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How a chemical bond breaks
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Figure 1. By pulling at a molecule while simultaneously measuring its longitudinal exten-
sion (a), rupture or unfolding transitions can be induced, indicated by a sudden increase in
the extension x and (depending on the type of force transducer and loading protocol) often
accompanied by a decrease in the measured pulling force (b). Recording the force at the time
of rupture, here simply denoted F , and performing the experiment repeatedly, a distribution
p(F ) of rupture forces is obtained that can be compared to model predictions in order to
extract information on the underlying free energy landscape (c).

flux into an absorbing boundary. We will show in section 3 that even a first-order
approximation to this integral equation is asymptotically exact in the opposite limits
of low and high loading rates and can be used to derive analytical closed-form results.
Since sections 2 and 3 provide some additional technical background to a recent work
of ours [5], more practically minded readers may want to consult ref. [5] directly. There
we also discuss in greater detail the fact that our analytical results turn out to be
accurate for all loading rates save for a narrow region close to a critical loading rate.
Section 4 briefly considers the related problem of linker dynamics, relevant whenever
loading rates are high and the transducer is connected to the probe molecule via
deformable linkers such as a semiflexible polymer.

1.1 The simple bond model

Within the “simple bond” model, the longitudinal extension x serves as a one-
dimensional reaction coordinate separating the “bound” from the “unbound” state by a
free energy barrier at some position xB, see fig. 2. It is treated as a stochastic variable
characterized by a time-dependent probability density W (x, t). For every possible
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Figure 2. A free energy barrier at xB separates the bound state from the unbound state
and concentrates the probability distribution W (x, t) of a bound molecule around the energy
minimum. The strong thermal excitations necessary to overcome the barrier are rare events,
causing the bond survival probability to decay at a low, steady rate that can be determined
from the probability flux jB into an absorbing boundary.

initial condition x0 = x(0), thermal fluctuations will sooner or later drive the probe
molecule into the unbound state, where it is scooped up by an absorbing boundary,
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Resolving the Stiffening-Softening Paradox in Cell
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Abstract

Background: Despite their notorious diversity, biological cells are mechanically well characterized by only a few robust and
universal laws. Intriguingly, the law characterizing the nonlinear response to stretch appears self-contradictory. Various cell
types have been reported to both stiffen and soften, or ‘‘fluidize’’ upon stretch. Within the classical paradigm of cells as
viscoelastic bodies, this constitutes a paradox.

Principal Findings: Our measurements reveal that minimalistic reconstituted cytoskeletal networks (F-actin/HMM) exhibit a
similarly peculiar response. A mathematical model of transiently crosslinked polymer networks, the so-called inelastic glassy
wormlike chain (iGWLC) model, can simulate the data and resolve the apparent contradiction. It explains the observations in
terms of two antagonistic physical mechanisms, the nonlinear viscoelastic resistance of biopolymers to stretch, and the
breaking of weak transient bonds between them.

Conclusions: Our results imply that the classical paradigm of cells as viscoelastic bodies has to be replaced by such an
inelastic mechanical model.
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Introduction

Cells stiffen upon stretch [1–3]. But cells also soften upon stretch
[4,5]. We call this the stiffening-softening paradox of cell
mechanics, since both apparently contradictory effects are
attributed to the same structural entity or ‘‘functional module’’
[6] of the cell, the cytoskeleton [7]. The cytoskeleton is essentially a
semidilute meshwork of semiflexible biopolymers, calling for an
explanation by a mechanistic polymer-physics based model [8,9].
Indeed, in-vitro reconstituted cytoskeletal networks were also found
to stiffen [10–12] and soften [12]. Within the classical mechanical
paradigm of cells and biopolymer networks as viscoelastic bodies,
such contradictory responses constitute a paradox, as they elude
attempts of a unified explanation. Accordingly, the different
behaviors were previously attributed to distinct network architec-
tures [10]. In the following, we want to challenge this view by
revealing that even a passive in-vitro cytoskeletal model network
exhibits a two-faced mechanical response. Using a simple
mathematical model for the inelastic mechanics of a transiently
crosslinked biopolymer network, we explain how the apparently
paradoxical behavior may naturally emerge from a unified
mechanism. Taken together, our results thus show a plausible
way of how to resolve the stiffening-softening paradox within a
unified framework of inelastic network mechanics, with important
implications for cell function, development, and disease [13,14].

We performed shear rheometry with a biomimetic cytoskeletal
model system, an F-actin network isotropically and transiently

crosslinked by rigor heavy meromyosin (HMM). The F-actin/
HMM system was chosen for its structural simplicity and
experimental reproducibility, not for its physiological significance.
Its frequency-dependent linear rheology has been well charac-
terized before [15]. Our aim was to demonstrate that even such
simple model networks, which are arguably accessible to a
schematic mathematical modeling, exhibit a complex two-faced
nonlinear rheological response akin to that reported for living
cells.

Results

Nonlinear Rheology of F-actin/HMM Networks
We applied a staircase of sinusoidal shear excitations. For small

amplitude ĉc, the resulting stress-strain curves have elliptical shapes
(Fig. 1a). This means that the stress response s(t) is sinusoidal, like
the stimulus c(t), but shifted in phase, as characteristic of a linear
viscoelastic (dissipative) response. Upon raising the oscillation
amplitude ĉc step by step after every 30 cycles (Fig. 2a), deviations
from the elliptical shape become increasingly pronounced (Fig. 1b),
in line with previous observations for F-actin/a-actinin networks
[16] and even pure F-actin solutions [17]. Within each cycle, the
material stiffens appreciably, which manifests itself in convex
stress-strain relations, i.e. the ellipses bending upwards. This is the
equilibrium viscoelastic stiffening commonly attributed to the
nonlinear resistance of individual semiflexible polymers to stretch
[9–11,18]. But note that, at the same time, the sample exhibits
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Many soft materials are classified as viscoelastic. They behave mechanically neither quite fluid-like nor quite
solid-like — rather a bit of both. Biomaterials are often said to fall into this class. Here, we argue that this misses
a crucial aspect, and that biomechanics is essentially damagemechanics, at heart.When deforming an animal cell
or tissue, one can hardly avoid inducing the unfolding of protein domains, the unbinding of cytoskeletal
crosslinkers, the breaking of weak sacrificial bonds, and the disruption of transient adhesions. We classify
these activated structural changes as inelastic. They are often to a large degree reversible and are therefore not
plastic in the proper sense, but they dissipate substantial amounts of elastic energy by structural damping. We
review recent experiments involving biological materials on all scales, from single biopolymers over cells to
model tissues, to illustrate the unifying power of this paradigm. A deliberately minimalistic yet phenomeno-
logically very rich mathematical modeling framework for inelastic biomechanics is proposed. It transcends the
conventional viscoelastic paradigm and suggests itself as a promising candidate for a unified description and
interpretation of a wide range of experimental data. This article is part of a Special Issue entitled:
Mechanobiology.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

From our everyday experience in the macroscopic world, we are
verymuchused to scaffold structuresmade from solid elements that de-
form elastically if subjected to mechanical load. These elements may be
connected by bolts and joints to build larger, more complex, and possi-
bly agile structures. Even our own bodies seem to obey this very com-
mon construction principle. However, if we dissect these bodies and
study the mechanical behavior on the level of cell aggregates, single
cells, and the intracellular scaffolding structures summarily known as
the cytoskeleton, we encounter an entirely new construction principle.
At first sight, the impressively large and stiff protein fibers like F-actin
and microtubules that make up the cytoskeleton may indeed look and
even behave in a way strongly reminiscent of our bones and muscles,
or even of the struts and beams used in macroscopic engineering. Yet,
this alluring similarity between the microscopic and the macroscopic
world is to some extent deceiving.

The catch is that the microscopic natural scaffolding structures
are infinitely more dynamic and transient than their macroscopic

counterparts. Nature combines these volatile structures into impres-
sively durable and adaptive creatures, by allowing them to fluctuate,
to grow, decay, reform and to be constantly remodeled. So the micro-
scopic design principles governing the architecture of living matter are
rather not pantographic microfiche images of those at work in themac-
roscopic world. Most of the joints and bolts linking together the “bones
andmuscles” of a cell, or the individual cells inside a tissue or cell aggre-
gate, are deliberately not designed for eternity. They are rather designed
to occasionally break during everyday performance in response to inter-
nally generated or externally applied forces. Nature has chosen to build
up animate matter using weak transient bonds as its universal cement.
Rather than gluing bulk solids covalently together, it loosely attaches
thin floppy fibers and membranes, often employing binding strengths
that can only barely withstand the ubiquitous thermal forces.

Assemblies of many such bonds that easily break under weak loads
collectively give rise to a friction-like rather than an elastic resistance.
This may render elusive what an engineer would define as the mini-
mum requirement for classifying a material as an elastic body: a range
of conditions where the deformation is reversible and proportional to
the applied force, irrespective of the deformation rate. In this sense, as-
semblies ofweak bonds are anunconventional startingpoint for a visco-
elastic description, which would typically either start with an elastic
solid to which viscous dissipation is added, or with a liquid into which
elastic elements are immersed.

An analogy to electrical engineeringmay help to illustrate the point.
Standard circuit designs combine capacitors, resistors, and diodes, but
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156 B. Duplantier Séminaire Poincaré

Figure 1: Aspect du mouvement brownien décrit par le centre de gravité d’une particule de pollen
en suspension.

en mathématiques,7 physique8 ou biologie.9

1.1 Robert Brown et ses précurseurs

Dans un article publié en 1828 dans l’Edinburgh Journal of Science, et republié de multiples fois
ailleurs,10 intitulé “A Brief Account of Microscopical Observations Made in the Months of June,
July and August, 1827, on the Particles Contained in the Pollen of Plants; and on the General
Existence of Active Molecules in Organic and Inorganic Bodies”, le botaniste Robert Brown rap-
porta le mouvement aléatoire de différentes particules suffisamment fines pour être en suspension
dans l’eau. Il s’agit d’un mouvement extrêmement erratique, apparemment sans fin (voir la figure
1)11.

Brown ne fut pas le premier, en fait, à observer le mouvement brownien. Il semble que le mou-
vement universel et irrégulier de petits grains en suspension dans un fluide ait été vu très tôt après
l’apparition du microscope.12 Il suffit en effet de regarder dans un microscope pour y voir danser de
petits objets. Cela commença avec Anthony van Leeuwenhoek (1632-1723), fameux constructeur de
microscopes de Delft, qui fut aussi désigné en 1676 comme administrateur de la succession du non
moins célèbre peintre Johannes Vermeer, dont on pense qu’il fut l’ami.13 Leeuwenhoek construisit

7J. P. Kahane, Le mouvement brownien : un essai sur les origines de la théorie mathématique, dans Matériaux
pour l’histoire des mathématiques au XXème siècle, Actes du colloque à la mémoire de Jean Dieudonné (Nice,
1996), volume 3 des Séminaires et congrès, pp. 123-155, Société mathématique de France (1998).

8M. D. Haw, J. Phys. C 14, 7769 (2002) ; B. Derrida et É. Brunet dans Einstein aujourd’hui, édité par M. Leduc
et M. Le Bellac, Savoirs actuels, EDP Sciences/CNRS Éditions (2005).

9E. Frey et K. Krey, arXiv: cond-math/0502602.
10R. Brown, Edinburgh New Phil. J. 5, 358 (1828) ; Ann. Sci. Naturelles, (Paris) 14, 341 (1828) ; Phil. Mag. 4,

161 (1828) ; Ann. d. Phys. u. Chem. 14, 294 (1828).
11On peut consulter des enregistrements de mouvements browniens réels sur le site web :

www.lpthe.jussieu.fr/poincare/.
12S. Gray, Phil. Trans. 19, 280 (1696).
13Bien qu’aucun document n’atteste de rapprochement entre Vermeer et Van Leeuwenhoek de leur vivant, il semble

impossible qu’ils ne se soient pas connus. Les deux hommes sont nés à Delft la même année, leurs familles respectives
faisaient le commerce de textiles et ils étaient tous deux fascinés par la science et l’optique. Une hypothèse com-
munément admise et vraisemblable est que Anthony van Leeuwenhoek fut en fait le modèle de Vermeer, et peut-être
la source d’information scientifique de l’artiste, pour ses deux célèbres portraits de scientifiques, L’astronome, 1668,
(Musée du Louvre, Paris), et Le géographe, 1668-69, (Städelsches Kunstinstitut am Main, Francfort). (Voir Johannes
Vermeer, B. Broos et al., National Gallery of Art, Washington, Mauritshuis, La Haye, Waanders Publishers, Zwolle
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We derive the Markovian description for the nonequilibrium Brownian motion of a heated nanoparticle

in a simple solvent with a temperature-dependent viscosity. Our analytical results for the generalized

fluctuation-dissipation and Stokes-Einstein relations compare favorably with measurements of laser-

heated gold nanoparticles and provide a practical rational basis for emerging photothermal tracer and

nanoparticle trapping and tracking techniques.

DOI: 10.1103/PhysRevLett.105.090604 PACS numbers: 05.40.Jc, 05.70.Ln, 47.15.G!

Brownian motion is the erratic motion of suspended
particles that are large enough to admit some hydrody-
namic coarse-graining, yet small enough to exhibit sub-
stantial thermal fluctuations. Such mesoscopic dynamics is
ubiquitous in the micro- and nanoworld, and, in particular,
in soft and biological matter [1,2]. Since their first formu-
lation more than a century ago [3], the laws of Brownian
motion have therefore found so many applications and
generalizations in all quantitative sciences that one may
justly speak of a ‘‘slow revolution’’ [4]. In Langevin’s pop-
ular formulation they take the simple form of Newton’s
equation of motion for a particle of mass m and radius R
subject to a drag force!!0p=m and a randomly fluctuating
thermal force "ðtÞ:

_pþ !0p=m ¼ " ðt > 0Þ: (1)

As a cumulative representation of a large number of
chaotic molecular collisions " is naturally idealized as a
Gaussian random variable. Its variance is tied to the Stokes
friction coefficient

!0 ¼ 6#$0R (2)

in a solvent of viscosity $0 such as to guarantee consis-
tency of the averages h. . .i over force histories "ðtÞ with
Gibbs’ canonical ensemble, namely,

h"ðtÞi ¼ 0; h"iðtÞ"jð0Þi ¼ 2kBT0!0%ij%ðtÞ: (3)

This prescription implements the fluctuation-dissipation
theorem for the system comprising the Brownian particle
and its solvent at temperature T0. Strictly speaking, in view
of how it deals with long-ranged and long-lived corre-
lations arising from conservation laws governing the sol-
vent hydrodynamics, this practical and commonplace
Markovian description applies only asymptotically for
late times [5,6]. Corresponding corrections to Eqs. (2) and
(3) have recently been analyzed with single-particle tech-
niques in nanostructured environments [7,8].

Thanks to its prominent role in the ‘‘middle world’’ [2]
between the macro- and microcosmos, and its experi-
mental and theoretical controllability, Brownian motion

has become the ‘‘drosophila’’ for formulating and testing
new (and sometimes controversial) developments in equi-
librium and nonequilibrium statistical mechanics [9–15].
In this Letter, we introduce a nonequilibrium generaliza-
tion that has so far received little attention, namely, the
Brownian motion of a particle maintained at an elevated
temperature Tp > T0. From its hypothetical sibling (‘‘cool
Brownian motion’’, Tp < T0) such ‘‘hot Brownian motion’’
(HBM) is distinguished by having obvious realizations
of major technological relevance such as nanoparticles
suspended in water and diffusing in a laser focus. Because
of a time-scale separation between heat conduction and
Brownian motion, these particles carry with them a radially
symmetric hot halo. This increases the contrast for detec-
tion by a second laser, which provides the basis for prom-
ising photothermal particle tracking [16] and correlation
spectroscopy (‘‘PhoCS’’) [17–19] methods with a high
potential of complementing corresponding fluorescence
techniques [20] in numerous applications. But the heating
also gives rise to increased diffusivities [19], a phenome-
non that might affect other nanoparticle trapping and track-
ing setups, too [21–24]. The development of an accurate
theoretical description of hot Brownian motion therefore
becomes a crucial prerequisite for attaining quantitative
control over these emerging technologies. This is not an
entirely straightforward task (as some might suggest [25])
and requires an extension of the familiar theory, as
explained in the following. We arrive at simple analytical
generalizations of Eqs. (2) and (3), which should be suffi-
ciently accurate for most practical applications.
For clarity, we restrict the following discussion to an

idealized situation: a hot spherical Brownian particle of
radius R at the center of a comoving coordinate system in a
solvent with a temperature-dependent viscosity $ðTÞ that
attains the value $0 at the ambient temperature T0 imposed
at infinity. Favorable conditions are assumed, such that
potential complications resulting from long-time tails [8],
convection [26], thermophoresis [27], etc., can be ne-
glected. We do however distinguish the solvent tempera-
ture Ts at the hydrodynamic boundary corresponding to the
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Abstract – The Brownian motion of a hot nanoparticle is described by an effective Markov theory
based on fluctuating hydrodynamics. Its predictions are scrutinized over a wide temperature range
using large-scale molecular dynamics simulations of a hot nanoparticle in a Lennard-Jones fluid.
The particle positions and momenta are found to be Boltzmann distributed according to distinct
effective temperatures THBM and Tk. For THBM we derive a formally exact theoretical prediction
and establish a generalised Einstein relation that links it to directly measurable quantities.

open  access Copyright c⃝ EPLA, 2011

Hot Brownian motion is the Brownian motion of
nanoscopic colloidal particles that have an elevated
temperature compared to their solvent [1]. The phenom-
enon is ubiquitous in modern biophysical and nanotech-
nological work, where one often relies on nanoparticles
exposed to laser light as tracers, anchors, or self-propelling
nanomachines [2–8]. In a number of innovative applica-
tions the heating of the particle is moreover deliberately
exploited for detection, manipulation and surgery on
the nanoscale [9–13]. In general, heat and vorticity
diffuse much faster than the colloidal particles, typical
diffusivities being on the order of 10−7m2 s−1 vs.
10−11–10−10m2 s−1, respectively. On the basis of this
characteristic Brownian scale separation, one may treat
the solvent temperature and velocity distributions as
stationary radial fields T (r), u(r) around the instanta-
neous particle position. To a good approximation, the
hot Brownian motion of a single particle can thus be
characterised as a stationary non-equilibrium process. It
is then natural to seek an effective equilibrium description
in terms of Markovian stochastic equations of motion
with effective friction and temperature parameters [1,14].
Such effective parameters are certainly valuable

elements of any quantitative description or application,
but it is also clear that they will be less universal and
more context-sensitive than their conventional equi-
librium counterparts. For example, one has to expect

(a)E-mail: daniel.rings@uni-leipzig.de
(b)E-mail: kroy@uni-leipzig.de

different effective parameters for different degrees of
freedom of the colloidal particle, such as translational and
rotational motion, and they differ not merely by simple
geometric or kinematic factors [15]. Also momentum
and conformational degrees of freedom turn out to be
governed by distinct effective temperature, as already
independently pointed out by Barrat and coworkers [16].
The best one can hope for is thus a systematic and
quantitative understanding of the origin of the effective
temperatures and transport coefficients pertaining to
the observables most relevant in practice. This hope
is justified by the observation that Brownian motion
is a mesoscopic phenomenon and as such allows some
coarse-graining over microscopic degrees of freedom. In
other words, the effective temperatures and transport
coefficients of the colloidal particle should emerge form
the “middle world” [17] of stochastic thermodynam-
ics [18] and fluctuating hydrodynamics [19–21] rather
than directly from a much more intricate microscopic
description. As a consequence, the effective parameters
may still be expected to be reasonably insensitive to many
of the usually elusive (and often accidental) microscopic
details, such as the precise functional form of the atomic
interactions.
While this is true in principle, the appropriate meso-

scopic approach is not always entirely obvious and
straightforward, a priori. Therefore, it is valuable to
have direct access to a comprehensive microscopic char-
acterisation of some model system. A standard way to
achieve this is via molecular dynamics (MD) simulations,
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p
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m
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p
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T

h
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b
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m
otion

ob
served
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e
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a
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u
s

p
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T
he

design
ofartificialm

icro-and
nano-

sw
im

m
ers

that
propel

them
selves

in
a

viscous
fluid

is
a

key
issue

in
nanotechnology

[1].
In

the
realm

of
biol-

ogy,autonom
ous

m
otion

ofm
icroorganism

s
is

ubiquitous
and

relies
on

surface
w

aves
or

periodic
body

deform
a-

tions
[2].

Several
sw

im
m

ing
devices

inspired
by

living
system

s
have

been
built

recently
[3,

4],
although

their
actuation

m
echanism

requires
externalforces

or
torques.

A
n

alternative
w

ay
tow

ard
self-propulsion

is
achieved

us-
ing

colloidal
particles

w
ith

non-uniform
surface

proper-
ties

[5].
T

his
class

of
rigid

sw
im

m
ers

relies
on

phoretic
transport,

i
.
e
.

the
force-free

m
otion

driven
by

the
gradi-

ent
of

an
external

field
[6].

In
the

case
of

self-phoresis,
how

ever,asym
m

etric
particles

are
able

to
generate

their
ow

n
gradient

w
ithin

an
otherw

ise
hom

ogeneous
m

edium
and

thus
to

convert
the

available
energy

into
m

echanical
w

ork
[7].

T
he

sim
plest

realization
of

autonom
ous

sw
im

m
ers

is
obtained

w
ith

Janus
particles,

w
hich

are
colloidal

ob-
jects

w
ith

tw
o

sides
di↵ering

in
their

physical
or

chem
i-

cal
properties

[8].
For

exam
ple,

a
bim

etallic
particle

in
a

peroxide
solution

generates
a

electrochem
icalgradient

w
hich

in
turn

gives
rise

to
a

flow
in

the
surrounding

fluid
and

thus
causes

self-propulsion
[9].

A
t

short
tim

es
this

results
in

linear
m

otion,w
hereas

at
longer

tim
es

the
ran-

dom
reorientations

lead
to

enhanced
di↵usion

[10,
11].

Sim
ilar

findings
have

been
reported

for
photophoresis

of
hot

Janus
particles,

w
hich

m
ove

in
their

ow
n

tem
pera-

ture
gradient,

w
ith

an
e↵ective

di↵usion
coe�

cient
that

increases
linearly

w
ith

the
heating

pow
er

[12–14].
H

eating
ofm

etalcapped
Janusparticlesprovidesa

ver-
satile

m
eans

of
actuation

w
hich,

in
particular,

can
be

sw
itched

on
and

o↵
alm

ostinstantaneously.
H

eatabsorp-
tion

of
the

m
etalcap

is
achieved

upon
illum

ination
by

a
defocused

laser
beam

[12–15]
or

w
hen

subject
to

an
ac

m
agnetic

field
[16].

T
he

m
etalpatch

absorbs
the

energy
and

converts
it

into
heat;

asym
m

etric
heat

release
then

drives
the

colloid
via

a
m

echanism
oftherm

ophoresis
[6].

In
this

Letter
w

e
address

the
flow

pattern
in

the
vicin-

ity
of

a
hot

Janus
particle.

In
previous

w
orks,

both
the

driving
field

at
the

surface
and

the
resulting

velocity
field

in
the

nearby
fluid

w
ere

described
in

the
dipolar

approx-
im

ation,
that

is,
by

truncating
the

hydrodynam
ic

m
ul-

tipole
expansion

at
first

order
[7].

Y
et

the
discontinu-

ous
surface

properties
at

the
particle

m
idplane

leads
to

rather
im

portant
higher-order

term
s.

T
he

resulting
flow

pattern
should

a↵ectin
particularthe

hydrodynam
ic

cou-
pling

betw
een

neighboring
sw

im
m

ers
or

w
ith

a
bounding

w
all

[17,
18].

O
n

the
other

hand,
a

fixed
Janus

parti-
cle

is
expected

to
act

as
a

m
icro-pum

p.
V

isualization
of

the
localconvective

flow
by

particle
tracking

velocim
etry

indeed
revealed

vortices
close

to
a

Janus
particle

teth-
ered

on
a

glass
support

[12].
T

he
description

of
tracers

trajectories
thus

requires
a

detailed
know

ledge
of

both
the

tem
perature

and
the

velocity
fields

around
a

Janus
particle.

T
e
m

p
e
r
a
t
u
r
e

fi
e
l
d
.

In
a

first
step

w
e

derive
the

tem
-

perature
profile

due
to

heat
absorption

by
m

etal
cap.

T
he

particle
of

radius
a

is
centered

at
r

=
0;

its
low

er
hem

isphere
is

coated
w

ith
an

thin
m

etallayer.
T

he
tem

-

F
IG

.
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3:

(C
olor

on
lin

e)
F
low

stream
lin

es
arou

n
d

a
m

ov
in

g
Jan

u
s

p
article

(in
th

e
lab

oratory
fram

e).

w
ith

P
0n

=
dP

n
/dc

and
s

=
sin

✓.
T

he
corresponding

pressure
field

is
given

in
[19].

T
he

coe�
cients

p
n

describe
the

inhom
ogeneous

solutions
ofStokes’equation

w
ith

fi-
nite

pressure,
w

hereas
the

q
n ’s

are
related

to
the

zero-
pressure

hom
ogeneous

solutions.
T

he
coe�

cients
are

set
by

the
boundary

conditions
at

the
surface

ofthe
particle.

F
irst,the

far
field

v
has

to
m

atch
the

sum
ofthe

particle
velocity

u
p e

z
and

the
quasi-slip

velocity

v|r
=

a
=

u
p e

z
+

u
s e

✓
.

(7)

T
he

second
condition

is
a

globalconstraint
and

involves
the

total
force

F
z

=
�

4⇡
⌘
u

0 ap
1 .

In
the

follow
ing

w
e

evaluate
the

coe�
cients

for
a

particle
that

is
either

freely
m

oving
offixed

at
a

given
position.

M
o
v
i
n
g

p
a
r
t
i
c
l
e
.

F
irst

w
e

consider
a

free
Janus

particle
that

self-propels
due

its
ow

n
tem

perature
gradient.

Since
there

is
no

external
force,

the
global

constraint
im

poses
the

w
ell-know

n
condition

p
1

=
0

[6].
Y

et,
the

no-force
condition

does
not

a↵ect
the

inhom
ogeneous

coe�
cients

of
higher

order.
N

oting
e

z
=

ce
r �

s
e

✓ ,one
obtains

the
radialand

tangentialprojections
ofE

q.(7),
v

r
=

cu
p

and
v

✓
=
�

su
p +

u
s .Inserting

E
qs.(6a)

and
(6b),one

readily
gets

for
n

=
1p
1

=
0

,
and

q
3

=
�

23
t1

=
23

,
(8)

and
for

higher
orders

p
n

=
�

q
n
+

2
=

n(n
+

1)
2

tn
(n
�

2)
.

(9)

T
he

particle
velocity

is
then
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n=1
n=2
n=

¶

0
pê4

pê2
3pê4

p

-0.8

-0.4 0

0.4

0.8

q

vru
0

n=1
n=2
n=

¶

0
pê4

pê2
3pê4

p

-0.1 0

0.1

0.2

0.3

q

v
q

u
0

F
IG

.
4:

(C
olor

on
lin

e)
R

ad
ial

an
d

tan
gen

tial
com

p
on

en
ts

of
th

e
velo

city
of

a
m

ov
in

g
p
article

at
d
istan

ce
r

=
1
.5

a
from

its
cen

ter.
T

h
e

p
lots

corresp
on

d
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e

series
(6a)

an
d

(6b
)

tru
n
-

cated
at

n
=

1
(d

ip
olar

ap
p
rox

im
ation

,
d
otted

lin
es),

tru
n
-

cated
at

n
=

2
(q

u
ad

ru
p
olar

ap
p
rox

im
ation

,
d
ash

ed
lin

es),
an

d
to

th
e

in
fi
n
ite

series
(solid

lin
es).

quasi-slip
and

is
equalto

tw
o

thirds
ofits

am
plitude

u
p

=
q
3 u

0
=

23
u

0
.

(10)

T
his

im
plies

that
self-propulsion

in
driven

by
the

dipolar
term

q
3

only;
higher

Fourier
coe�

cients
of

the
tem

per-
ature

gradient,
tn

w
ith

n
>

1,
do

not
contribute

to
the

particle
velocity.

W
e

em
phasize

tw
o

m
ajor

di↵erences
w

ith
respect

to
the

usual
dipolar

approxim
ation,

w
hich

consists
in

re-
taining

the
term

q
3

only.
F
irst,

as
a

striking
feature

w
e

note
the

existence
of

a
radial

velocity
contribution

that
decays

w
ith

the
square

ofthe
inverse

distance
and

show
s

quadrupole
characteristics,

w
hereas

the
leading

tangen-
tialcom

ponent
is

proportionalto
r �

3.
In

dipolar
approx-

im
ation

both
vary

w
ith

the
cube

ofthe
inverse

distance,
as

is
w

ellknow
n

from
electrophoresis

or
from

the
theory

of
particles

driven
by

a
constant

therm
al

or
concentra-

tion
gradients

[6].
Second,

F
ig.

3
show

s
that

the
rota-

tional
patterns

of
the

stream
lines

are
located

close
to

the
m

etal
capped

low
er

hem
isphere,

w
hereas

in
dipolar

approxim
ation

they
occur

at
m

idplane
[6].

T
he

long-
range

radial
com

ponent
v

r
⇠

r �
3

and
the

non-dipolar
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