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Introduction

Introduction

@ There are many formulations of QFT, most common: path
integrals, diagrammatic/perturbative expansions, algebraic
approaches, stochastic quantization, axiomatic approaches

@ In AQFT, the theory is governed by the algebraic relations
between the field observables
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Introduction

We stick to Euclidean QFT in this talk.

The local properties of quantum fields are encoded in the Operator
Product Expansion (OPE)

$a(x)8b( y)—Z So(x = ¥)$e(y)

@ a, b, c are labels for composite fields

@ The above equation is to be understood a) in the weak sense as an
equation for insertions into Schwinger functions and b) as an
asymptotic expansion, C5,(x — y) getting smoother the bigger
dim(c) gets.

@ It has been shown to hold for certain models and is believed to be a
general feature of QFT
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Introduction

o Considering the product of quantum fields at three different
points, associativity of the field operators,

ba(x) (06(y)9c(0)) = (a(x)Pb(y)) ¢c(0), yields the

consistency condition
ZCSC )Coaly) = Z S(x=y)Co(y) for |x| > [y| > |x—y|

@ [Hollands '08]: Elevate the OPE to an axiom of QFT, i.e.
define a QFT by a set of coefficients C$,(x,y) satisfying the
consistency condition (among other axioms)
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)

For this purpose, we view this set of coefficients as matrix
elements of operators Y(a, x) on an inner product space V
spanned by the field labels a:

;b(X) = <C? Y(avx)b>
The consistency condition becomes
Y(a,x)Y(a,y) = Y(Y(37X - y)bay)

With this notation, there are substantial similarities to the
theory of vertex algebras

Aim: Construct a perturbative QFT by specifying these
operators

In this manner we are going make a link between the theory of
vertex algebras and perturbative QFT

Also, this will effectively lead to a new way for calculating
OPE coefficients

Heiner Olbermann Perturbative Quantum Field Theory via Vertex Algebras



General setup

General setup

We start from an abstract vector space V spanned by the field labels a
and a set of vertex operators Y'(a, x). We isolate the properties that we
expect from this set, reflecting the properties of the OPE coefficients.

@ Analyticity: Y(a,-) € End(V) ® O(RP \ {0}) where O(U)=analytic
functions on U

@ Identity operator: Y(1,x) =1y, Y(a,x)|0) = a+ O(x)
1

@ Euclidean invariance: Y(a,x) = R(g)Y(R™(g)a, g 'x)R"(g),

g € SO(D), R representation of SO(D) on V

@ Consistency condition: Y(a,x)Y(b,y) = Y(Y(a,x — y)b,y) for
x| > |y > |x =yl

@ Scaling degree: sdY(a,x) < dima
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General setup

Perturbation theory for vertex algebras

Aim: Construct (formal) power series of vertex operators

:i)\i\’,(a x
i=0

satisfying the consistency condition

ZYkax bX) ZYk(Yi—k(a;X_y)bay)
k=0
Trivial deformations of a theory are given by field redefinitions Z : V — V

The vertex operators transform under Z as

Y'(a,x) =Z Y(x,Za) Z7*
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General setup

Perturbation theory and Hochschild Cohomology

@ The consistency condition entails restrictions on the allowed
perturbations. Consider the space Q"(V) of linear maps

fa(Xt, .oy Xp) : V@ @V — End(V)

The consistency condition at first order can be rephrased as
bY: =0, where b: Q"(V) — Q™(V) is given by

(bf)()q, ey Xng1; @1y -y ant1) 2= Yo(ar, xi ) (X2, oy Xnt1; 32, - v @nt1)
+ Z( 1 X1,...7 ..,xn+1;al,...,Yo(a,-,x,-—x,-+1)a,-+1,...a,,+1)
+ (-1 )"+1fn(x1,...,xn;al,...,an)Yo(a,,+1,xn+1).

satisfying b> = 0, i.e. b is a coboundary operator.

@ A field redefinition Z = Z}ﬁo Nz yields a perturbation Y; = bz;.
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General setup

= Non-trivial perturbations are elements of the cohomology ring
H?(V, Yo) = (Ker blgz)/(Im bla).

@ In a similar way, obstructions for constructing higher perturbations
are elements of the cohomology ring H3(V, Yp).

@ It is possible to extend this framework to include extensions of
BRST symmetry from the free to the deformed theory

@ The question whether a free BRST differential sy can be deformed
to a differential s = Z?io M's; simultaneously with Y leads to the
construction of another differential B : Q"(V) — Q"*1(V) and the
double complex H™8(V/, Yp|so)

o Setting H™(V, Yolso) = D, g=m H™4(V, Yo, 50), the simultaneous
deformations of Yy and sp are elements of H2(V, Yy|so), the
obstructions are in H3(V, Yg|so)
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General setup

Computing higher order vertex operators

@ Consider a theory governed by a non-linear field equation, e.g.
A¢p = Ap>. On the level of OPE coefficients/vertex operators this means

AY (%) = AY(,%) = AYi(p,x) = Yioa(¢, %)
@ Start from free field theory (Oth order)

@ Invert the field equation to get to the next order:
Yi(p,x) = A7 Yo(¢%, x)

@ Use the consistency condition to find the first order vertex operators with
non-linear vector arguments:

Yl(QD27X) = Y1, (1 + €)x) Yo(p, x)
- Za <a’ Yl(spv 6X)90> Yo(a,X) + (0 N 1)
or, more generally,
Yi(ab, x) = Yi(a, (1 + €)x)Yi_j(b, x) — “counterterms”
j=0
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General setup

The Euclidean free field

Consider the Euclidean free field ¢(x) in D > 3 dimensions (with
well-known OPE coefficients CS,(x)). We define the corresponding
abstract vector space V and vertex operators acting on it:

@ V=unital, free commutative ring generated by 1, ¢ and its
symmetric trace free derivatives,

6/7"790 =q hl,m(a)go?

where {h;, :m=1,...,N(D,/)} are an orthonormal basis of
harmonic polynomials on RP homogeneous of degree / and ¢
is some normalisation constant.

@ We introduce creation and annihilation operators on V/,

b ,[1) = 0", byp1) =0, [b b}, |=1
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General setup

Yo can be read off the well known OPE for the free field (recall

<C7 Y(go,x)b> = ;b(X))

o N(I,D) 1
Yo(p,x) = K
0 DIZ; mz:l NEGX)

x| hrm(%) b7 + r*’*D+2 Brm(R) by ]|
(r: Ix|, Kp=+vD—2, w(l,D):Zl—i—D—Z)

Operators that are non-linear in ¢ can be obtained by normal ordering products

YO(SQ’ X)p'
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General setup

Formula for the iteration step :

Yi(@ﬂ X) = A_l Y,‘,1(§03,X)
i-1
= A! Z Yi(e, (1 + e1)x)Yi—j—1(¢?, x) — counterterms

j=0
i—1 i—j—1
= AT Vile, T+ ea))| DD Yile, (14 e2)x)Yimj—k—1(, X)
j=0 k=0

—more counterterms:| — counterterms:|

Summarizing, we have

i—1i—j—1

Yi(p,x) = A" Z Z Yi(e, x1) Yi(p, x2) Yi—j—k—1(p, x) — counterterms

with x; = (1 + €1)x, x2 = (1 + e2)x.
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General setup

This suggests a graphical representation by trees:

Yi(p, x)

Yi(p, x1) Yi(p, x2) Yiej—k-1(p; x)

@ Result of the recursion procedure: Sum of products of nested 0-th
order vertex operators, whose arguments € R” depend on x and
regulators ¢;.

@ Special subsum: sum of “tree-like” summands (those obtained by
dropping the counterterms in the recursion)

@ Tree-like summands can be considered as building blocks for the
more complicated counterterms
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“Feynman rules” for vertex operators

Using various tricks and theorems for special functions, one obtains
the following diagrammatic rules for tree-like summands
contributing to Yi(¢, x):

@ Draw all trees T with i vertices with coordination number 4.

@ With each vertex v associate parameters 9, € C\ Z,
7, € SP~1 and a regulator €, > 0.

@ With each leaf j adjacent to a vertex v, associate a pair
(l,,m;) e Nx{1,..,N(D, )}

@ With each line (vw) associate the “momentum” v, € C\ Z
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“Feynman rules” for vertex operators

“Feynman rules” for vertex operators

...and to each tree, apply the following graphical rules:

(VW) - Eljruw P(_)/}V'}I}WH/W7D)

(uv)

(1) (
2)
j
j

E
i

— P22 4 8y 4 Vg + Vi + Vi — 1)

vws)

— Kow() ™Y 2hy,m (9)r'b;

lj,mj

— Kpw(h) "2 by m () r =P+ 2by m,
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“Feynman rules” for vertex operators

Write down all these factors and
@ integrate over all X; — [cp_1 dX;

@ integrate over all v;; — f(c dvj;

1 fdoi
27mi o;
@ take the sum over all /;, m;

® integrate over all §; —
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“Feynman rules” for vertex operators

Vi

In In
Je Jo

.
e

L f B f fyo 0260 [ a06) 33

Ja du Jo O . I,k 13 m1,mp,m3

T A T A
x ———P(=§1-%Xv1,D)=———P(=J1 J2;12,D)
sin Ty sin Ty
3
X KE) Hw(ln)71/2 hll,ml()?) h/g,mg()?) h/3,m3()?)
n=1
X rylbll,mlblzymzbz,n@

withvp=—h —h—-2D+6+68, 1 =—h—h+k5—2D+8+ 61 + 9>
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“Feynman rules” for vertex operators

Divergences and counterterms

® In D > 2, the tree-like summands diverge for ¢; — 0. Apply Wick's
theorem to the creation/annihilation operators associated to the
leaves and represent contractions by directed lines linking the leaves:

These loop graphs are the source of the divergences and should be
canceled by the counterterms.
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“Feynman rules” for vertex operators

Vertex algebras and special functions

Again using various tricks and identities, we can write the contribution of
a graph as a sum of ratios of Gamma functions,

(B T_1Yi(G, 0, ) |Bs i) =

R D
» : 2ri Je, Sy
assignments le€N:e€G\T k., eND:ecT \VET v

T, ,7_—leaves

M(—le/2 — 8e/2+ |ke|/2)[(le/2 4+ 8e + D/2 — 1 + |ke|/2)

< 11 I, M((Eeony ke, +1)/2) Mle — je + D/2 — 1)
ver (Ceonylkel +D)/2)  coig  Jellle = 2%)!
< 11 M(lte —je +D/2—1) M(l_e—Jje+D/2—1)
Sin Je'(l+e — 2je)! eout Je'(l—e = 2Je)!
x &0 ZeinlteYeout l-etTveT@H00) (Lg)Te lkel T] pke T ple,. (3.1)

ein eout

This can be understood as a generalization of the Gauss hypergeometric
function. The consistency condition should entail highly non-trivial
relations between these functions.
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Conclusion and Outlook

Summary

@ Repackaging of the information contained in the OPE in the
spirit of vertex algebras

@ Proposition for an algorithm implementing perturbation
theory which yields explicit perturbative expressions for OPE

coefficients/vertex operators
@ Proposition for a graphical representation of these expressions
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Conclusion and Outlook

Outlook

Future work:
@ Proof of the consistency condition for the perturbative model
@ Calculating higher order vertex operators (including
counterterms/renormalization)
@ Analysis of the Hopf algebra structure underlying
renormalization
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