10 -4 
6.707 422 2 × 10 -5 

Table  2 
Da ta  u sed  fo r  ca l cu la t ion  

N~ 3 ¢ /k  A* h 
= 1 

z(me)~ 

He 4 10.06 10.22 2.677 
H 15.12 37.02 1.730 
D 15.12 37.02 1.224 

~0 

10. 

z O 60 80 

Fig.  1. Second v i r i a l  coe f f i c i en t s  of  He 4. 

r [oK] 

f 

f K i t ~ t r l c k  
prer~n# colculotion 

Tab le  3 
C o n t r i b u t i o n s  to s e cond  v i r i a l  coe f f i c i en t s  

T* Bcl  B1 

he l i um  

B 2 B 3 Bid 

1.2 
1.8 
8 /3  -5.00 9.07 -3.17 2.68 -0.50 
4 2.43 4.92 -0 .98 0.54 -0 .27 
6 6.80 2.76 -0.33 0.12 -0 .15 
8 8.71 1.88 -0.16 0.04 -0 .10 

12 10.29 1.12 -0 .06  0.01 -0.05 

h y d r o g e n  

Bcl B 1 B2 B3 

-58.14 
-25.71 11.49 -2 .85 1.56 
- 7.52 5.70 -0.83 0.29 

3.65 3.09 -0 .26 0.06 
10.23 1.74 -0 .09 0.01 
13.09 1.18 -0 .04 0.005 
15.46 0.70 -0 .02 0.001 

B 1 

12.81 
5.75 
2.85 
1.55 
0.87 
0.59 
0.35 

d e u t e r i u m  

B2 

-2.97 
-0.71 
-0.21 
-0.06 
-0.02 
-0.01 
-0.004 

B 3 

1.28 
0.20 
0.04 
0.01 
0.002 
0.001 
0 
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N :  Avogadro  number .  Wri t ing B = B c l +  B 1 + B 2 + B 3 + Bid and using (5) - but in polar  c o o r d i n a t e s  - we 
find by par t i a l  in tegra t ion  for  a g e n e r a l  potent ia l  U = U (r) 

cO 

B c l =  2 , N  j (1 - e-i3U)r 2 d r  , 
o 

J72~3 F 
B 1 = 2 , N l - ~ m J  e - ~ U u  I 2 r  2 d r ,  

o 

B 2 =2.N fi4j~4 S e -/3U{UII2+2~2UI2 
120 m 2 o 

(8) 

B 3 = 2 , N  

~2(UII2uI2 +7 1 UI4) +~ 3 +~ 

(9) 

+_~i0 iui 3r  _~_~5 2 UI4} r2 dr , (10) 

l~6~5 S e-13U {3 uIVu If- 21r~UII2 +~3 (11UI~uIIuI-131UII2u I- 8~3UI3 ) 
40 320 m 3 o r 

7 r l  Vi 5 --~-~ 7/34 UI6} r 2  dr  . (11) 

As is well  known, s y m m e t r y  effects  give r i s e  to the fol lowing t e r m  : 

BE = ~  g ( fi2 ~ (12) 
Bid  FD f6  . mkT /  " 

Espec ia l ly  fo r  the L e n n a r d - J o n e s  (6-12) potent ia l  the in tegra t ion  over  all  coord ina te  space  g i v e s :  

B 2"Ab3 ~ A*2~'T *- (3+I0~ ' ) /12  5 i (9 s 
- ~ ~=0 s=O ~ b T *-~, T* =k__¢ T , (13) 

with 

b(S) 2 s+~ 
o = - - ~ - ~ . r ( - ~ - ) ,  (14) 

b~S) _ 3 6 s - l l  2 s+~ ( 6 s - l ~  
76---8,2 ~ "  F \ 12 / ' 

3 024s 2 + 4728s  + 767 2s+~ b ~ s) = _ 

491 520.4 s:  

(6 s+ l~  
- - F \  12 / '  

s+3.- 3 
53568s 3 + 3 0 3 2 1 6 s  2 + 4 9 1 0 7 6 s  + 180 615 2 6 _ / 6 s + 3  

73 4o0 32o .6  ~ .  1 L - i S - )  

(15) 

(16) 

(17) 

Table  1 g ives  the n u m e r i c a l  va lues  for  these  coef f ic ien t s  t .  Using the data  of the t ab les  1 and 2 we 
have ca lcu la ted  the t e r m s  of B for  s o m e  gase s .  Some of these  va lues  a r e  p r e s e n t e d  in table  3 6). F inal ly ,  
for  He 4 fig. 1 shows the c o n f o r m i t y  of our  i n t e r m e d i a t e - t e m p e r a t u r e  ca lcu la t ion  with the l o w - t e m p e r a t u r e  
q u a n t u m - m e c h a n i c a l  ca lcu la t ion  of Ki lpa t r i ck  8). 

The author  is indebted to P r o f e s s o r  Voj ta  fo r  the sugges t ion  of the theme  and for  va luable  advice  
dur ing the work.  
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t The values in the literature show some mistakes. 
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