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Piotr Marecki 2003/01/17Plan
The Dirac operator in a Coulomb �eld exhibits aninteresting behavior depending on the charge whichproduces the �eld. Whereas small charges cause noparticular diÆculties the higher the charge the moredelicate the situation becomes. In particular fromZ = 119 on there is a 1-parameter freedom of choosingselfadjoint extensions of the Dirac operator which hassigni�cant physical consequences. The talk attemptsat presenting the relevant structure.The plan of the talk is the following:1. Introduction2. Coulomb potential; small nuclear charges3. Strong Coulomb potential4. How does the extension in
uence energy levels?
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1. Introduction 2003/01/17Introduction
The evolution in quantum mechanics is governed bythe Hamilton operator. More precisely the Hamiltonianshould generate a one-parameter unitary group U(t).Def. If an operator operator T is symmetric(i.e. ( ; T�) = (T ; �)) than it is selfadjoint ifD(T ) = D(T �)

Only selfadjoint operators generate unitary dynamics.A theorem[2] says:T is selfadjoint if  �i (eigenfuctions to theeigenvalues �i) do not belong to the domainof the adjoint operator T �.If H is not selfadjoint (but symmetric) than itonly generates the so-called contraction semi-groupMathematische Grundlagen der Quantenphysik 2



1. Introduction 2003/01/17(e.g. dynamics of the heat-
ow equation in a boundedregion with constant temperature at the boundary).Physically this means that the particles escape fromthe region of interest.Suppose an operator H is given without its domainand that the corresponding Schr�odinger equation hassingular points. How do we check the selfadjointness?Typically it is easy to check whether H is symmetricon a certain C10 space. If H possesses the propertyof essential selfadjointness than there exists only oneselfadjoint extension to the L2 and therefore theboundary conditions follow automatically from thesquare integrability of the wave functions.Essential selfadjointness has a fascinatingconnection with the completeness of the classicalmotion namely, if the Hamilton equations allowa classical particle to leave the region of interest(e.g. hit the boundary) in �nite time than thequantum mechanical Hamiltonian almost for sure isnot essentially selfadjoint.
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1. Introduction 2003/01/17
The evolution of the Dirac �eld in some externalpotential is governed by the Hamiltonian:H = 
0
i[�i@i + eAi(t;x)]� eA0(t;x) +m
0:
By far the most important question in quantummechanics is whether the Hamilton operator (forcertain external �eld of interest) is selfadjoint. Itleads towards an analysis of the boundary conditions(if the region of interest is bounded) and of the singularpoints of the potential. The situation may be classi�edinto following hierarchy of diÆculty:� the potential is smooth� the potential possesses singularities, but H remainsessentially selfadjoint� the singularities cause breakdown of the essentialselfadjointness, but selfadjoint extensions of H existMathematische Grundlagen der Quantenphysik 4



1. Introduction 2003/01/17The �rst case is covered by a very importanttheorem:Thm 1. If the potential is smooth the Diracoperator H de�ned on D(H) = C10 (R3) is essentiallyselfadjoint.

Message:The Hamilton-Dirac operator must beselfadjoint in order to generate a unitaryevolution. This is always the case for smoothpotentials.
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2. Coulomb potential - simple case 2003/01/17Coulomb potential; small nuclear charges
Separation of angular and radial part leads to theradial Dirac operator:

h� = � 1� zr � ddr + �rddr + �r �1� zr � (1)which is �rst de�ned on D(h�) = C10 (0;1) functions.Here z denotes the nuclear charge (rescalled: z = 1corresponds to Z = e2=�hc = 137; 036::) and �� theeigenvalue of the operator K = 
0(J2 � L2 + 1=4).For instance Level �S -1P1=2 1P3=2 -2The separation of variables is justi�ed if all the radialoperators are essentially self adjoint on D(h)'s. TheMathematische Grundlagen der Quantenphysik 6



2. Coulomb potential - simple case 2003/01/17Hilbert space is now a L2 space with scalar product:
( ; �) = Z 10 ( 1�1 +  2�2) dr:

The further analysis amounts to the investigation of theordinary di�erential operator (system) (1). For given� this operator depends only on one dimensionlessparameter (nuclear charge). Therefore all the structurewill only depend on � and Z.The following theorem holds[1]:Thm 2. For nuclear charges not greater thanZ = 118 the Dirac-Coulomb operator is essentiallyselfadjoint on D(H) = C10 (R3nf0g).Thus no boundary conditions are needed at r = 0or r ! 1. The extension from C10 is unique by therequirement of square-integrability. The domain of theextended operator coincides with the domain of thefree Dirac operator.
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3. Strong Coulomb potential 2003/01/17Strong Coulomb potential
For Z greater than 118 the Dirac operator onC10 (Rnf0g) is not essentially selfadjoint anymore[4].Indeed there exist eigenfunctions which in both casesE = �i are square integrable at r = 0 (and vanishquickly at 1). This corresponds to the von Neumannde�ciency indices (1,1) in which case an existanceof a 1-parameter family of selfadjoint extensions isexpected.Thus it is possible to restore selfadjointness bymeans of an extension of the domain of H. Either:� a boundary condition at r = 0 is imposed, or� a certain linear combination of  i and  �i is addedto the domain (for each �)Also a regularization of the potential at small r hasa similar e�ect.Mathematische Grundlagen der Quantenphysik 8



3. Strong Coulomb potential 2003/01/17The spectrum (energy levels) depends strongly onthe type of the selfadjoint extension in use[5].A boundary condition that the solution shouldvanish at r = 0 is acceptable[3] (and also ful�lledfor Z � 118). It leads to the famous Sommerfeldspectrum:
En;� = 1r1 + z2hp�2�z2+ni2From the usual treatment it is hard to see thebreakdown of the essential selfadjointness because:� one investigates the di�erential equation withoutlooking at the adjoint problem, or� a boundary condition/particular extension is a priorichosen which already makes the operator selfadjoint.
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3. Strong Coulomb potential 2003/01/17

Message:In the case 118 < Z � 137 the Dirac operatoris not essentially selfadjoint. Only certainextensions reproduce the usual Sommerfeldspectrum.
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4. The spectrum 2003/01/17How does the extension in
uence energylevels?
In the case 118 < Z � 137 there exists a particularlinear combination of the two independent solutions ofthe radial Dirac equation which has a property that,after inserting E = �i one gets square integrablesolutions  i and  �i. If a linear combinationk � ( �i + ei� i) k 2 C; � 2 [0; 2�):is added to the domain of the operator a selfadjointextension is obtained. Clearly as the core wasC10 (0;1) such a solution �xes only the boundarycondition at r = 0 (at in�nity  �i vanish rapidly, sothey add nothing). Now any wavefunction  in thedomain can be decomposed into =  0 + k( �i + ei� i);where  0 belongs to the old domain. The eigenvalueMathematische Grundlagen der Quantenphysik 11



4. The spectrum 2003/01/17problem sounds:(h� �E) 0 = k(E + i) �i + k(E � i) i:The solution of this inhomogeneous equation ( 0) hasto vanish at r = 0. It may be divided into a particularsolution ( p) and a homogeneous solution ( h). Theparticular solution is p = �k( �i + ei� i);and consequently one obtains a boundary condition forthe homogeneous equation: h(0) = k( �i(0) + ei� i(0));which certainly produces eigenvalues di�erent fromthose obtained in the usual treatment:(h� �E) 0 = 0 h(0) = 0
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2003/01/17Conclusions and outlook
The Dirac-Coulomb problem is characterized by aZ-dependent structure:� for Z � 118 the Hamiltonian is essentiallyselfadjoint� for 118 < Z � 137 there are selfadjoint extensionsof the Dirac operator which lead to di�erent energylevels.The case Z > 137 has also received attention. Inthat case the wavefunctions oscillate rapidly as r ! 0,roughly:  � ripz2��2;so that no usual boundary condition makes sense. Animportant question arises as to whether the energylevels approach the lower continuum (E = �1).
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