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ON THE GENERALIZATION OF THE ENSKOG EQUATION
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Fora classicalhomogeneoussystemof particlesinteractingvia steeplyrepulsivepotentialsa generalizationof theEnskog
equationis proposed.Thiskineticequationhasthepropertiesthat it reducesto theusualEnskogequationin the limit of
hard-spherepotentialsandthat thetotal insteadof thekinetic energyis conservedin thesystem.Theexpressionfor the
potentialenergyobtainedis correctatarbitrarydensitiesin equilibrium.

The generalizedBoltzmannequationfor hard-coresystemsasproposedby Enskog [1] is known to describe
thekinetic propertiesof suchsystemsnearlyexactlyup to halfthe closestpackingdensityand to yield goodap-
proximationsfor transportcoefficientsevenat liquid densities[2]. Also, equilibriumpropertiesare obtainedex-
actly at arbitrarydensities.In view of the simplicity of the Enskogequationthis is avery surprising,still not fully
understoodsituation.Since a microscopicinterpretationof the Enskogequationis very complicatedevenin the
caseof hard-spheresystemsno generallyacceptedextensionto the caseof (short-ranged)soft-corepotentialsex-
ists in theliterature.

The philosophyunderlyingtheEE is thatspatial correlationsbetweencolliding particlesaretakeninto account
while momentumcorrelationsareneglectedaltogether.Thesespatial correlationsoriginatefrom theinfluenceof
the surroundingparticlesvia the so-calledscreeningeffect [3] this effectbeingof a purely geometricalorigin.
Therefore,thesecorrelationswifi play animportantrole also in a systemof particlesinteractingvia a steeplyre-
pulsivepotential V. In an equilibriumsystemthesecorrelationsare representedbyy2(1,2) = y2(r1 — r2) where

g(r) = e_~
1Tfr)y

2(r), (1)

g(r) beingthepair correlationfunction,j3 = 1/kTand V(r) the pairinteractionpotential.In a hard-spheresystem

y2(r) is entirelyindependentof the temperature(i.e. onthe kinetics)andrepresentsjust the screeningcorrela-
tionsmentionedabove.In a realisticsystemandin nonequllibriumthescreeningwill be slightly dependenton the
kineticsof thesystemso thaty2(r)shouldactuallybedeterminedself-consistently.For simplicity of presentation
we neglect theseeffectsin the presentpaperandusethey2(r)of (1)in nonequiibrium,too.

To introducethesecorrelationsinto thedesiredkinetic equationsfor a classicalhomogeneousN-particlesys-
tem we startfrom the first two equationsof the BBGKY hierarchywhich read for largeNwith given densityn,

~fi(l;t)—nfd2Li(1,2)f2(l,2;t) , (2)

[~+L(l~2)]f2(l~2;t)=_nfd3 [L1(1,3)+L1(2,3)]f3(1,2,3;t), (3)

where
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L =L0 +L1, L0(1, 2) =~—-~— +~-~ —p--, L~(i,j) = — aVV~f)f~a
m ar1 m ar2 a,~\a~~ap1

Theseequationshaveto be equippedwith an initial conditionwhich we chooseherein sucha way asto takeac-
count of the screeningcorrelationsmentionedabove,i.e.

f2(1,2;0)f1(1;0)f1(2;0)y2(1,2). (4)

Thesecorrelationsareformally introducedinto thehierarchy,too,by rewriting (3) by meansof(2) as

[~-+L(1~2)]f2(1,2;t)_~Y2(1,2)fi(1;t)fi(2;t)

+L1(2,3)[f3(1,2,3;t)—y2(1,2)f2(2,3;t)f1(1;t)]}

(5)
the latter equality sign simply defining a quantity ~ which dependson f3,f2 andf1. It is interestingto evaluate
~ in equilibrium. Using

f~~(12,3) = e_13V(l~
2~3)y

3(1, 2,3)

and thehierarchyequationsfor theyfunctions,oneimmediatelyobtains

aVav(r1 —r2) a a
~eqf eq = Eeq(l, 2)f~q(1, 2) Def ar1 (~—_~-__)f~q(1, 2),

Vav(r1 —r2)—kTlnly2(ri —r2)]

where ~eq is seento be just an interactionliouvillean definedin termsof the averageforce exertedby thesur-
roundingmediumvia the screeningeffect on theparticlesin consideration.This forcedependson thekinetics of
the systemonly throughthe averagekinetic energyandis easilyinterpretedas akind of pressuredrivingthe par-
ticles together.This easyphysicalpicturearisesfrom the fact that in equilibrium thereare no momentumcorrela-
tionsbetweenthe particles.

In nonequilibrium this force is expected to beexpressedby the operator

~i(l,2t)aV~~2~t) [~-~—~], (6)

where

v~”(1,2; t) = — ~Ehfl(t) ln[y2(l, 2)] , Ekjfl(t) = fd3p(p2/2m)f1(p; t)

sothat (5) becomes

(7)

where ~2f~=(~— ~1)f2mainly containseffects due to the nonequiibrium momentumcorrelationsbetween
theparticles.We havedroppedindiceswhereno misunderstandingis possible.

Now it is easily proved by differentiationthat (7) togetherwith (4) is equivalentto the integralequation
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f
2(t) y2f1(1; t)f1(2; t) — fdt’ e_(t_t~Ly2f1(1; t’)f1(2; t’) + fdt’e_(t_tDL [±1(t’) + ~2(t’)}f2(t’). (8)

Weuse the identity

fdt’ e_(t_t’)Ly2A(1,2; t’) = fdt’y2e_(t_t’)LA(1, 2; t’) — Jdt’ e_(t~t’)L(L0y)f dt” e_(t’_t”)LA(l, 2; t”)
0 0 0 0 (9)

whichis mosteasilyprovedin Laplacerepresentationby usingL L0 +L1 is a linear differentiation operator and
L1 commuteswithy. Introducing(9) into (8) anditeratingas

f~(t) =y2f1(1; t)f1(2; t) — Jdt’y2 e_(t_t’)LLifi(l; t’)f1(2; t’) Def fdt’ K~°~(t— t’)f1(1; t’)f1(2; t’) , (lOa)

f~’~(t) = f~(t) + fdt’ e_(t_t’)L [~1(t’)y2 + ~2(t’)y2 — (L0y2)]f1(1; t’)f1(2; t’)

— f dt’ f dr” e_(t_t’)L [~1(t’)y2 + ~2(t’)y2 — (Loy2)]e_(t~t”~L1f1(1; t”)f1(2; t”)

= f dt’ K~’~(t,t’)f1(1 ; t’)f1(2; t’), (lOb)
Def0

and for t -+ oo(in the abelian sense) we see that in equilibrium f~feq’ f~~)yields the exact equilibrium function

f2 eq while the higher order corrections are equal to zero, i.e.

f~qf~
0~q, Vk1,2

Hoping~at(~l0)in nonequilibriumrapidly converges,we mayobtaina kinetic equationby introducing(lOb) in-
to (2).

To stayin the Enskogpicturehoweverwe haveto neglectanytermswhich areconnectedwith momentumcor-
relationsextendingbeyondtherangeof theinteractionpotential V. This meansdroppingin K(1) theterm con-
taining ~2 andall termswhichdo not decayon atime scalegivenby tc, tc beingthedurationof a single collision
with respectto thepotential V. This leadsto the followingequation(for detailsseeref. [4])

t) = n f dt’ [fd~ {y
2Li e_t’LL1f1(1;t — t’)f1(2; t — t’) — f dt”L1 etL [(L0y2) — ~1(t — t’)y2]

X e_t”
1~L

1f1(l; t — — t”)f1(2; t — — t”))] . (11)

In the limit of hard-spherepotentialsthe first termis seento yield the usualEnskogequation

~f1(1;t)—ny(a) fd2~2(l,2)f1(1;t)f1(2;t) (12)

andais the hard-spherediameter,Tbeingdefinedin ref. [5], while the secondterm maybe shownto be equal to
zero [4] andthis term will thereforebesmall in systemswith sufficientlysteeprepulsivepotentials.
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(11) doesstill containthedistribution functionsat earliertimes.Becauseof theaforementioneddecayproper-
tiesof the kernelswe may write

f1(l;t—r)f1(l;t)—r~f1(1;t—r), (13)

(14)

and anticipatingtheresult(14) we may replace

— t’) by E1(t — t’ — t”)

since the corresponding correcture term may be shown to be smallerthanthe termsretainedby a factor of
Upot/Ekjn. Introducingthis into (11) andextendingafter introducingtheusualdampingfactorthe integrations
to infinity one obtains in first order of retardation terms finally

ä~fi(l;t)=_nlin~[1 ~ fd2[YLl_-~-LLl _Ll—~--L[(Loy)_±i(t)]~-~Li]fi(l;t)fi(2;t).

(15) forms the centralresult of the presentpaper.Similarly as theEnskogequation,it contains only the dynamics
of two particles, the effect of themediumbeingmainlyrepresentedby thefactoryin the first termon the rhs of
(15). The second term looks like a correcture term in Born approximation, the perturbationbeing(L0y) —

While ~ describesa force, driving the particlestogether,(L0y) representsthetendencyof theparticlesto di-
minish the correlationsdueto free streaming.In equilibrium,thetwo effectscanceleachother,while in nonequi-
librium thesetermsrepresentthe influenceof themediumon thecourseof a singlebinarycollision.

In the limit of a hard-spheresystem,thesecondtermon therhsof (15) is equalto zero,thus(15) reducesto the
usualEnskogequationof a homogeneoussystem.By multiplying (15)withp

2/2mandintegratingoneobtains[4]

= — ~Upot(t),

U~t(t)=lim _~n2fdl d2t_Vy + V—~-L[(L
0y)— ~i(t)])_~~Lifi(l;t)fi(2;t) (16)

and

U~~fd3r V(r) e~31T0~y(r)= fd3r V(r)g(r)

IdentifyingU~~(t)with thepotentialenergyin the systemwe maysay (15)conservestotalenergy.Since in a
denserealisticsystemthe potentialenergycannotbeneglectedwith respectto thekinetic energythis factis non-
trivial andservesasa serioustestof anykinetic equation.

The detailsof the derivationwill be presented elsewhere.
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