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Interacting bosons T=0

« Bogoliubov theory (1947)
euclidean action for interacting Bose gas
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Goldstone bosons

constraint to chemical potential (minimum)
S1[AT,AT] =0

diagonalization
Ex = +/€2 +2poU(K)ek = co |K| + a [K|> + O(K?)

condensate density
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I Spin waves in Heisenberg-
I magnets

- Heisenberg ferromagnet gz _ ZJZJS .S, J;=J<0

I * Holstein-Primakoff transformatlon around classical
ground state

S, = \/2Sb,,f\/1—ﬁ () n; =blb; [bjabj]:(s’ij

S%z = S—TLZ'

1

« bosonic hamiltonian H = E., + Hy + Hy + O(b°%)

BEq = NS[QDJS ]
H, — _—ZJ%‘7 (nz—|—nj + b, — blb, ) +hznz
H, = = ZJU (annj anZb anZb )

N. Hasselmann, P. Kopietz, Europhys. Lett. 74, 1067 (2006)



I BEC of Holstein-Primakoff
I bosons in ferromagnets?

. FT: diagonalizes quadratic part Ex = JoS(1—
1 . _ ik-8
| e o x
K Jo = 2DJ

Hy = ZEkakbk
k

* Interaction vanishes: to weak interaction of
ferromagnetic spin waves

1
Hy = W kzk 5k1+k2,k3+k4v ({kZ}) kalb]ILQbk3bk4

V ({k;}) ~ Ky - ko + k3 - kg + O(k*)

« no BEC!



Heisenberg
antiferromagnet

A 1
H:§Z‘]’L]S’LS] Jz'j:J>O
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« conventional spin wave expansion

 transformations

- Holstein-Primakoff a5

Ecl
Ho

Eq + Hy + Hy + O(b°)
—DNJS?

1J
- Fourier transformation using reduced BZ

- diagonalization: Bogoliubov transformation

Ac \ [ uk QK % =
BT_k - —VUk Uk 6T_k
Yk

Anderson (1952), Kubo (1952), Oguchi (1960)



Spin-wave interactions

2 degenerate magnon modes
= ZEK (aﬂak + Bl Bk + 1) + Eo Ex = JoSex
Kk

spin-wave interactions: complicated

1 1
Hy = 1 1(2%4 (51525354 -= agazalaz) + .
X0 KK

i i : ' r ingular
interaction vertices infrared singula

INn some limits
S0 \/k1k2 (1+ ki k2>/

12347 2\ Tk [kl k1 || K2
but: all divergences cancel in physical quantities

N. Hasselmann, P. Kopietz, Europhys. Lett. 74, 1067 (2006)



I BEC of magnons in QAF

¢ guantum antiferromagnet in magnetic field h = guB

has U(1) symmetry
I H= 1ZJZ-J-SZ- - S5 — hZSf < rotational symmetry
2 ij i around magnetic field

« classical ground states | s
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A. Kreisel, N. Hasselmann, and P. Kopietz,
Phys. Rev. Lett. 98, 067230 (2007) a




I Formulation in terms of
I magnons

« 2 Transformations

I - Holstein-Primakoff (fluctuations around FM ground state)
—— . i ot r
S = S—mn b

-

€t

H = Eq + Hy + Hy + O(b°)

— fourier transformation: red. BZ (2 Modes)

Hy = Z (eka — ,u) b;r(o-bka
K,o=%

2
€x_ = k* + O(k*) ek+ = he + O(k?)
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I Continuum formulation

* neglect gapped mode for simplicity

I Uy =V NalPbk_

 Interacting bosonic fields

d’k [ k?
= ot () o [ [

« effective interaction: constant for small momenta
Uq = O(Ao — [a])xo

1 1
2jQCLD - 2JSCL2

X0 =



I Hermitian parametrization

- hermitian operators Iy =II', &k = &',

I Ik, ®q] = i(2m)”d(K — q)
« transformation: split up field

Uy = 9H
K / k + \/_9 \ 5
transverse longitudinal

e advantage: physical interpretation of operators
S Gemikrige h = he.

) ¢ { 1 1€ A
: . ;= B .
E :Cie szzSgJ 1 :¢€B
7 P. W. Anderson (1952)
N. Hasselmann, P. Kopietz, Europhys. Lett. 74, 1067 (2006)



I Symmetry breaking

* Impose nonzero expectation value
I b = Ady + (27T)D d(K)opo
H=FEy+ Hi+ Hy + Hs 4+ Hy

« fix chemical potential
~ Upsgo

F=
« diagonalization: Bogoliubov transformation

1 dP k
Hy = —/ (2m)D €k (OZLOék —|—ﬁlﬁk) + Ey

3 5 H 1
e = colk| + alk|® + O(K) =\ O T




Quasiparticle decay

« decay in two or more E. L
quasiparticles
- energy conservation Eyx = Ek1 + Ek2 ol

- momentum conservation K = K; + Ko

E; = colk| + alk[?

a<0

e consider energy dispersion

Ek :Co‘k|—|—a‘k3—|—(9(k5) E
- stable quasiparticles a > (0

- unstable quasiparticles o < ()
concerning spontaneous

decay
M. E. Zhitormirsky, A. L. Chernyshev, Phys. Rev. Lett. 82, 4536 (1999)
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Correlation functions

* hermitian fields Uy —

/ \/_9 \
transverse longitudinal

« correlations in gaussian approximation (linear spin-
wave theory)

X0 —
<HKHK/> — 5K’_K/w2—|—cgk2 K (w, k)
W

HgPx/) = Ok K 7 1 2K
(PrPkr/) = Ok,-k' ;(00(2) a3

! w? + cok?

C. Castellani, C. Di Castro, F. Pistolesi, and G. C. Strinati, q Ua nt|tat|ve|y WI‘Oﬂg Iﬂ
HEER o T T— gaussian approximation

Phys. Rev. B 69, 024513 (2004)



I Beyond Bogoliubov

« divergences in pertubation theory
I (contribution to anomal Propagator) 4® = TQT

q

« cancellations controlled by Ward identities due to
U(1) - symmetry (2 correlations correct)
« critical continuum in longitudinal correlation function

(Px® k) = —Z]

2

w2 + c2 k2

+ Kpi1

(me)”

ngo
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In [%L D=
—3

L[‘g—§+k2}7 1<D<3

3—D

e contribution cancels in physical quantities of the Bose

gas

e observable?

Yes, BEC of magnons!
fields: staggered magnetization



Possible measurement

* neutron scattering might detect anomalous dimension
In correlation function
* longitudinal staggered structure factor
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SH (k,w) — X

Zj Cp(mc)?O (w — c|k|)
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critical continuum 3|
| | w /—‘\25.

only valid at — < k¢ = 2
C 3 o

(Ginzburg-scale) = 1|




Restrictions

* Ginzburg-scale %S ka e

. 2 contributions to abnormal propagator A® - T@T
- symmetry breaking q
- divergent diagrams

ko~ M9 o 429 g D=2

PO Sa <
ko ~mce (mo? \/75(96_ 6v3e D=3
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* energy integrated structure factor

spectral weight
I5s : § -function I :critical continuum  "|<! /
I_C ~ kg S “f‘é_'l o1 % 0.005 g.cm)//
1—6 ~ |k| ln(‘k‘) D—2 z/_/
IC - (mc) kG D _ 3 0.05 . |

s ~ "o 1K R

a 0.05 Q.1 5 Q.13 0.2



Summary

« not-so-well known facts about the Bose gas
- large corrections to Bogoliubov approximationin 1 < D <3
* Spin-wave interactions in QAF
- Interaction vertices: divergent (usual spin-wave expansion)
- hermitian field parametrization
« weak interactions between Goldstone modes
» fields: physical quantities
* QAF in uniform magnetic field: BEC of magnons
- measurable quantities via
neutron scattering
but only at D=2




