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Linearer Zusammenhang der Kräfte
in Newtonscher Flüssigkeit mit
der Geschwindigkeit
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~u(~∇ · ~u)

=
(

~∇u1

)

u1 +
(

~∇u2

)

u2 +
(
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)

~u

¸¹º»¼½¾¹¿À¿Á
=

1

2
~∇ (~u · ~u) −

(

~u · ~∇
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��Z tb\ �ZXqh m X`ah mX[ b[ t\[ m\b_h\[ a�tZit�[Xm b_`a\[ sZicg\m \[ qigY\[t\[ XggY\m \b[\[
�[_Xh} n

~f = −ρg ~ez − ~∇p +
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�\Z_\h}h b_h Y\ZXt\

µ∂~u
∂y (y0)

b_h U � b\ �\_Xmh�ZXqh b_h tX[[ u_b\a\ �ccbgtd[Y {w n
µ

(
∂~u
∂y (y + dy) − ∂~u

∂y (y)
)

≈ µ∂2~u
∂2y

r pX_ Y\ZXt\ t\m icbY\m �\Zm \[h_�Zb`ah U
k`aZ\bc \[ p bZ [i `am Xg_ tb\ Ä ÅÆÇÈÉÊËÌÍÎÈÏÊÐÑÈÇÒÓÔÕÖ ÈÕ ab[ n

ρ

(
∂~u

∂t
+ ~∇

(
1

2
u2

)

− ~u ×
(

~∇× ~u
))

= ~f
uT Uxw

it\Z m bh t\[ \b[Y\_\h}\[ �Zjqh\[ n
∂~u

∂t
+ ~∇

(
1

2
u2

)

− ~u ×
(

~∇× ~u
)

= −~∇ (gz) − 1

ρ
~∇p +

µ

ρ
4~u +

(
ξ

ρ
+

µ

3ρ

)

~∇
(

~∇ · ~u
) uT Uzw

�



�X[`am Xg p bZt Xd`a tb\ _i Y\[X[[h\ �b[\m Xhb_`a\ yjabY�\bh r tb\ Xg_ µ
ρ = ν

t\®[b\Zh b_h r c \[dh}h U
� b\ × ØÙ¥¤ÚÛÜÝÞ£ ¤ßÛàá¤¥âãä¦å ¤¦ c\_`aZ\bc \[ tX_ k�_h\m [dZ d[�igg_hj[tbY r tX m X[ m bh t\[ { � bq]
q\Z\[hbXgYg\b`ad[Y\[ ~ �[c\�X[[h\ u

~u, p
w c \_`aZ\bch U

�c\Z p bZ \ZaXgh\[ \b[\ p\bh\Z\ �g\b`ad[Y Xd_ t\Z � X__\[\ZaXghd[Y U ^\hZX`ah\[ p bZ tX}d \b[ c\gb\]
cbY\_ �igdm\[ � m bh t\Z � X__\ � d[t _h\gg\[ tb\ �\Zgd_h] d[t �\p b[[cbgX[} Xdq n

d

dt
M =

d

dt

∫

V

ρ d3~r = −
∮

∂V

ρ~v · d~F
uT U0Vw

| b\Zc \b b_h
ρ~v · d~F

tb\ Xd_ t\m �igdm \[ � X[ \b[\Z kh\gg\ t\Z �c\Z�j`a\ �\ZgiZ\[\ � X__\ b[ t\Z
y\bh

dt
U

� bh t\m kXh} �i[ �Xd§ qigYh [d[ n ∮
ρ~v · d~F =

∫
~∇ (ρ~v) d3~r

r Xg_i \ZYbch _b`a b[ _Y\_Xmh n
∫

V

∂

∂t
ρ d3~r = −

∫

V

~∇ (ρ~v) d3~r
uT U00w

� b\_\ �iZm \g Ybgh Xc \Z [d[ q�Z c \gb\cbY\ �igdm b[X r _i tX__ _b`a qigY\[t\ �i[hb[dbhjh_Yg\b`ad[Y
\ZYbch n

∂ρ

∂t
+ ~∇ (ρ~v) = 0

uT U0Tw
��Z tb\ [j`a_h\[ ^\hZX`ahd[Y\[ m X`a\[ p bZ tb\ �\[\ZXg�iZXd__\h}d[Y \b[\Z b[�im�Z\__bcg\[ �g�_]
_bY�\bh r _i tX__ Xd_ t\Z �i[hb[dbhjh_Yg\b`ad[Y

∂ρ

∂t
+ ~∇ (ρ~u) = 0

uT U0{w
tb\ �d\gg\[qZ\ba\bh t\Z khZim gb[b\[

~∇~u = 0
uT U0~w

qigYh U
v bZ }b\a\[ [d[ \b[qX`a\ �igY\Zd[Y\[ Xd_ t\Z ¢\phi[_`a\[ �g\b`ad[Y u¢X�b\Z]khi�\_]� g\b`ad[Yw n

ρ
∂~u

∂t
− ρ~u ×

(

~∇× ~u
)

= ν4~u − ~∇
(

p + Va +
1

2
ρu2

) uT U0ew

Va
b_h \b[ jd§\Z\_ sih\[hbXg r c}p U tb\ tX}dY\alZbY\ sih\[hbXgtb`ah\ r } U^ U c \b m XY[\hb_`a\[ �g�__bY]

�\bh\[ U
��Z tb\ [j`a_h\[ �c_`a[bhh\ _igg [d[

µ = 0
Y\gh\[ U

æ çè éêëêìíîïðñ òêðóôõîöñî ÷
∂~u

∂t
= 0

N ²E²E B GAµ JIøAJGJ �CA��KHL ù �@CJHCG�IPCA��KHL
�Xgg_ �\b[\ v bZc \g �iZaX[t\[ _b[t r _i Ybgh

~∇× ~u = 0
uT U0�w

viZXd_ m bh \b[\m \b[Y\q�aZh\[ �\_`ap b[tbY�\bh_�ih\[hbXg
Φ

_iqiZh tb\ �XZ_h\ggd[Y t\Z �\_`ap b[]
tbY�\bh Xg_ �ZXtb\[h\[q\gt qi gYh n

~u = ~∇Φ
uT U0ow

��Z tb\ sih\[hbXg_hZlmd[Y Ybgh [d[ tb\ p\Y\[ T U0eú ÈÉÕÍÔÑ ÑÇÊÐÑÈÇÒÓÔÕÖ r tb\ tb\ f[\ZYb\\ZaXg]
hd[Y q�Z tb\ Z\b[ m \`aX[b_`a\ f[\ZYb\ Xd_tZ�`�h n

p + Va
︸ ︷︷ ︸ûüýþÿý �þ ��þ �ÿþ���þ����ýþ

+
1

2
ρu2

︸ ︷︷ ︸��ÿþý �	��þ �ÿþ���þ����ýþ
=

`i[_h U uT U0xw

o



v bZ [\[[\[ X[ tb\_\Z kh\gg\ [dZ �dZ} tb\ �[p\[td[Y t\Z ^\Z[idggb]� g\b`ad[Y }dZ ^\Z\`a[d[Y �i[
�iaZ_hZlmd[Y\[ n
�X}d [\am \[ p bZ \b[ �\_`ap b[tbY�\bh_q\gt

~u = (u, 0, 0)
r p\g`a\_ �i[_hX[h �c\Z t\[ Y\_Xmh\[

�iaZ�d\Z_`a[ bhh
u · A = const

uT U0zw

b_h r X[ U �X[[ b_h m bh tb\_\Z d[t t\Z �g\b`ad[Y T U0x tX_ sZicg\m c\b c \�X[[h\m �iaZ�\ZgXdq c \Z\bh_
Y\gl_h r tX q�Z tb\ sih\[hbXg_hZlmd[Y Ybgh n

~∇ · ~u = 0 ~∇× ~u = 0
uT UTVw

�XZXd_ qi gYh c \b c \�X[[h\m
ρ

d[t c\�X[[h\m
~u

\b[\ \b[t\dhbY\ Wl_d[Y U
� X[ c\X`ah\ � \ti `a r tX__ tb\_\ ^\_`aZ\bcd[Y �\b[\ �ZjYa\bh_\¡\�h\ c \Z�`�_b`ahbYh r tX_ a\b§h tb\
Wl_d[Y\[ _b[t [dZ c \tb[Yh cZXd`acXZ n ¢X`a t\Z sih\[hbXgha\iZb\ _iggh\ tb\ �g� __bY�\bh b[ \b[\Z
�gX_`a\ _iqiZh [X`a t\m k`a�hh\g[ p b\t\Z }dm khbgg_hX[t �imm\[ r pX_ m bh t\Z �\Xgbhjh [b`ah
�c\Z\b[_hbmmh U
�m f[t\ }b\a\[ p bZ [i `a \b[qX`a\ �igY\Zd[Y\[ Xd_ t\Z sih\[hbXgc \_`aZ\bcd[Y n �d_ t\Z �g\b`ad[Y
~u = ~∇Φ

qigYh _iqiZh m bh t\Z ¬[�im�Z\__bcbgbhjh ~∇ · ~u = 0
n

~∇ · ~u = ~∇ · ~∇Φ = 4Φ = 0
uT UT 0w

N ²E²N G�J�IJ �CA��KHLJH 
�GC � GAµ JIH �~∇× ~u 6= 0
�dghb�gb}b\Z\[ p bZ tb\ � g\b`ad[Y T U0e m bh

~u
r _i qi gYh r d[h\Z ^\Z�`�_b`ahbYd[Y t\Z ^\tb[Yd[Y

∂~u/∂t =
0

−~u ·
(

~u ×
(

~∇× ~u
))

= 0 = −~u · ~∇
(

p + Va +
1

2
ρu2

) uT UTTw
� g_i Ybgh gj[Y_ \b[\Z khZim gb[b\ r tX_ a\b§h ‖~u n

~∇
(

p + Va +
1

2
ρu2

)

= 0
uT UT{w

=⇒ p + Va +
1

2
ρu2 =

`i[_h U uf[\ZYb\\ZaXghd[Yw uT UT~w
� b\_ c \t\dh\h r tX__ tb\ ^\Z[idggb]� g\b`ad[Y t\[ �Zd`�

p
gb\q\Zh r p\[[ tX_ khZlmd[Y_q\gt

~u
c\Z\bh_

c \�X[[h b_h U �m tb\_\_ [d[ }d c\Z\`a[\[ r cbgt\[ p bZ tb\ �ihXhbi[ t\Z ¢\phi[]�g\b`ad[Y uT U0ew n

~∇×
(

−~u × (~∇× ~u)
)

= −~∇× ~∇
(

p + Va +
1

2
ρu2

)

= 0
uT UTew

� g_i qigYh ~∇ ×
(

~u ×
(

~∇× ~u
))

= 0
U | b\Z _h\ggh _b`a [d[ tb\ �ZXY\ r ic tb\_\ �g\b`ad[Y q�Z tb\

^\Z\`a[d[Y �i[ ~∇ × ~u
Xd_Z\b`ah u¬[qiZmXhbi[ Xd_ t\Z ^\p\Yd[Y_Yg\b`ad[Y pdZt\ � X tdZ`a tb\

^ bgtd[Y t\Z �ihXhbi[ �\ZgiZ\[ w U v bZ �\[[\[ tb\ �[hpiZh _`ai[ Xd_ t\Z � XY[\hi_hXhb� r tX _b`a
~u\c \[_i p b\ tX_ �\�hiZ�ih\[hbXg Xg_ �d[�hbi[ t\Z �ihXhbi[ tXZ_h\gg\[ gj__h U ydZ ^\_hbmmd[Y t\Z

XggY\m \b[\[ Wl_d[Y t\Z b[aimiY\[\[ �b¡\Z\[hbXgY g\b`ad[Y m�__\[ p bZ tb\ XggY\m \b[\ Wl_d[Y t\Z
aimiY\[\[ ��W u

~v
w }d \b[\Z _� \}b\gg\[ Wl_d[Y b[aimiY\[\[ ��W uab\Z b[ t\Z �XZ_h\ggd[Y Xg_ \b[

¬[h\YZXgw Xttb\Z\[ n

~u (~r) = ~v (~r) − 1

4π

∫
(

~r − ~r′
)

× ~∇× ~u
(

~r′
)

|~r − ~r′|3
d3~r

uT UT�w
| b\Zc \b md__ tb\ Wl_d[Y t\Z aimiY\[\[ ��W

~v (~r)
_i Y\pjagh p\Zt\[ r tX__ tb\ �X[tc\tb[Yd[Y\[

\Zq�ggh _b[t d[t ~∇× ~v (~r) = 0
_ip b\ ~∇ · ~v = 0

Ybgh U
^\b_�b\g\ q�Z v bZc \g_hZlmd[Y\[ _b[t n
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�ccbgtd[Y ~ n khZlmd[Y_q\gt \b[\_ \b[qX`a\[ v bZc \gqXt\[_ n
�X_ �\_`ap b[tbY�\bh_q\gt b_h \b[\ �ihXhbi[__hZlmd[Y r t\_]
_\[ �\_`ap b[tbY�\bh_c \hZXY m bh 1

r

Xc[bmmmh d[t t\_]
_\[ �b`ahd[Y bmm\Z hX[Y\[hbXg �\Zgjdqh U �\Z v bZc \gqXt\[
tdZ`a_hl§h tb\ y\b`a\[\c \[\ _\[�Z\`ah U

�ccbgtd[Y ~ n

=^

�ccbgtd[Y e n f b[\ �ttbhbi[ �i[ v bZ]
c \gqjt\[ r tb\ � \p\bg_ \b[\ �ihXhbi[__hZl]
md[Y b[td}b\Z\[ r _ip b\ \b[\Z �i[_hX[]
h\[ �[_hZlmd[Y uYZXd\Z sq\bgw \ZYbch
\b[\ �Z\[[_`a b`ah n ¬m b[®[bh\_hbm Xg\[
^ bgt a\c \[ _b`a tb\ �\Zhb�Xg\[ ^\bhZj]
Y\ � \t\_ \b[}\g[\[ v bZc \gqXt\[_ Y\ZX]
t\ p\Y r pjaZ\[t _b`a tb\ �im�i[\[]
h\[ �XZXgg\g }dZ �Z\[[_`ab`ah �i[_hZd�]
hb� �c\ZgXY\Z[ U

�ccbgtd[Y e n

0U Y\ZXt\Z v bZc \gqXt\[ u\b[qX`a_h\ �ihXhbi[__hZlmd[Yw Ã ab\Zc \b Ybgh n
~u ∼ 1

r

u�ccbgtd[Y ~w
T U �Z\[[_`ab`ah

yp\b �g� __bY�\bh__`ab`ah\[ r tb\ _b`a m bh d[h\Z_`ab\tgb`a\Z �\_`ap b[tbY�\bh c \p\Y\[ \Z}\dY\[
\b[ v bZc \gq\gt r tX_ _b`a m bh d[\[tgb`a �b\g\[ b[®[bh\_bm Xg _`apX`a\[ v bZc \gqjt\[ X[ t\Z
�Z\[[�j`a\ d[t t\Z �ttbhbi[ \b[\_ �i[_hX[h\[ �\_`ap b[tbY�\bh_q\gt_

~v
c\_`aZ\bc \[ gj__h

u�ccbgtd[Y ew U

æ çæ ñìêë��ïîöìöñ òêðóôõîöñî
^bgt\[ p bZ tb\ �ihXhbi[ t\Z �g\b`ad[Y T U0e r _i \ZYbch _b`a [X`a �\ZhXd_`ad[Y t\Z �cg\bhd[Y\[ r tX
t\Z �\Zm m bh t\m �ZXtb\[h\[ p\Yqjggh n

ρ
∂

∂t
~∇× ~u = ρ~∇×

(

~u ×
(

~∇× ~u
)) uT UTow

�Xgg_ [d[ ~∇× ~u = 0
q�Z \b[\[ y\bh�d[�h

t = t0
r _i qigYh m bh tb\_\Z � g\b`ad[Y tX[[ ~∇× ~u = 0

q�Z
Xgg\ y\bh\[ U �Xgg_ tb\ khZlmd[Y Xg_i \b[m Xg p bZc \gqZ\b b_h r _i b_h _b\ bmm\Z p bZc \gqZ\b r tX_ a\b§h Xgg\_
b_h ��XghY\_h\ggh� U

z



�ccbgtd[Y � n � b\ v bZc \gZlaZ\ b_h tX_� \[bY\ �igdm \[ tdZ`a tX_ tb\
khZim gb[b\[ t\_ v bZc \gq\gt\_ gXdq\[ U ¶\ [X`at\m pb\ tb\_\ bm �gdbt �\Z]
gXdq\[ r �X[[ _b`a tb\ v bZc \gZlaZ\ �\Z� �[Y\[ r �\ZcZ\bh\Z[ it\Z t\qiZm b\]
Z\[ U ¢X`a t\[ v bZc \g_jh}\[ �X[[ \b[\ v bZc \gZlaZ\ Xc \Z [bZY\[t_ bm
�gdbt \[t\[ r tX Xd`a tb\ v bZc \ggb[ b\[ _\gc_h [b`ah \[t\[ �l[[\[ U ��Z
}\bhgb`a �\Zj[t\Zgb`a\ v bZc \gq\gt\Z �_`ap bmmh� tb\ v bZc \gZlaZ\ tX[[
Xg_i m bh t\[ �\gtgb[ b\[ t\_ v bZc \gq\gt_ m bh r pX_ }dZ X[_`aXdgb`a\[ ^\]
hZX`ahd[Y t\Z �g\b`ad[Y T UTz q�aZh U

�ccbgtd[Y � n

æ ç� � ñ �ô �í �ê�é��ñ � ìð� ñ �éïê�ñ
v bZ _\h}\[ [d[ q�Z tX_ v bZc \gq\gt

~w = ~∇× ~u
r _im bh p bZt Xd_ t\Z �g\b`ad[Y T UTo n

∂

∂t
~w = ~∇× (~u × ~w)

uT UTxw

=
−−−−→
~∇× (~u × ~w) +

−−−−−−−−→
~∇× (~u × ~w)

=
(

~w · ~∇
)

~u − ~w
(

~∇ · ~u
)

︸ ︷︷ ︸

+~u
(

~∇ · ~w
)

︸ ︷︷ ︸

−
(

~u · ~∇
)

~w

= 0
b[�im�Z\__bc \g ~∇ ·

(

~∇× ~u
)

= 0

�g_i Ybgh u�Yg U tb\ �cg\bhd[Y t\Z ¢X�b\Z]khi�\_]� g\b`ad[Y\[w n
∂

∂t
~w +

(

~u · ~∇
)

~w
︸ ︷︷ ︸

=
(

~w · ~∇
)

~u

d~w

dt
=

(

~w · ~∇
)

~u
uT UTzw

��Z t\[ k�\}bXgqXgg t\Z T�]khZlmd[Y\[ \Zajgh m X[ n
(

~w · ~∇
)

~u = 0
uT U{Vw

�X_ _b\ah mX[ _i n �X q�Z T]tbm \[_bi[Xg\ khZlmd[Y_q\gt\Z r Xg_i } U^ U b[ t\Z ¯�]fc\[\ Ybgh
~u =

(u1 (x, y) , u2 (x, y) , 0)
r qi gYh Xg_i q�Z tX_ v bZc \gq\gt

~w = w · ~ez
r tX_ a\b§h tX_ k�XgXZ�Zitd�h �\Z]

_`ap b[t\h U
¬m XggY\m \b[\[ �Xgg Y bgh q�Z tX_ v bZc \gq\gt [Xh�Zgb`a [dZ tb\ �d\gg\[qZ\ba\bh n

~∇ · ~w = 0
uT U{ 0w

� b\_ c \t\dh\h r tX__ v bZc \ggb[ b\[ r Xg_i tb\ khZim gb[b\[ t\_
~w
]�\gt\_ p\t\Z bm � \tbdm c\Yb[]

[\[ �l[[\[ r [i `a tiZh \[t\[ U v bZ t\®[b\Z\[ [i `a tb\ v bZc\gZlaZ\ u_b\a\ �ccbgtd[Y �w Xg_ tb\
�\_Xmha\bh Xgg\Z khZim gb[b\[ uv bZc \ggb[ b\[ w r tb\ tdZ`a \b[\[ Y\Y\c \[\[ �d\Z_`a[bhh Y\a\[ U �\Z
v bZc \gqXt\[ b_h tb\ \[h_�Z\`a\[t\ �g�__bY�\bh b[ t\Z v bZc \gZlaZ\ U v bZ c \hZX`ah\[ [d[ \b[\ v bZ]
c \gZlaZ\ r tb\ X[ \b[\Z kh\gg\ t\[ �d\Z_`a[bhh

S1
d[t X[ \b[\Z X[t\Z\[ kh\gg\ t\[ �d\Z_`a[bhh

S2

0V



aXc\ U �d_ t\Z �d\gg\[qZ\ba\bh qi gYh [d[ ud[h\Z �\Zp\[td[Y t\_ kXh}\_ �i[ �Xd§ d[t t\_ kXh}\_
�i[ khi�\_w n

0 =

∫

~∇ · ~w dV
S.v.G
=

∮

~w d~F

=

∫

S1

~w · d~F −
∫

S2

~w · d~F

�b\ � X[h\g�j`a\ gb\q\Zh }dm �c\Z�j`a\[b[h\YZXg �\b[\[ ^\bhZXY
=

∫

S1−S2

~∇× ~u · d~F
S.v.S
=

∮

S1

~u · d~s −
∮

S2

~u · d~s uT U{Tw

� b\_\ �g\b`ad[Y c\_XYh [d[ b[_c \_i[t\Z\ r tX__ tb\ ybZ�dgXhbi[ ∮
~u · d~s

gj[Y_ \b[\Z v bZc \gZlaZ\
u�ccbgtd[Y �w �i[_hX[h b_h r tX_ a\b§h

~w
j[t\Zh _b`a [dZ tX[[ hZb� bXg\Zp\b_\ r p\[[ tb\ v bZc \gZlaZ\

cZ\bh\Z p bZt ut\Z �c_hX[t }d c\[X`acXZh\[ v bZc \ggb[ b\[ �\ZYZl§\Zh _b`a w U
^\hZX`ah\[ p bZ [d[ t\[ �\Zm (

~w · ~∇
)

~u
r t\Z tb\ ·[t\Zd[Y �i[

~u
b[ � b`ahd[Y �i[

~w
tXZ_h\ggh n

i U^ Ut U� _\b [d[
~w‖~ez

r Xg_i b_h tX[[
~w · ~∇ = wz∂z

U y\Zg\Y\[ p bZ tX_ �\_`ap b[tbY�\bh_q\gt X[XgiY
b[ \b[\ �im�i[\[h\ �XZXgg\g }dZ }]�`a_\ d[t _\[�Z\`ah tX}d n

~u = uz ~ez + u⊥ ~e⊥
r _i \[hajgh tX_

k�XgXZ�Zitd�h b[ t\Z �g\b`ad[Y T UTz T �\Zm \ n
• ∂zuz

�b\ �\_`ap b[tbY�\bh gj[Y_ t\Z v bZc \gZlaZ\ �\Zj[t\Zh _b`a Ã tX bmm\Z tb\ Yg\b`a\ �g�__bY]
�\bh � b\§h r md__ Xg_i _b`a t\Z �d\Z_`a[bhh t\Z v bZc \gZlaZ\ �\Zj[t\Z[ r tX_ a\b§h tX_ v bZc \gq\gt
j[t\Zh _b`a _i r tX__ tb\ �v bZc\gtb`ah\� �\Zj[t\Zh b_h U

• ∂zu⊥
�[XgiY\ �\Zj[t\Zd[Y t\_ v bZc \gq\gt_ tdZ`a k`a\Zd[Y t\Z �laZ\ U

�X__\[ p bZ [i `amXg tb\ �¥Ú�¤áß�Ý� ¤ }d_Xmm\[ n
0U v bZc \ggb[ b\[ �l[[\[ [b`ah bm �\tbdm c\Yb[[\[ it\Z \[t\[ U
T U ybZ�dgXhbi[ gj[Y_ \b[\Z v bZc\gZlaZ\ b_h �i[_hX[h U
{ U ybZ�dgXhbi[ \b[\Z v bZc \gZlaZ\ b_h }\bhgb`a �i[_hX[h U
~ U v bZc \gZlaZ\[ _b[t m Xh\Zb\gg ubmm\Z tb\ Yg\b`a\ �g� __bY�\bhw U

| b\Zc \b _b[t tb\ \Z_h\[ c\bt\[ kjh}\ �b[\mXhb_`a\ f bY\[_`aXqh\[ r pjaZ\[t tb\ X[t\Z\[ c\bt\[
t�[Xm b_`a\ f bY\[_`aXqh\[ t\Z v bZc \g c \_`aZ\bc \[ U
^\p\b_\[ p bZ [i `a tb\ �\gXhbi[ { n � bh t\Z �\®[bhbi[ t\Z ybZ�dgXhbi[ Xg_ tX_ Wb[b\[b[h\YZXg aXc \[
p bZ Xg_i q�Z t\__\[ }\bhgb`a\ �cg\bhd[Y n

d

dt
Γ =

d

dt

∮

~u · d~s
��ü���ý�þ�þ �

=

∮
d~u

dt
· d~s +

∮

~u · d~s

dt

= −1

ρ

∮

~∇ (p + Va) · d~s +

∮

~u · d~u

=
1

2
u2

∣
∣
∣
∣

End

Anf

= 0
uT U{{w

| b\Zc \b aXc \[ p bZ tb\ ¢X�b\Z]khi�\_]� g\b`ad[Y\[ \b[Y\_\h}h d[t Xd_Y\[dh}h r tX__ p\Y\[ T UTz t\Z
�\bg ∂

∂t
~∇ × (~∇ × ~u)

bm Wb[ b\[b[h\YZXg �\Z_`ap b[t\h �X_ \Z_h\ ¬[h\YZXg �c \Z t\[ �ZXtb\[h\[ �\Z]
_`ap b[t\h [Xh�Zgb`a Xd`a r tX

p + Va
\b[ sih\[hbXg b_h r t\__\[ ybZ�d gXhbi[ ¢dgg b_h U

¢d[ qigYh [i `a t\Z ^\p\b_ �i[ ~ U �X}d c\p\b_\[ p bZ r tX__ tb\ � X[h\g�j`a\ u�ccbgtd[Y �w \b[\Z
v bZc \gZlaZ\ c \b t\Z }\bhgb`a\[ f[hp b`�gd[Y Xd`a �X[h\g�j`a\ cg\bch U ¢Xh�Zgb`a �\Z_`ap b[t\h tX_

00



k�XgXZ�Zitd�h }p b_`a\[ v bZc \gq\gt d[t ¢iZmXg\[�\�hiZ Xdq t\Z � X[h\g�j`a\
~w · ~n = 0

r piZXd_
_iqiZh qigYh n

∫

~w · d~F =

∮

~u · d~s = Γ = 0
uT U{~w

� b\ ybZ�d gXhbi[ cg\bch p\Y\[ d
dtΓ = 0

Xd`a ¢dgg r tX_ a\b§h t\Z ¬[h\YZX[t bm \Z_h\[ ¬[h\YZXg r t\Z
�Zi�iZhbi[Xg }d

~w · ~n
b_h r �\Z_`ap b[t\h bmm\Z U � b\_ b_h Yg\b`ac \t\dh\[t tXm bh r tX__ tb\ �gj`a\

bmm\Z �X[h\g�j`a\ cg\bch U

æ ç� � ëî � ñ ìîöõîöñî õî ! ìî ñõêìö"ñìê
¬m qigY\[t\[ d[h\Z_`a\bt\[ p bZ ~ �X[tc\tb[Yd[Y\[ r �i[ t\[\[ p bZ � \p\bg_ \b[\ XdqY\c \[ n

0U Zd[tdm c\ZX[t\h
T U p bZc \gqZ\b
{ U \b[qX`a }d_Xmm\[aj[Y\[t
~ U d[c\p\Ygb`a\ �c\Z�j`a\

N ²M ²E �IIJ OJ�GHLKHLJH LJICJH
�b\ \b[}bY\ Wl_d[Y t\Z �g\b`ad[Y b_h tX[[

~u = 0
U � b\_ _b\ah mX[ \b[ r b[t\m mX[ tb\ �X[tc\tb[]

Yd[Y q�Z tb\ d[c\p\Ygb`a\ �c\Z�j`a\ qiZmdgb\Zh n

~u · ~n = 0
uT U{ew

�dq t\Z �c\Z�j`a\ b_h tX_ �\_`ap b[tbY�\bh_q\gt _\[�Z\`ah }dZ �gj`a\ ¢dgg r c}p U �\b[\ �g�__bY�\bh
tZb[Yh b[ tb\ vX[t \b[ U ^\[dh}h m X[ [d[ [i`a tb\ v bZc \gqZ\ba\bh t\Z khZlmd[Y ~∇×~u = 0

r _i �X[[
m X[ \b[ �\_`ap b[tbY�\bh�ih\[hbXg m bh

~u = ~∇φ
uT U{�w

\b[q�aZ\[ d[t m X[ \Zajgh m bh t\[ c\bt\[ �g\b`ad[Y\[

φ~u · ~n = 0
uT U{ow

=⇒
∮

φ~u · d~F = 0

�iZmh m X[ [d[ tX_ ¬[h\YZXg m bh t\m kXh} �i[ �Xd§ dm r _i \ZYbch _b`a _`agb\§gb`a

0 =

∫

V

~∇ · (φ~u) dV

=

∫

V

φ
(

~∇ · ~u
)

︸ ︷︷ ︸

=0#$%&'()*++#,*-
dV +

∫

V

(

~∇φ
)

︸ ︷︷ ︸

=~u

·~u dV

=

∫

V

~u2 dV
uT U{xw

� g_i qi gYh n
0 =

∫

V

~u · ~u dV
d[t _im bh �\Z_`ap b[t\h t\Z ¬[h\YZX[t r t\Z �i_bhb� _\b[ md__ u

~u2 ≥ 0
w U

0T



N ²M ²N � GC µ JBJLCJA .µ JA/0QRJ
�b\ �X[tc\tb[Yd[Y j[t\Zh _b`a r p\[[ _b`a tb\ �c\Z�j`a\ t\_ dm _hZlmh\[ �lZ�\Z_ m bh t\Z �\]
_`ap b[tbY�\bh

~us
c\p\Yh n

(~u − ~us) · ~n = 0
uT U{zw

v bZ }\bY\[ [d[ tdZ`a ^\p\b_ m bh v bt\Z_�Zd`a r tX__ tb\ Wl_d[Y \b[t\dhbY b_h U �X}d [\am \[ p bZ
X[ r tX__ \_ T Wl_d[Y\[

~u1
d[t

~u2
Yjc\ U v b\ ic\[ Y\gh\[ [d[ tb\ ^\}b\ad[Y\[ n

~∇ · ~u1 = ~∇ · ~u2 = 0 ~∇× ~u1 = ~∇× ~u2 = 0
uT U~Vw

v bZ cbgt\[ [d[ tb\ � b¡\Z\[} t\Z �g\b`ad[Y\[ d[t \ZaXgh\[ n
~∇× ( ~u1 − ~u2) = 0

uT U~ 0w
~∇ · ( ~u1 − ~u2) = 0

uT U~Tw
~n · ( ~u1 − ~u2) = ~n · ( ~u1 − ~us) − ~n ( ~u2 − ~us) = 0 + 0 = 0

uT U~{w
� g_i _b[t p bZ q�Z tb\ khZlmd[Y

~u = ~u1 − ~u2
pb\t\Z bm \Z_h\[ �Xgg r tX_ a\b§h

~u1 − ~u2 = 0
b_h tb\

\b[}bY\ Wl_d[Y U
N ²M ²D 1 JC2C 3 �GC � GAµ JIH
¢d[ b_h tb\ �X[tc\tb[Yd[Y ~∇× ~u

}d \b[\m q\_h\m
t0

Y\Y\c \[ U k\b\[ [d[
~u1

d[t
~u2

T Wl_d[Y\[ U
�X[[ Ybgh q�Z tb\ � b¡\Z\[} n

~∇× ~u1 − ~∇× ~u2 = ~∇× ( ~u1 − ~u2) = 0
uT U~~w

}dZ y\bh
t0

¢X`a t\[ icbY\[ |\gmaigh}_`a\[ v bZc \g_jh}\[ �\Z_`ap b[t\h [d[ tb\ �ihXhbi[ Xd`a }d Xgg\[ X[t\]
Z\[ y\bh\[ uf b[t\dhbY�\bh t\Z Wl_d[Y w U
� b\_\Z �\bg b_h d[Xcaj[YbY �i[ t\m fb[t\dhbY�\bh_c \p\b_ d[t pdZt\ X[ tb\_\Z kh\gg\ [dZ \b[Y\_`ai]
c \[ r p\bg \_ _b`a X[Y\cih\[ aXh U v bZ �\ZYg\b`a\[ [d[ }p\b Wl_d[Y\[

~u1
d[t

~u0
}d �\Z_`ab\t\[\[

�X[tc\tb[Yd[Y\[ r Xc \Z m bh Yg\b`a\Z �ihXhbi[ r piZXd_ _b`a

~u1 = ~u0 + ~∇φ
uT U~ew

\ZYbch U �\Z �\ZYg\b`a t\Z �b[\hb_`a\[ f[\ZYb\[ t\Z �\_`ap b[tbY�\bh_q\gt\Z
~u0

d[t
~u1

\ZYbch n
1

2
ρ

∫

u1
2 dV =

1

2
ρ

∫

u0
2 dV +

1

2

∫ (

~∇φ
)2

dV + ρ

∫

~u0 · ~∇φ dV
uT U~�w

pic\b tt\Z g\h}h\ �\Zm p\Y\[
∫

~u0 · ~∇φ dV =

∫

~∇ · ( ~u0φ) dV =

∮

~u0φ · d~F

c\b _hXhb_`a\[ �X[tc\tb[Yd[Y\[ �\Z_`ap b[t\h U �d_ t\Z _hXhb_`a\[ �X[tc\tb[Yd[Y qigYh r tX__
~u1d[t ~∇φ

tb\ Yg\b`a\[ �X[tc\tb[Yd[Y\[ \Zq�gg\[ r t Ua U c \b Y\Y\c \[\[ �X[tc\tb[Yd[Y\[ aXh ~∇φ
bm ]

m \Z \b[\ �g\b[\Z\ uit\Z tb\ Yg\b`a\w f[\ZYb\ Xg_
~u1

U
4 JI5 GH 6P 7 GH G�K� FHJAL8 9RJ@AJ� 3 �[h\Z Xgg\[ khZlmd[Y\[ m bh Y\Y\c \[\[ �X[tc\tb[Yd[]
Y\[ aXh tb\ p bZc \gqZ\b\ tb\ [b\tZbY_h\ f[\ZYb\ U
f b[ p\bh\Z\Z r �i[ cb_a\Z �\_XYh\m d[Xcaj[YbY\Z r sd[�h c \hZb¡h tb\ ¢dh}d[Y t\Z y\Zg\Yd[Y T U~e
}dm �[�X__\[ X[ �X[tc\tb[Yd[Y\[ n

~u0
pbZt Xg_ c \gb\cbY\ Wl_d[Y uia[\ ��`�_b`ah Xdq tb\ �X[tc\]

tb[Yd[Y\[w }d \b[\Z �iZY\Y\c \[\[ v bZc \g�\Zh\bgd[Y Y\pjagh d[t ~∇φ
tX[[ _i c\_hbmmh r tX__

~u1
tb\

�X[tc\tb[Yd[Y\[ \Zq�ggh U u� \hait\ t\Z k�b\Y\gp bZc \g \[h_�Zb`ah t\Z � \hait\ t\Z k�b\Y\ggXtd[Y\[
b[ t\Z f g\�hZi_hXhb� w U

0{



N ²M ²M 1 JC2C H GQRC � JRA JGHø�QR 2KP���JHR0HLJH�
v bZt [d[ \b[ �lZ� \Z _i dm _hZlmh r tX__ tX_ �gdbt [b`ah m \aZ \b[qX`a }d_Xmm\[aj[Y\[t b_h r _i
Ybch \_ d[\[tgb`a �b\g\ Wl_d[Y\[ q�Z tb\ up bZc \gqZ\b\w sih\[hbXg_hZlmd[Y n

~∇× ~u = 0
uT U~ow

=⇒ ~u = ~∇φ
uT U~xw

v bZ �\Z_d`a\[ \b[qX`a \b[m Xg tX_ sih\[hbXg
φ

}d �i[_hZd b\Z\[ U

φ (~r) =

~r∫

~r0

~u · d~r uT U~zw

�m }d }\bY\[ r tX__ \b[ sih\[hbXg \¯ b_hb\Zh r m�__\[ p bZ }\bY\[ tX__ tX_ ¬[h\YZXg p\Yd[Xcaj[YbY b_h n
∫

1

~u · d~r =

∫

2

~u · d~r uT UeVw

v bZ qiZm \[ [d[ m bh t\m kXh} �i[ khi�\_ dm n
∫

1−2

~u · d~r =

∮

~u · d~r S.v.S
=

∫

~∇× ~u · d~F = 0
uT Ue 0w

| b\Zc \b Y bgh [Xh�Zgb`a tX_ g\h}h\ � g\b`aa\bh_}\b`a\[ [dZ r p\[[ t\Z ¬[h\YZX[t ~∇×~u
�c\ZXgg t\®[ b\Zh

b_h r tX_ a\b§h tX_ �\cb\h md__ \b[qX`a }d_Xmm\[aj[Y\[t _\b[ U kb[t Xg_i tb\ v\Y\ [b`ah _h\hbY
b[\b[X[t\Z t\qiZm b\ZcXZ r _i \¯ b_hb\Zh �\b[ sih\[hbXg U
¬[ tb\_\m �Xgg b_h tb\ �X[tc\tb[Yd[Y��[qX[Y_c\tb[Yd[Y

∮

~u · d~s = k
uT UeTw

qZ\b pjagcXZ U
��Z \b[\[ dm _hZlmh\[ y�gb[t\Z b_h Xg_i tb\ �\_`ap b[tbY�\bh X[ t\Z �c\Z�j`a\ qZ\b pjagcXZ r dm
tX_ sZicg\m }d gl_\[ U

N ²M ²S HGQRC AKH�K� µJA�H�JC
¬[ tb\_\m �Xgg b_h \b[\ �i[_hX[h\ khZlmd[Y

~v0
p\bh p\Y �im �\Y\[_hX[t qZ\b pjagcXZ U

N ²M ²: �KP���JHø�PPKHL
• ��Z t\[ �Xgg Xgg\Z ~ �X[tc\tb[Yd[Y\[ b_h Xg_i [dZ

~u = 0
Wl_d[Y t\_ sZicg\m _ U

• �bch \_ �\b[\ d[c\p\Ygb`a\ �c\Z�j`a\ r _i \¯ b_hb\Zh }d Y\Y\c \[\[ �X[tc\tb[Yd[Y\[ \b[\
\b[t\dhbY\ u[b`aahhZb� bXg\w Wl_d[Y t\_ sZicg\m _

• ��Z khZlmd[Y\[ m bh v bZc \g[ r b_h tb\ �ihXhbi[ ~∇× ~u
qZ\b pjagcXZ U

• ¬_h tX_ �gdbt [b`ah \b[qX`a }d_Xmm\[aj[Y\[t r _i b_h tX_ ¬[h\YZXg ∮
~u · d~s qZ\b pjagcXZ U

• ��Z [ b`ah Zd[tdm c\ZX[t\h\ sZic g\m\ b_h \b[\ �i[_hX[h\ khZlmd[Y
~v0

qZ\b pjagcXZ U

0~



u 1

u 2

�ccbgtd[Y o n �\_`agi__\[\_ Wb[b\[b[h\YZXg
�c \Z tb\ �Z\[[_`ab`ah }p b_`a\[ t\[ �\_`ap b[]
tbY�\bh\[

u1
d[t

u2

�ccbgtd[Y o n
æ ç; òêðóôõîö ô ìê � ñì�õîö
¢d[ hZbhh b[ t\Z ^\p\Yd[Y_Yg\b`ad[Y t\Z }d_jh}gb`a\ �\Zm

µ4~u
Xdq U kim bh _iggh\[ _b`a tb\ Wl_d[Y\[

�i[ t\Z sih\[hbXg_hZlmd[Y d[h\Z_`a\bt\[ U ^\hZX`ah\h m X[ Xgg\Ztb[Y_ \b[\ _ig`a\ r _i \Zajgh m X[ n
~u = ~∇φ

=⇒ 4φ = 0

µ4~u = µ4~∇φ = µ~∇4φ = 0
uT Ue{w

¬_h Xg_i tb\ �\bcd[Y p bZ�d[Y_gi_ d[t Xgg\ Wl_d[Y\[ t\Z �g\b`ad[Y\[ cg\bc \[ Yg\b`aÂ � b\_ b_h
[Xh�Zgb`a [b`ah t\Z �Xgg n

0U � b\ sih\[hbXg_hZlmd[Y b_h _`ai[ p\Y\[ t\Z Y\Y\c \[\[ [\d\[ �X[tc\tb[Yd[Y\[ ukhZlmd[Y
X[ t\Z �c\Z�j`a\ \b[\_ dm _hZlmh\[ �lZ�\Z_ md__ Xd`a �XZXgg\g }d tb\_\Z �\Z_`ap b[t\[w Xm
�X[t\ �\b[\ Wl_d[Y m \aZ U ^\Yb[[h m X[ Xgg\Ztb[Y_ m bh \b[\Z �iZY\Y\c \[\[ sih\[hbXg_hZlmd[Y r
_i \[h_h\a\[ v bZc \g X[ t\Z �Z\[}\ }dm dm _hZlmh\[ �lZ�\Z d[t tb\_\ tb¡d[tb\Z\[ tX[[ [X`a
b[[\[ U

T U v b\ m X[ X[aX[t t\_ qigY\[t\[ ^\b_� b\g_ _b\ah r Ybch \_ Wl_d[Y\[ r tb\ �i[ �iZ[a\Z\b[ �\b]
[\ sih\[hbXg_hZlmd[Y\[ _b[t n �X}d c\hZX`ah\ m X[ \b[\ khZlmd[Y r tb\ Xd_ T �gdbt_`ab`ah\[
d[h\Z_`ab\tgb`a\Z u�i[_hX[h\Zw �\_`ap b[tbY�\bh\[ c \_h\ah U ^bgt\h mX[ [d[ tX_ Y\_`agi__\[\
Wb[b\[b[h\YZXg �c \Z \b[ �\`ah\`� r _i \Zajgh m X[ _\[�Z\`ah }dZ �\_`ap b[tbY�\bh �\b[\[ ^\bhZXY
d[t �XZXgg\g }dZ �\_`ap b[tbY�\bh \b[\[ �i[_hX[h\[ ^\bhZXY u�Yg U �ccbgtd[Y ow n

∮

~u · d~s = u2l − u1l =

∫

F

~∇× ~u · d~F 6= 0
uT Ue~w

� g_i aX[t\gh \_ _b`a dm �\b[\ sih\[hbXg_hZlmd[Y U
�KP���JHø�PPJH� ø@ILC �IP@ 3
cb_a\Z n �X[tc\tb[Yd[Y q�Z Z\bcd[Y_qZ\b\ khZlmd[Y pXZ

~u · ~n = 0
U

� \h}h n �X[tc\tb[Yd[Y q�Z khZlmd[Y m bh �\bcd[Y uvX[taXqhc \tb[Yd[Yw n
~u = 0

X[ t\Z �c\Z�j`a\ uT Ueew
�dq tb\_\ v\b_\ p bZ�h _b`a tb\ �\bcd[Y �i[ t\Z �c\Z�j`a\ a\Z Xd_ U
v bZ c \Yb[[\[ p b\t\Z m bh t\Z ¢X�b\Z]khi�\_]� g\b`ad[Y T U0e n

ρ

(
∂~u

∂t
− ~u × ~∇× ~u

)

= −~∇
(

p + Va +
1

2
ρu2

)

+ µ4~u

^bgt\ tb\ �ihXhbi[ d[t �\Zp\[t\ ~∇× ~u = ~w

∂ ~w

∂t
− ~∇× (~u × ~w) =

µ

ρ
4~w

µ
ρ
=ν
= ν4~w

uT Ue�w

=⇒ d~w

dt
−

(

~w · ~∇
)

~u = ν4~w
uT Ueow

^bgt\ tX_ Wb[b\[b[h\YZXg n ∮

. . . d~s

dΓ

dt
= ν4Γ

uT Uexw

0e



Dünne verwirbelte Schicht

�ccbgtd[Y x n ^\b jd§\Z\[ khZlmd[Y\[ r } U^ U c \bm �m _hZlm \[ \b[\_ s�v r cbgt\h _b`a \b[\ �Z\[}]
_`ab`ah m bh tb¡d[tb\Z\[t\[ v bZc \g[ r tb\ q�Z h��b_`a\ �cm\__d[Y\[ d[t khZlmd[Y_Y\_`ap b[tbY�\b]
h\[ t�[[ cg\bch
� b\ � b¡d_bi[_Yg\b`ad[Y T Uex c \_XYh [d[ r tX__ v bZc \g X[ t\Z �c\Z�j`a\ \[h_h\a\[ d[t b[_ ¬[[\Z\
tb¡d[tb\Z\[ U yd\Z_h aX[t\gh \_ _b`a Xg_i dm \b[\ sih\[hbXg_hZlmd[Y ubm ¬[[\Z\[ _b[t �\b[\ v bZc \gw r
tb\ Xd_ t\Z �da\ \[h_h\ah U
<µPQR0C2KHL �JA = G>KPG@H
^\hZX`ah\ tb\ yjabY�\bh µ

ρ = ν

νLuft = 15mm2/s
νWasser = 2mm2/s

�Yg U
µWasser = 102µLuft

d[t
ρWasser = 103ρLuft

�b\ � b¡d_bi[ b_h [d[ n

dΓ

dt
= ν4Γq�Z �g\b[\ � b¡\Z\[}\[ Ybgh [d[ n

4Γ

4t
= ν

4Γ

(4l)
2

=⇒ l

t
≈ ν

l
4l ≈ 1mm

Wdqh n l

t
≈ 2mm

secvX__\Z n l

t
≈ 15mm

sec

�b\ �b¡d_bi[_Y\_`ap b[tbY�\bh b_h [d[ bm �\ZYg\b`a }dZ k`aXggY\_`ap b[tbY�\bh
c ≈ 102 m

s

it\Z }d
t\[ XdqhZ\h\[t\[ �\_`ap b[tbY�\bh\[ c \bm �m _hZlm \[ t\Z �lZ� \Z �\Z[X`a gj__bYcXZ �g\b[ U
�X _h\ggh _b`a [d[ tb\ �ZXY\ n? Ø¦¦ @ Ø¦ A¥¤ B ¥C äß¥Þ¦ Ù¤Ú¦Øâã á�ßß¥å ¤¦ D

• b[ �laZ\[ n [\b[ E �b\ �b¡d_bi[ \ZqX__h _`agb\§gb`a t\[ Y\_Xmh\[ �d\Z_`a[bhh r tX tb\ khZlmd[Y
bm �iaZ gX[Y\ tXd\Zh U

• jd§\Z\ khZlmd[Y n ��[[\ �Z\[}_`ab`ah m bh tb¡d[tb\Z\[t\[ v bZc \g[

^\b_�b\g n �m _hZlmd[Y \b[\_ �dhimicbg_
���b_`a\ �cm\__d[Y n

l = 4m�\_`ap b[tbY�\bh
v = 30m

sy\bh }dm �iZc\b_hZlm \[ n
t = l

v = 2
15skim bh \ZYbch _b`a \b[\ � b`�\ t\Z �Z\[}_`ab`ah �i[ \hpX n 15mm

s
2
15s ≈ 2mm

U
v bZ aXc\[ Xg_i [X`a t\m �m _hZlm\[ \b[\ _\aZ t�[[\ �\Zp bZc \gh\ k`ab`ah r tb\ q�Z tb\ �\bcd[Y
m \b_h\[_ c \t\dhd[Y_gi_ b_h U
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Totwasser

Totwasser

�ccbgtd[Y z n k`a\m Xhb_`a\ �\ZX[]
_`aXdgb`ad[Y t\_ �ihpX__\Z_ r Xg_i t\_
Z\gXhb� }dm �lZ�\Z [ b`ah c \p\Yh\[
�gdbt_ r c \b t\Z �m _hZlmd[Y \b[\_ y�]
gb[t\Z_ d[t \b[\_ [b`ah _hZlm gb[b\[qlZ]
m bY\[ �lZ�\Z_ r c \b t\m [Xh�Zgb`a t\Z
�ihpX__\Zc \Z\b`a YZl§\Z b_h U

�ccbgtd[Y z n

� b\g c \t\dh\[t\Z b_h tb\ khZlmd[Y_Xcgl_d[Y c\b �_hdm�q\[� �\Y\[_hj[t\[ r tb\ bm \b[qX`a_h\[ �Xgg
c \bm �m _hZlm\[ \b[\_ y�gb[t\Z_ }d c\icX`ah\[ b_h n �iZ t\m y�gb[t\Z \ZYbch _b`a \b[ YZi§\Z �Zd`�
ukhXdd[Yw r t\Z tX[[ cb_ }dZ � bhh\ a b[ m b[ bm Xg p bZt U ¢X`a t\Z sih\[hbXg_hZlmd[Y �b\§h tX_ �gdbt
[d[ p b\t\Z cb_ }dm f[t\ Xm �lZ�\Z \[hgX[Y d[t hZb¡h tX[[ p b\t\Z Xdq\b[X[t\Z u�\b[\ �\bcd[Y_]
�\Zgd _h\w U ¬[ v bZ�gb`a�\bh �immh tb\ �g�__bY�\bh b[qi gY\ t\Z �\bcd[Y �iZa\Z }dm kh\a\[ d[t \b[\
��`�_hZlmd[Y tZj[Yh tX[[ tb\ X[�imm\[t\ �g�__bY�\bh �im �lZ�\Z p\Y r _i tX__ tX_ _iY\[X[[h\
��ihpX__\Z� ab[h\Z t\m y�gb[t\Z \[h_h\ah u�Yg U �ccbgtd[Y zw U �X_ Yg\b`a\ sZb[}b� b_h Xd`a c\bm
c\Z}b\a\[ u _hXgg w \b[\_ �gdY}\dY\_ X[p\[tcXZ n ¬_h ab[h\Z t\m �g�Y\g ��ihpX__\Z� �iZaX[t\[ r
_i Yg\bh\h tX_ �gdbt [ b`ah m \aZ Xm �g�Y\g \[hgX[Y r _i[t\Z[ p bZt �im �ihpX__\Z XcY\tZj[Yh d[t
q�aZh _i }d Y\Zb[Y\Z\m it\Z �\b[\m �dqhZb\c U

F G�6926<4576:HIª2«92
��Z sih\[hbXg_hZlmd[Y\[ Ybgh [Xh�Zgb`a tb\ v bZc \gqZ\ba\bh n

~∇× ~u = 0
u{ Uezw

kim bh gj__h _b`a \b[ sih\[hbXg \b[q�aZ\[ r t\__\[ �ZXtb\[h\[q\gt tX_ Y\_d`ah\ �\_`ap b[tbY�\bh_q\gt
b_h U ��Z tb\_\_ Ybgh [Xh�Zgb`a tb\ �d\gg\[qZ\ba\bh r p b\ p bZ \_ _`ai[ �iZa\Z qiZmdgb\Zh aXhh\[ r _i tX__
tX[[ q�Z tX_ sih\[hbXg tb\ WX�gX`\]� g\b`ad[Y Y\gh\[ md__ n

~u = ~∇φ
u{ U�Vw

~∇ · ~u = ~∇ · ~∇φ = 4φ = 0
u{ U� 0w

� b\ WX�gX`\]� g\b`ad[Y 4φ = 0
\ZYbch tX[[ }d_Xmm\[ m bh t\Z �X[tc\tb[Yd[Y

~u · ~n = 0
c\b Y\Y\]

c \[\m �Zd`� tb\ Wl_d[Y U
�d`a q�Z tb\ �m _hZlmd[Y �i[ �ZXY�j`a\[ b_h tb\ sih\[hbXg_hZlmd[Y �i[ ¢dh}\[ r tX b[ t\Z �[p\[]
td[Y bmm\Z \hpX 0�m Wdqh_jdg\ }p b_`a\[ t\[ �ZXY�j`a\[ d[t X[t\Z\[ �\Y\[_hj[t\[ uX[t\Z\_
�gdY}\dY � fZtcit\[w b_h U

� çè Jóéõîö  ñð JëK�ë�ñLM�ñì��õîö ìô Nðñìñî �ëõô
v bZ _d`a\[ Xg_i [d[ tb\ Wl_d[Y\[ t\Z WX�gX`\]� g\b`ad[Y bm Y\_Xmh\[ �Xdm ut Ua U ia[\ �lZ� \Z r
[dZ �gdbtw r tb\ Xd§\Zt\m �a�_b�Xgb_`a\ Wl_d[Y\[ _b[t u�\_`ap b[tbY�\bh_q\gt md__ c \_`aZj[�h _\b[ r
tX tb\ \ZZ\b`acXZ\[ �\_`ap b[tbY�\bh\[ Xd`a c\_`aZj[�h _b[tw U
v bZ m X`a\[ tX}d \b[\[ k\�XZXhbi[_X[_Xh} n

φ (~r) = α (x) · β (y) · γ (z)
u{ U�Tw

0o



^\YZ�[td[Y q�Z t\[ k\�XZXhbi[_X[_Xh} n � \t\ Wl_d[Y Xg_ u\�\[hd\gg d[\[tgb`a\w kdmm\ �i[ sZi]
td�h\[ tXZ_h\ggcXZ U
f b[_\h}\[ b[ tb\ ��W gb\q\Zh tX[[ n

4φ =

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)

αβγ = α′′βγ + αβ′′γ + αβγ′′ = 0
u{ U�{w

α (x)
′′

α
+

β (y)
′′

β
+

γ (z)
′′

γ
= 0

u{ U�~w
λ1 + λ2 + λ3 = 0

m bh
λi

Z\\gg u{ U�ew
v bZ aXc\[ Xg_i { \[h�i��\gh\ bt\[hb_`a\ � b¡\Z\[hbXgYg\b`ad[Y\[ r tb\ � \p\bg_ tb\ Yg\b`a\ Wl_d[Y
aXc\[ n

α′′ = λ1α =⇒ α± = α0e
±
√

λ1
u{ U��w

β′′ = λ2β =⇒ β± = β0e
±
√

λ2
u{ U�ow

γ′′ = λ3γ =⇒ γ± = γ0e
±
√

λ3
u{ U�xw

�d_ t\Z ^\_`aZj[�ha\bh t\Z Wl_d[Y\[ m�__\[ p bZ [d[ qiZt\Z[ r tX__ n

λi ≤ 0
u{ U�zw

v\Y\[ t\Z � g\b`ad[Y { U�e qigYh [d[ _iqiZh n

λ1 = λ2 = λ3 = 0
u{ UoVw

� g_i �\Z\b[qX`a\[ _b`a tb\ � b¡\Z\[hbXgYg\b`ad[Y\[ c\hZj`ahgb`a d[t p bZ aXc\[ [dZ [i `a tb\ ¬[h\]
YZXhbi[ Xd_}dq�aZ\[ r pic\b _b`a � \ T ¬[h\YZXhbi[_�i[_hX[h\[ \ZY\c \[ n

α′′ = 0 α = A1x + A0
u{ Uo0w

β′′ = 0 β = B1x + B0
u{ UoTw

γ′′ = 0 γ = C1x + C0
u{ Uo{w

=⇒ φ = (A1x + A0) (B1y + B0) (C1z + C0)
u{ Uo~w

� b\ �\_`ap b[tbY�\bh
~u = ~∇φ

md__ [d[ Xgg\Ztb[Y_ �c\ZXgg \[tgb`a _\b[ r tXa\Z t�Zq\[ [dZ gb[\XZ\
�\Zm \ b[ t\[ �iiZtb[Xh\[ �iZ�imm\[ d[t p bZ aXc\[ _`a gb\§gb`a qi gY\[t\ Wl_d[Y n

φ = C + D1x + D2y + D3z
u{ Uoew

= C + ~u0 · ~r
~u = ~∇φ = ~u0

�g_i b_h tb\ \b[}bY\ Wl_d[Y bm qZ\b\[ �Xdm
~u = const

r p b\ mX[ \_ c \b [ b`ah �iZaX[t\[\[ �\Y\[]
_hj[t\[ Xd`a \ZpXZh\[ p�Zt\ U

� çæ Oôéêðóôõîö Píî Q�R ñ"êñî
kb[t dm _hZlmh\ �c� \�h\ �iZaX[t\[ r _i md__ m X[ �d\gg\[ t\_ �\gt\_ _i pjag\[ r tX__ baZ\ �\gt\Z
}d_Xmm\[ m bh t\Z �i[_hX[h\[ Wl_d[Y }d t\[ �iZZ\�h\[ �X[tc\tb[Yd[Y\[ q�aZ\[ U
¬[ tb\_\m �Xgg b_h tX[[ tb\ XggY\m \b[\ Wl_d[Y tb\ �i[_hX[h\ �\_`ap b[tbY�\bh S tb\ �d\ggq\gt\Z t\Z
�iZm

~u = Q
4πr2 ~er

bm ¬[[\Z\[ t\_ �\Y\[_hX[t\_ U
f b[t\dhbY�\bh t\Z Wl_d[Y\[ n
ydZ�`�q�aZd[Y tdZ`a �Xgbg\b]�ZX[_qiZmXhbi[ Xdq Zda\[t\ �g�__bY�\bh U
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Quelle Senke

�ccbgtd[Y 0V n �m _hZlmd[Y \b[\_ �lZ]
� \Z_ r t\__\[ �X[t uZihXhbi[__�mm\hZb]
_`a\ khXd�j`a\ r tdZ`a tb\ �\b[ �gdbt
hZbhhw tdZ`a \b[ � b�igq\gt q\_hY\g\Yh
p bZt U

�ccbgtd[Y 0V n
¢dZ 0 �d\ggq\gt Ybch \_ [dZ b[ �d_[Xam\qjgg\[ r p\bg tX_ c \b d[c\p\Ygb`a\Z �c\Z�j`a\ tb\ �X[tc\]
tb[Yd[Y u�\b[ �d__hZlm \[w �\Zg\h}h U
� b\ \b[qX`a_h\ �lYgb`a�\bh r \b[\[ dm _hZlmh\[ �lZ�\Z }d mit\ggb\Z\[ r b_h tb\ �\Zp\[td[Y \b[\_ � b]
�igq\gt\_ u\b[\ �d\gg\ d[t \b[\ Yg\b`a_hXZ�\ k\[�\w �gd_ �i[_hX[h\ �[_hZlmd[Y u�Yg U �ccbgtd[Y 0Vw U
f b[\ �lZ� \Zic \Z�j`a\ r q�Z tb\ \_ \b[\ �d\gg\[�\Zh\bgd[Y Ybch r a\b§h ßÝÚÞ@ á¥¦ ¥¤¦T UÚ@ ¥å U
D ²N ²E AJGHJP 7 @H@V @IøJI� 3 4 �5 GC�CG@H
v bZ c \hZX`ah\[ \b[\ WdqhcgX_\ b[ vX__\Z r tb\ [X`a t\Z ^\Z[idggb]� g\b`ad[Y

p + 1
2ρv2 Xdq qi gY\[]

t\ �Zh \[h_h\a\[ �X[[ n ��Z vX__\Z b_h tb\ � b`ah\
ρ

b[ Ydh\Z ¢ja\Zd[Y �i[_hX[h U kh\bYh [d[ tb\
�\_`ap b[tbY�\bh

v
_hXZ� Y\[dY X[ r _i p bZt t\Z �Zd`�

p < 0
r tX_ a\b§h \b[\ ^gX_\ \[h_h\ah up bZ �\Z]

[X`agj__bY\[ ab\Z r tX__ b[ t\Z ^ gX_\ vX__\ZtXm�q �iZaX[t\[ _\b[ �X[[ Ã [ja\Zd[Y_p\b_\ �X�ddm w U
��Z �X_\ b_h tb\_\_ �\ZaXgh\[ [b`ah }d c\icX`ah\[ r tX a b\Zc \b tb\ � b`ah\ [b`ah �i[_hX[h b_h r _i[t\Z[
[X`a t\Z �X_Yg\b`ad[Y p

ρ ≈ const
Ybgh d[t _im bh

p > 0
q�Z c \gb\cbY\ �\_`ap b[tbY�\bh\[ qigYh U

v bZt [d[ tb\ �\_`ap b[tbY�\bh Xm \[h_hX[t\[\[ |iagZXdm pb\t\Z �g\b[\Z r _i _h\bYh t\Z �Zd`� up bZt
�i_bhb� w d[t t\Z |iagZXdm _`aZdm�qh U ��Z tb\ Wl_d[Y t\_ s Zicg\m _ _\h}\[ p bZ [d[ \b[\ k\[�\ X[ r
tb\ tb\ �X[tc\tb[Yd[Y\[ \Zq�ggh U
�[p\[td[Y n ki[igdm b[\_}\[} uW\d`ah\[ t\Z }d_Xmm\[_h�Z}\[t\[ ^gX_\[ c\b YZi§\[ �m�gbhdt\[
t\Z k`aXggp\gg\[ b[ �g�__bY�\bh\[ r → aia\ �Z�`�\ q�aZ\[ }d YZi§\[ �\m�\ZXhdZ\[w U
^\Yb[[\[ p bZ Xg_i m bh t\Z Wl_d[Y t\_ sZicg\m _ n
yd[j`a_h \b[m Xg b_h tX_ Y\_d`ah\ sih\[hbXg �dY\g_�mm\hZb_`a

φ (~r) = φ (r)
r _im bh m�__\[ p bZ udm

t\[ WX�gX`\]��\ZXhiZ [b`ah b[ �dY\g�iiZtb[Xh\[ Xd_Z\`a[\[ }d m�__\[w \Z_h \b[m Xg tb\ �cg\bhd[]
Y\[ [X`a t\[ �XZh\_b_`a\[ �iiZtb[Xh\[ c\Z\`a[\[ n

∂φ

∂x
= φ′ d

dx

√

x2 + y2 + z2 = φ′x

r
∂2φ

∂x2
=

x2

r2
φ′′ + φ′

(
1

r
− x2

r3

) u{ Uo�w

=⇒ 4φ = φ′′ + φ′
(

3

r
− 1

r

)

= φ′′ +
2

r
φ′ = 0

u{ Uoow
� b\ Y\_d`ah\ Wl_d[Y \[hajgh Xg_i [dZ \Z_h\ it\Z ala\Z\ �cg\bhd[Y\[ r _im bh b_h \_ _b[[�igg qigY\[t\
kdc_hbhdhbi[ }d m X`a\[ r _i tX__ p bZ qi gY\[t\ ��W }d gl_\[ aXc\[ n

ψ = φ′ u{ Uoxw
=⇒ ψ′

ψ
= −2

r

u{ Uozw

=⇒ (lnψ)
′
= −2

r

u{ UxVw
[X`a \b[qX`a\Z ¬[h\YZXhbi[ qigYh _iqiZh n

lnψ = −2 ln r + const

=⇒ ψ = αr−2 u{ Ux 0w
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�X_ sih\[hbXg \ZYbch _b`a tX[[ m bhh\g_ _bm�g\Z ¬[h\YZXhbi[ n

φ = A + Br−1 u{ UxTw
��Z tb\ Wl_d[Y t\Z �g\b`ad[Y \ZYbch _b`a Xg_i [\c \[ t\m �i[_hX[h\[ sih\[hbXg up\g`a\_ �\b[\
�a�_b�Xgb_`a\[ f¡\�h\ \Z}\dYhw Xd`a tb\ Wl_d[Y \b[\_ �d\gg\[q\gt\_ m bh t\Z �d\gg_hjZ�\

J
r p b\

m X[ \_ Xd`a Xd_ t\Z f g\�hZi_hXhb� �\[[h n

J =

∮

ρ~u · d~F
|�tZit�[Xm b_`a\ WXtd[Y u{ Ux{w

Q =

∫

V

ρ dV =

∮

~E · d~F
�Yg U f g\�hZi_hXhb�

=⇒ φ = − J

4πr

u{ Ux~w
��Z d[_\Z c \hZX`ah\h\_ sZicg\m t\Z �X�bhXhbi[ md__ [d[ tb\ WXtd[Y

J
_i c \_`aX¡\[ _\b[ r tX__ _b\

tX_ yd_Xmm\[_h�Z}\[ t\Z Wdqhc gX_\ c \_`aZ\bch U f _ aX[t\gh _b`a dm \b[\ [\YXhb�\ WXtd[Y uk\[�\w
p\Y\[ t\Z ^\tb[Yd[Y

ȧ < 0
U �\®[b\Z\[ p bZ

a
Xg_ �Xtbd_ t\Z Wdqhc gX_\ r _i \ZYbch _b`a n

J =
d

dt

(
4π

3
a3

)

= 4πa2ȧ < 0
u{ Uxew

¢d[ c\[dh}\[ p bZ tb\ ^\Z[idggb]� g\b`ad[Y q�Z [b`ah _hXhbi[jZ\ khZlmd[Y\[ n
1

2
ρu2 + p + ρ

∂φ

∂t
=

`i[_h U u{ Ux�w
��Z t\[ �Xgg YZi§\Z f[hq\Z[d[Y\[

r → ∞ �i[ t\Z �d\gg\ Ybgh
p = const

ua�tZi_hXhb_`a\Z �Zd`�w U
�[t\Z\Z_\bh_ c \Z\`a[\[ p bZ q�Z tb\ �c\Z�j`a\ u[X`a �cg\bhd[Y t\Z �\_`ap b[tbY�\bh �im sih\[hbXg
d[t f b[_\h}\[ �i[

r = a
w n

p

ρ
=

1

2
ȧ2 +

∂φ

∂t

∣
∣
∣
∣
r=a

u{ Uxow
� bh t\Z �\®[bhbi[ t\Z �d\gg_hjZ�\ { Uxe ®[t\[ p bZ q�Z t\[ g\h}h\[ �\Zm n

∂φ

∂t

∣
∣
∣
∣
r=a

= − ∂

∂t

(
a2ȧ

r

)

= −1

r

(
2aȧ2 + a2ä

)

= −
(
2ȧ2 + aä

) u{ Uxxw
=⇒ p

ρ
=

1

2
ȧ2 − 2ȧ2 − aä = −3

2
ȧ2 − aä

u{ Uxzw
v bZ [dh}\[ tb\ sZitd�hZ\Y\g Xd_ r dm t\[ �d_tZd`� p\bh\Z }d �\Z\b[qX`a\[ n
d
dt (ȧa) = aä + ȧ2fb[\ X[XgiY\ �\Y\g �l[[\[ p bZ Xd`a q�Z X[t\Z\ sih\[}\[ c\[dh}\[ n

d

dt

(

a
3

2 ȧ
)

= a
3

2 ä +
3

2
a

1

2 ȧ2 = a
1

2

(

aä +
3

2
ȧ2

) u{ UzVw
� g_i Y\ah tb\ � g\b`ad[Y { Uxz �c\Z b[

p

ρ
= −a− 1

2

d

dt

(

a
3

2 ȧ
)

⇐⇒ d

dt

(

a
3

2 ȧ
)

= −p
√

a

ρ

�dghb�gb�Xhbi[ �i[ { Uz 0 m bh
a2ȧ

gb\q\Zh tX[[ n
p

ρ
a2ȧ = −a

3

2 ȧ
d

dt

(

a
3

2 ȧ
)

= −1

2

d

dt

(
a3ȧ2

) u{ Uz 0w
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�bh \b[\Z }d { UzV X[XgiY\[ �m qiZmd[Y \ZaXgh\[ p bZ _`agb\§gb`a n
p

ρ

d

dt

(
1

3
a3

)

= −1

2

d

dt

(
a3ȧ2

) u{ UzTw
¢X`a hZb� bXg\Z ¬[h\YZXhbi[ qigYh u[X`a �m _iZhb\Z\[ w n

−4π

3
a3p + const = 2πρa3ȧ2 u{ Uz{w

� b\ ¬[h\YZXhbi[_�i[_hX[h\ qigYh _iqiZh Xd_ t\[ �[qX[Y_c \tb[Yd[Y\[
ȧ (0) = 0

d[t
a (0) = a0

r _im bh
Y\ah tb\ � g\b`ad[Y { Uz{ �c\Z b[ n

p

(
4π

3
a3
0 −

4π

3
a3

)

= 2πρa3ȧ2 u{ Uz~w
¬[ tb\_\Z � g\b`ad[Y _h\ah gb[�_ tb\ �im�Z\__bi[_XZc \bh d[t Z\`ah_ tb\ �b[\hb_`a\ f[\ZYb\ t\_
khZlmd[Y_q\gt\_ r tX_ a\b§h tb\ � g\b`ad[Y tZ�`�h t\[ f[\ZYb\\ZaXghd[_Y__Xh} Xd_ r p b\ qigY\[t\
c\Zg\Yd[Y }\bYh n
^\Z\`a[\[ p bZ tb\ �\_`ap b[tbY�\bh Xd_ t\m sih\[hbXg r _i \Zajgh m X[ r p b\ _`ai[ ic\[ c\[dh}h n

u =
J

4πr2
=

a2ȧ

r2

u{ Uzew
� b\ Y\_Xmh\ khZlmd[Y_\[\ZYb\ b_h [d[ tX_ ¬[h\YZXg �c \Z Xgg\ f[\ZYb\tb`ah\[ r p\g`a\_ p\Y\[ t\Z
�dY\g_�mm\hZb\ hZb� bXg �c \Z tb\ v b[�\g Xd_Y\q�aZh p\Zt\[ �X[[ r tXa\Z cg\bch [i `a }d c\Z\`a[\[ n

∞∫

a

1

2
ρu24πr2 dr = 2πρ

∞∫

a

a4ȧ2

r4
r2 dr

u{ Uz�w

= 2πρa4ȧ2

∞∫

a

1

r2
dr

= 2πρa4ȧ2

[
1

a

]

ydZ \[tY�ghbY\[ Wl_d[Y _`aZ\bc \[ p bZ tb\ � b¡\Z\[hbXgYg\b`ad[Y [i`a [X`a \b[\Z Xd_ t\Z �gX__b_`a\[
�\`aX[b� c \�X[[h\[ �Zh dm n

ȧ2 =
p

ρ

2

3

[(a0

a

)3

− 1

] u{ Uzow

da

dt
=

√

2p

3ρ

[(a0

a

)3

− 1

] u{ Uzxw

¢X`a �Z\[[d[Y t\Z �XZbXcg\[ \ZaXgh\[ p bZ \b[\[ d[�c\Z_b`ahgb`a\[ �d_tZd`� n
∫

1
√

...
da =

∫

dt
u{ Uzzw

� bh t\Z �\®[bhbi[ t\Z y\bh
t0 = a0√

p
ρ

®[t\[ p bZ tX[[ qigY\[t\ Wl_d[Y\[ t\Z ��W n

• �b\ �dqhZXYd[Y a
a0
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`i[_h Xc \Z c \gb\cbY n

~a ·
∫

V

~∇p dτ =

∫

V

~∇ (p~a) dτ

S.v.G.
=

∮

p~a · d~F

= ~a ·
∮

p d~F

v bZ _`aZ\bc \[ [d[ t\[ ¬[h\YZX[t\[ t\_ T U ¬[h\YZXg_ dm n
(

~u · ~∇
)

ui = ~∇ (~uui)
u{ U0TVw

| b\Zc \b aXc \[ p bZ tb\ sZitd�hZ\Y\g d[t ~∇ · ~u = 0
u¬[�im�Z\__bcbgbhjhw Xd_Y\[dh}h U � b\ � g\b`ad[Y

p bZt tX[[ }d n
ρ

∮
∂φ

∂t
d~F + ρ

∮

~u
(

~u · d~F
)

+

∮

pd~F = 0
u{ U0T 0w

��Z t\[ k�\}bXgqXgg \b[\Z _hXhbi[jZ\[ khZlmd[Y Ybgh n ∂φ
∂t = 0

U v bZ _h\gg\[ tb\ khZlmd[Ygl_d[Y [d[
Xg_ kdmm\ Xd_ \b[\Z �i[_hX[h\[ �[_hZlmd[Y

~u0
d[t \b[\Z � b�ig_hZlmd[Y

~uD
tXZ u�Yg U �dghb� ig]

\[hp b`�gd[Y t\Z f g\�hZi t�[Xm b�w d[t gX__\[ tb\ ala\Z\[ �\Zm \ p\Y n

~u = ~u0 + ~uD
u{ U0TTw

T�



�X_ ¬[h\YZXhbi[_�igdm \[ b_h \b[\ YZi§\ �dY\g m bh t\m �igdm \[ � d[t t\Z �c\Z�j`a\
Σ
r �i[ t\Z

[Xh�Zgb`a t\Z �lZ� \Z m bh t\m �igdm \[ � d[t t\Z �c\Z�j`a\ k Xd_Y\_`agi__\[ b_h U kim bh aXc\[
p bZ n

0 = ρ

∮

S

~u
(

~u · d~F
)

+ ρ

∮

Σ

~u
(

~u · d~F
)

+

∮

S

pd~F +

∮

Σ

pd~F
u{ U0T{w

�X_ \Z_h\ ¬[h\YZXg �\Z_`ap b[t\h r tX X[ t\Z �lZ� \Zic \Z�j`a\ tb\ �X[tc\tb[Yd[Y
~u · ~n = 0

Y\gh\[
md__ U �X_ { U ¬[h\YZXg b_h [d[ tb\ �ZXqh ~K

Xdq t\[ �lZ�\Z U ¢X`a �m qiZmd[Y ®[t\[ p bZ m bh t\Z
^\Z[idggb]� g\b`ad[Y n

~K =

∮

S

pd~F = −
∮

Σ

(`i[_h − ρ
u2

2

)

d~F − ρ

∮

Σ

~u
(

~u · d~F
) u{ U0T~w

�X_ ¬[h\YZXg ∮ `i[_h
d~F = 0

r tX \b[ �i[_hX[h\Z �gd __ tdZ`a \b[\ Y\_`agi__\[\ �c\Z�j`a\ �\Z_`ap b[]
t\h U ¢d[ �l[[\[ p bZ \[tgb`a tb\ �ZXqh c \Z\`a[\[ n

~K = ρ

∮

Σ

(
u2

2
d~F − ~u

(

~u · d~F
)) u{ U0Tew

~K

ρ

Z [\]]
=

∮

Σ

{
1

2

(
~u2

0 + 2~u0 · ~uD + ~u2
D

)
d~F − (~u0 + ~uD)

[

(~u0 + ~uD) · d~F
]}

=

∮

Σ







(~u0 · ~uD) d~F − ~uD

(

~u0 · d~F
)

− ~u0

(

~uD · d~F
)

︸ ︷︷ ︸

=0







=

∮

Σ

{

(~u0 · ~uD) d~F − ~uD

(

~u0 · d~F
)}

|b\Zc \b aXc \[ p bZ \b[\[ �\Zm
~u2

D

�\Z[X`agj__bYh d[t c\[dh}h r tX__ t\Z g\h}h\ �\Zm Yg\b`a
~u0

∮

Σ

~uD ·

d~F = 0
b_h U uf bY\[_`aXqh t\Z � b�ig_hZlmd[Yw v b\ m X[ _b\ah p bZt tb\ y\Zg\Yd[Y { U0TT [dZ X_�m]

�hihb_`a Xdq t\Z �c\Z�j`a\ t\Z �dY\g
Σ

Y\cZXd`ah U
^\Z\`a[\[ p bZ [d[ tb\ �ZXqh b[ ^\p\Yd[Y_Zb`ahd[Y n

~u ·
~K

ρ

~uD·~u0=~u0·~uD=

∮

Σ

~u0 · ~uD

(

~u · d~F
)

−
∮

Σ

~u0 · ~uD

(

~u · d~F
)

= 0
u{ U0T�w

v bZ �l[[\[ Xg_i q\_h_h\gg\[ r tX__ \_ �\b[\ �ZXqh b[ ^\p\Yd[Y_Zb`ahd[Y uv bt\Z_hX[tw Ybch U f _ �X[[
al`a_h\[_ \b[\ �d\Z�ZXqh u} U^ U �dqhZb\c w \¯ b_hb\Z\[ U
��Z tb\ p\bh\Z\[ ^\hZX`ahd[Y\[ g\bh\[ p bZ }d[j`a_h tb\ ÐÉÈÈÕÏÒÓÈÕ ^ÍÉ_ ÈÑÕ a\Z n
�X}d _\b \b[ �ZXtb\[h\[q\gt

~u = ~∇φ
d[t \b[\ X[t\Z\ c \gb\cbY\ utb¡\Z\[}b\ZcXZ\w �d[�hbi[

Φ
Y\Y\]

c \[ U
~∇ · (Φ~u) = ~∇Φ · ~u − Φ ~∇ · ~u

︸ ︷︷ ︸

=0

u{ U0Tow

= ~∇Φ · ~∇φ

�Xc\b aXc\[ p bZ tb\ s Zitd�hZ\Y\g Xd_Y\[dh}h U ¢d[ b[h\YZb\Z\[ p bZ tb\_\ �g\b`ad[Y �c\Z \b[ c\gb\]
cbY\_ �igdm\[ d[t p\[t\[ t\[ kXh} �i[ �Xd§ X[ n

∫

V

~∇Φ · ~∇φ dτ =

∫

V

~∇ (Φ~u) dV
u{ U0Txw

` [a [b [
=

∮

Φ~u · d~F

To



Körper

S

Ursprung S
e

S
R

f =1/r

p0

�ccbgtd[Y 0{ n �\Z �Z_�Zd[Y d[_\Z\_ �iiZtb]
[Xh\[_�_h\m _ gb\Yh Xd§\ZaXgc t\_ �lZ� \Z_ m bh
t\Z �c\Z�j`a\

S
U � b\ ¬[h\YZXhbi[ \b[\Z �g\b]

[\[ �dY\g m bh �Xtbd _
ε
dm t\[ �Z_�Zd[Y _i]

p b\ tb\ ¬[h\YZXhbi[ �c\Z \b[\ YZi§\ �dY\g r t b\
Xd`a t\[ �lZ�\Z \[hajgh r p\Zt\[

Σε
d[t

ΣRY\[X[[h U

�ccbgtd[Y 0{ n

� bh t\m sih\[hbXgq\gt
~u = ~∇φ

qigYh [d[ n

~u · d~F =
∂φ

∂~n
dF

u{ U0Tzw
∮

S(V )

Φ~u · d~F =

∮

Φ
∂φ

∂~n
dF

u{ U0{Vw

=

∮

φ
∂Φ

∂~n
dF

�X_ g\h}h\ � g\b`aa\bh_}\b`a\[ qigYh tXa\Z r tX__ p bZ X[qX[Y_ m bh \b[\m �d_tZd`� Y\_hXZh\h pXZ\[ r
t\Z _�mm\hZb_`a b[

φ
d[t

Φ
pXZ U �d_ t\Z g\h}h\[ �g\b`aa\bh qigYh _iqiZh tb\ �Z\\[_`a\ �iZm\g n

∮ (

Φ
∂φ

∂~n
− φ

∂Φ

∂~n

)

dF = 0
u{ U0{ 0w

v bZ �\[[\[ c\Z\bh_ tb\ Wl_d[Y _hXhbi[jZ\Z s Zicg\m \ Xd_ t\Z f g\�hZi_hXhb� uWX�gX`\]� g\b`ad[Y n
4φ = 4πρ

w U �l`ah\ mX[ }dm ^\b_�b\g tX_ \g\�hZb_`a\ �\gt \b[\_ �dY\g�i[t\[_XhiZ_ c \Z\`a[\[ r _i
�i[_hZdb\Zh m X[ _b`a \b[\ Wl_d[Y bm Y\_Xmh\[ �Xdm r b[t\m mX[ b[ t\[ ¬[[\[ZXdm ®�hb�\ �d\gg\[
_\h}h r _i tX__ tb\ �X[tc\tb[Yd[Y\[ b[ tb\_\m �Xgg ~E‖~n \Zq�ggh p\Zt\[ U ¬[ t\Z |�tZit�[Xm b� md__
[d[ tb\ �g\b`ad[Y 4φ = 0

\Zq�ggh _\b[ U �Xm bh b_h t\Z q�aZ\[t\ �\Zm b[ t\Z �dghb� ig\[hp b`�gd[Y
t\Z � b�igh\Zm U v bZ m�__\[ Xg_i tX_ sih\[hbXg Xg_ �d[�hbi[ �i[ �c\Z�j`a\[b[h\YZXg\[ m bh | bgq\
t\Z �Z\\[_`a\[ �iZm \g[ c \Z\`a[\[ U
k\b [d[ \b[ �iiZtb[Xh\[_�_h\m Y\pjagh r t\__\[ ¢dgg�d[�h \b[ c \gb\cbY\Z sd[�h Xd§\ZaXgc t\_
�lZ� \Z_ b_h U v bZ c \hZX`ah\[ [d[ d[_\Z\[ �lZ�\Z m bh t\Z �c\Z�j`a\ k d[t tb\ YZi§\ �dY\g m bh
t\m �Xtbd_

R
d[t p\Zh\[ tX_ ¬[h\YZXg Xm sd[�h s Xd_ r dm t\[ p bZ \b[\ �dY\g m bh t\m �Xtbd_

ε
g\Y\[ U ��Z d[_\Z sih\[hbXg

Φ = 1
r

qigYh [d[ n

0 =

∮

ΣR+S+Σε

{
1

r

∂φ

∂n
− φ

∂

∂n

(
1

r

)}

dF = IR + IS + Iε
u{ U0{Tw

Tx



v bZ pigg\[ \ZZ\b`a\[ n
Iε ∼ φ(P )

d[t
IR ∼ `i[_h U �X}d c\Z\`a[\[ p bZ tb\ ¬[h\YZXg\ n

Iε
∂/∂r=−∂/∂n

=
1

ε

∮

Σε

∂φ

∂n
dF +

∮

Σε

φ
∂

∂r

(
1

r

)

dF

~u=~∇φ
=

1

ε

∮

Σε

~u · d~F − 1

ε2

∮

Σε

φ dF

≈ 1

ε

∫

Σε

~∇ · ~udV − 1

ε
φ(P )

∮

Σε

dF

= 0 − φ(P )4πε2
1

ε2
u{ U0{{w

= −4πφ(P )

IR =
1

R

∮

ΣR

∂φ

∂n
dF +

1

R2

∮

ΣR

φ dF

=
1

R

∫

ΣR

~u · d~F +
1

R2

∮

ΣR

φ dF

=
J

R
+

R2

R2

∮

φ dΩ

=
J

R
+

∮

φ dΩ
u{ U0{~w

v bZ aXc\[ ab\Zc \b tb\ ZXtbXg\ ¬[h\YZXhbi[ hZb� bXg Xd_Y\q�aZh d[t c\[dh}h n
dF = r2dφ sin ϑdϑ =

r2dΩ
U ¶\h}h }\bY\[ p bZ r tX__

JR
d[Xcaj[YbY �i[ � d[t �i[ t\Z vXag t\_ sd[�h\_ s b_h n

∂IR

∂R
= − J

R2
+

∮
∂φ

∂R
dΩ

∂φ/∂n=∂φ/∂R
= − J

R2
+

1

R2

∫

~u · d~F

J=
∮

~u·d~F
= − J

R2
+

J

R2
= 0

u{ U0{ew
�m tb\ �[Xcaj[YbY�\bh �i[ s }d }\bY\[ r �\Z_`ab\c \ m X[

ΣR
\hpX_ b[ ¯]� b`ahd[Y cd �\Z_`a b\cd[Y

�i[ s n
∂IR

∂x
= 0 +

∮

ΣR

∂φ

∂x
dΩ

=

∮

ΣR

uxdΩ
lim

R→∞

ux=0

= 0
u{ U0{�w

��Z tX_ sih\[hbXg
φP

Xm sd[�h s qigYh tX[[ b[_Y\_Xmh n

φ(P ) = C +
1

4π

∮

S

(
1

r

∂φ

∂~n
− φ

∂

∂~n

(
1

r

))

dF
u{ U0{ow

v bZ pjag\[ [d[ \b[ [\d\_ �iiZtb[Xh\[_�_h\m r t\__\[ �Z_�Zd[Y bm �lZ�\Z _\gc _h gb\Yh u_b\a\
�ccbgtd[Y 0~w U k\b [d[

~s
t\Z �Zh_�\�hiZ }d \b[\m sd[�h � Xdq t\Z �c\Z�j`a\ t\_ �lZ� \Z_ d[t

~xt\Z �Zh_�\�hiZ }dm sd[�h sr _i b_h
~x− ~s

t\Z �\�hiZ �i[ � [X`a sU � bh t\[ �c��Z}d[Y\[ |~x| = rd[t |~x − ~s| = rPQ
qigYh [d[ q�Z tX_ sih\[hbXg n

φ(~x) = C +
1

4π

∮

S

(
1

rPQ

∂φ

∂n
− φ

∂

∂n

1

rPQ

)

dF
u{ U0{xw

Tz



0
s

Q

r
rPQ

P

�ccbgtd[Y 0~ n �\®[bhbi[ t\_ [\d\[ �iiZtb[Xh\[_�_h\m _
m bh t\m �Z_�Zd[Y � b[[\ZaXgc t\_ dm _hZlmh\[ �lZ�\Z_
d[t �\ZX[_`aXdgb`ad[Y t\Z Z\gXhb�\[ �\�hiZ\[ _ip b\ t\Z\[
Wj[Y\[

�ccbgtd[Y 0~ n

��Z tb\ X��Zi¯ bm Xhb�\ ^\Z\`a[d[Y q�aZ\[ p bZ \b[\ �X�giZ]f[hp b`�gd[Y �i[
rPQ

tdZ`a n

r−1
PQ = |~x − ~s|−1 =

1

r
− ~s~∇1

r
+ O(r−3)

u{ U0{zw

=
1

r
+ ~s · ~x 1

r3
+ O(r−3)

∂

∂n
r−1
PQ = ~n · ~∇s|~x − ~s|−1 u{ U0~Vw

=
~n · x
r3

+ O(r−3)

�g_i b_h d[_\Z sih\[hbXg [d[ n

φ(~x) = C +
1

4πr

∮

S

∂φ

∂n
dF +

1

4πr3
~x ·

∮

S

(

~s
∂φ

∂n
− ~nφ

)

dF + O(r−3)

= C − J

4πr
−

~G · ~x
4πr3

+ O(r−3)
u{ U0~ 0w

| b\Zc \b aXc \[ p bZ tX_ a�tZit�[Xm b_`a\ �b�igm im\[h a�tZit�[Xm b_`a\_ � b�igm im\[h ~G
\b[Y\]

q�aZh m bh n

~G =

∮ (

~nφ − ~s
∂φ

∂n

)

dF
u{ U0~Tw

= ~G1 + ~G2

^\hZX`ah\[ p bZ tb\ c \bt\[ �\Zm \ }dZ ¬[h\Z�Z\hXhbi[ n

~G2 = −
∮

S

~s
(

~u · d~F
) u{ U0~{w

=
d

dt

∫

ef�ûþ�
~x dV =

∫
d~x

dt
dV = ~UV

|b\Zc \b aXc \[ p bZ c \[dh}h tX__ −~u · d~F
tb\ gi�Xg\ �igdm \[}d[Xam\ t\_ dm _hZlmh\[ �lZ�\Z_ b_h

d[t ~U
Xg_ k`ap\Z�d[�h_Y\_`ap b[tbY�\bh t\_ �lZ� \Z_ \b[Y\_\h}h U

¢d[ �l[[\[ p bZ Xd`a ~G1
b[h\Z�Z\hb\Z\[ r b[t\m pbZ }d[j`a_h t\[ ¬m�dg_ c \Z\`a[\[ r t\Z tdZ`a \b[\[

{V



�ZXqh_hi§ Xdq tX_ �gdbt �c\ZhZXY\[ p bZt n

~I =

τ∫

0

~K dt
u{ U0~~w

~K = −
∮

S

p d~F
u{ U0~ew

� g_i qi gYh q�Z t\[ ¬m�dg_ n

~I = −
τ∫

0

∮

S

p d~F dt
u{ U0~�w

= ρ

∮

S

φ d~F = ρ ~G1

�d_ t\Z ^\hZX`ahd[Y t\_ ¬[h\YZXg_ \ZYbch _b`a _`agb\§gb`a r tX__ \_ _b`a c \b
ρ ~G1

dm t\[ ¬m�dg_ t\Z
b[ ^\p\Yd[Y �\Z_\h}h\[ �g�__bY�\bh aX[t\gh U
¶\h}h �l[[\[ p bZ Xd`a tb\ �\_Xmh\[\ZYb\ c \Z\`a[\[ n

E =
1

2
ρ

∫

V

~u · ~u dτ
~∇·~u=0

=
~∇φ=~u

1

2
ρ

∫

V

~∇ · (φ~u) dτ
u{ U0~ow

=
1

2
ρ

∮

ΣR+S

φ~u · d~F ≈ 1

2
ρ

∮

S

φ~u · d~F

=
1

2
ρ

∮

S

φ~U d~F =
1

2
~Uρ ·

∮

S

φ d~F

|b\Zc \b b_h ~U
tb\ u�i[_hX[h\w �\_`ap b[tbY�\bh t\_ �lZ� \Z_`ap\Z�d[�h\_ U � bh t\Z �\®[bhbi[ ~I =

ρ ~G1 = ρ
∮

S

φd~F
®[t\h mX[ tX[[ q�Z tb\ f[\ZYb\ n

E =
1

2
~U · ~I

u{ U0~xw
� b\_ ja[\gh [d[ t\Z b[ t\Z sd[�hm \`aX[b� [b`ah �cgb`a\[ r Xc \Z t\[[i`a mlYgb`a\[ Y\m b_`ah\[
�XZ_h\ggd[Y t\Z f[\ZYb\ Xg_ sZitd�h �i[ �\_`ap b[tbY�\bh d[t ¬m�dg_ n

E =
1

2
~p · ~v =

1

2
m~v · ~v =

1

2
mv2

�X_ Y\_Xmh\ �b�igm im\[h b_h [d[ n
1

2
ρ~U · ~G =

1

2
ρ~U ·

(

~G1 + ~G2

)

= E +
1

2
ρV U2 u{ U0~zw

��Z t\[ ¬m�dg_ Ybgh [d[ ~I ∼ ~U
U �c\Z tb\ �\�hiZ\[ _b[t b[ t\Z �\Y\g [b`ah �XZXgg\g r tXa\Z �X[[

m X[ m bh t\m �X__\[h\[_iZ
M̂

_`aZ\bc \[ n ~I = M̂ ~U
�b\_\Z c \Z\`a[\h _b`a [d[ p b\ qi gYh n

~I = M̂ ~U = ρ
(

~G − ~G2

)

= ρ
(

~G − V ~U
) u{ U0eVw

�\Z � X__\[h\[_iZ aXh [d[ { |Xd�hmX__\[Zb`ahd[Y\[ r tb\ b[ t\Z �\Y\g tb\ k�mm\hZb\X`a_\[ t\_
�lZ� \Z_ _b[t U ��Z \b[\ _b`a bm �gdbt c\p\Y\[t\ � b_�d__`a\bc \ b_h t\Z � X__\[h\[_iZ t\ZXZh r tX__
tb\ a�tZit�[Xm b_`a\ � X__\ q�Z ^\p\Yd[Y\[ _\[�Z\`ah }dZ �gj`a\ YZl§\Z b_h Xg_ tb\ � X__\ �XZXgg\g
}dZ � b_�d_�j`a\ U ^\p\Yh m X[ t\[ � b_�d_ [d[ _`aZjY b[ \b[\m �gdbt r _i b_h t\Z ¬m�dg_ ~I

[b`ah
m \aZ �XZXgg\g }dZ �\_`ap b[tbY�\bh r _i[t\Z[ b[ � b`ahd[Y t\_ ¢iZmXg\[�\�hiZ_ Xdq t\Z � b_�d_�j`a\
�\ZtZ\ah U

{ 0



D ²N ²D 7 JCR@�J �JA 5 GACKJIIJH = AJRKHLJH
v bZ pigg\[ [d[ t\[ f b[�d__ t\_ � X__\[h\[_iZ_ �dXgbhXhb� c \_hbmm\[ U v b\ Xd_ t\Z X[Xg�hb_`a\[
�\`aX[b� c \�X[[h r c \[dh}\[ p bZ tb\ �bZhd\gg\[ �\ZZ�`�d[Y\[ n

•
�bZhd\gg\ �\ZZ�`�d[Y

δE = ~F · δ~s \ZYbch �ZXqh
•

�bZhd\gg\ �Z\ad[Y
δE = ~Θ · δ~φ

\ZYbch �Z\amim\[h
f b[\ j�db�Xg\[h\ �XZ_h\ggd[Y t\Z �Z\ad[Y t\_ �lZ� \Z_ b_h tb\ ·[t\Zd[Y t\Z �[_hZlmd[Y n

δ~U =
−δ~φ × ~U = ~U × δ~φ

U kim bh qigYh Xd_
E = 1

2
~U · ~I = 1

2
~UM̂ ~U

n

δE = ~I · δ~U = ~I · (~U × δ~φ) = δ~φ(~I × ~U)
u{ U0e 0w

�dZ`a �\ZYg\b`a m bh t\Z XggY\m \b[\[ �bZhd\gg\[ �\ZZ�`�d[Y qigYh [d[ q�Z tX_ �Z\amim\[h n
~Θ = ~I × ~U

u{ U0eTw
m bh ~I = M̂ ~U

r pX_ bm |Xd�hm X__\[_�_h\m \b[qX`a }d
Ii = miUi

pbZt U
^\hZX`ah\h m X[ [d[ \b[\ k`a\bc \ r q�Z tb\

m1 = m3 < m2
Ybgh Ã d[t _\b i U^ Ut U� U

U3 = 0
Y\pjagh r _i

qigYh q�Z tX_ �Z\amim\[h n
~Θ = −(0, 0, U1U2∆)

mbh
∆ = m2 − m1

^\hZX`ah\h mX[ tb\ �d_p bZ�d[Y\[ t\_ �Z\amim\[h_ r _i c \Yb[[h tb\ k`a\bc \ _b`a dm tb\ {]�`a_\
}d tZ\a\[ r tX_ a\b§h _b\ tZ\ah _b`a b[ tb\ � b`ahd[Y m X¯bm Xg\Z a�tZit�[Xm b_`a\Z � X__\ r pX_ q�Z
tb\ ^\p\Yd[Y t\_ � b_�d_ d[Y�[_hbY b_h U
�\Y\[m X§[Xam\[ _b[t n

0U X�hb� Ã } U^ U �X�\h\ r s q\bg n �\Y\[tZ\amim\[h tdZ`a �ZXY�j`a\[
�\Y\[tZ\amim\[h tdZ`a k`ap\Z�ZXqh

T U �X__b� Ã } U^ U �\p\aZ�dY\g r � b_�d_ r �Zb_c \\ r k� \\Z n �Z\a bm�dg__hXcbgb_b\Zd[Y
D ²N ²M gKJIIJH5JACJGIKHL øYA �GJ 4KLJI@µ JA/0QRJ
v bZ aXhh\[ ic\[ tb\ �[_hZlmd[Y \b[\Z �d\gg\ c \aX[t\gh d[t tX_ \[h_�Z\`a\[t\ sih\[hbXg }d

Φ =
Uz − J

4π
√

s2+z2

c\Z\`a[\h U �\Z �gd__ tdZ`a t\[ �\`�\g t\_ c \hZX`ah\h\[ y�gb[t\Z_ pXZ J
2

(
1 − z

r

) U
¶\h}h c \hZX`ah\[ p bZ \b[\ �d\gg\ d[t \b[\ k\[�\ t\Z khjZ�\ ¶ bm �c_hX[t a �im �Z_�Zd[Y U �dZ`a
\b[qX`a\ fZ_\h}d[Y d[t tX_ kd�\Z�i_bhbi[_�Zb[}b� ®[t\[ p bZ q�Z tX_ sih\[hbXg n

Φ = Uz −
J

4π
√

s2 + (z + h)2
+

J

4π
√

s2 + (z − h)2
u{ U0e{w

v b\t\Z md__ t\Z �\_Xmh�d__ �\Z_`ap b[t\[ d[t p bZ \ZaXgh\[ m bh t\Z ¢ihXhbi[ + q�Z tb\ �d\gg\
d[t − q�Z tb\ k\[�\ n

0 = πs2Uz −
J

2

(

1 − z+

r+

)

+
J

2

(

1 − z−

r−

) u{ U0e~w
^\[dh}\[ p bZ tb\ fZY\c[b__\ t\Z �iZa\ZbY\[ c\Zg\Yd[Y\[ d[t \Z_\h}\[ Z r _i \ZYbch _b`a n

0 = πs2Uz +
J

2

(

z − h
√

s2 − (z − h)2
− z + h

√

s2 + (z + h)2

) u{ U0eew

ydZ p\bh\Z\[ �d_p\Zhd[Y m X`a\[ p bZ \b[\ �X�giZ]f[hp b`�gd[Y t\Z �d[�hbi[ b[ � gXmm\Z[ n

J(f(s, z + h) − f(s, z − h))
h¿1
= J2h

∂f

∂z
|h = 0

u{ U0e�w

= G
∂f

∂z
|h = 0

{T



� b_h b_h \b[\ �i[_hX[h\ n q�Z t\[ c\ZYX[Y
h → 0

pbZt
J → ∞ Y\pjagh U � g_i p bZt d[_\Z\ �g\b`ad[Y

}d n

0 = πs2Uz −
1

2
2hJ

∂

∂z

z√
s2 + z2

u{ U0eow

= πs2Uz − hJ

(

1√
s2 + z2

− z2

√
s2 + z2

3

)

= πs2Uz −
hJs2

r3

�b\ Wl_d[Y\[ t\Z �g\b`ad[Y _b[t [d[ n
0U

s = 0
ud[b[h\Z\__X[hw

T U
s 6= 0

=⇒ πUz

hJ
=

1

r3
⇔ 2πUz

G
=

1

r3
=

`i[_h u{ U0exw
f _ aX[t\gh _b`a Xg_i dm tb\ �c\Z�j`a\ \b[\Z �dY\g U � g_i b_h tb\ khjZ�\ t\_ � b�igm im\[h_
\b[\Z dm _hZlmh\[ �dY\g m bh t\m �Xtbd_

r
Y\ZXt\

G = 2πUr3 u{ U0ezw
�dq tb\_\ v\b_\ gj__h _b`a [d[ t\Z � X__\[h\[_iZ uyd_Xh}m X__\ \b[\Z �dY\g c \b t\Z ^\p\Yd[Y tdZ`a
\b[ �gdbt w c \Z\`a[\[ n

M̂ ~U = ρ
(

~G − V ~U
) u{ U0�Vw

v\Y\[ t\Z k�mm\hZb\ t\Z �dY\g b_h t\Z � X__\[h\[_iZ tbXYi[Xg U v bZ c \[dh}\[ tb\ � g\b`ad[Y { U0ez
_ip b\ tX_ �igdm \[ t\Z �dY\g

V = 4
3πr3 d[t \ZaXgh\[ n

mU = ρ(G − V U)
u{ U0� 0w

= ρ(2πUr3 − 4

3
πr3U) = ρπUr3(2 − 4

3
)

= ρ
1

2

4

3
πr3U =

1

2
MU

u{ U0�Tw
| b\Zc \b aXc \[ p bZ � Xg_ tb\ � X__\ t\Z upX__\ZY\q�ggh\[ w �dY\g Y\_\h}h U v bZ _\a\[ Xg_i n � b\ aXgc \
� X__\ md__ }d_jh}gb`a c \p\Yh p\Zt\[ h¬m �Xgg\ \b[\_ �lZ� \Z_ m bh t\Z Yg\b`a\[ � b`ah\ p b\ tX_ �gdbt i U
<KøPCJGLJH 5@H ³KøCµ I�PJH � g_ �[p\[td[Y c\Z\`a[\[ p bZ tb\ ^\_`a g\d[bYd[Y �i[ WdqhcgX_\[ r
tb\ b[ vX__\Z Xdq_h\bY\[ u k\�h� \Zg\[ w U
� bh t\Z [\phi[_`a\[ �Zd[tYg\b`ad[Y

F = ma
d[t t\Z �dqhZb\c _�ZXqh Xdq \b[\ WdqhcgX_\ r tb\ tb\

� X__\ � X[ vX__\Z �\ZtZj[Yh Ybgh n
F = Mg = ρwV g

u{ U0�{w
^\Z\`a[\[ p bZ [i `a _`a[\gg tb\ � X__\ d[h\Z ^\Z�`�_b`ahbYd[Y t\Z a�tZit�[Xm b_`a\[ �X__\ d[t
�\Z[X`agj__bY\[ tb\ � X__\ t\Z Wdqh r _i Ybgh n

m =
1

2
M + mLuft ≈

1

2
M

u{ U0�~w
� g_i Ybgh n

Mg =
1

2
Ma =⇒ a = 2g

u{ U0�ew
� b\ WdqhcgX_\[ _h\bY\[ Xg_i [X`a t\[ �XggY\_\h}\[ Xdq r pic\b Xdq _b\ tb\ ti��\gh\ fZtc\_`ag\d[ bYd[Y
p bZ�h U

{{



j k 9<l <I 927<�2459 m6:HIª2«92
ydZ ^\_`aZ\bcd[Y �b\Ztbm\[_bi[Xg\Z �Zl§\[ �X[[ m X[ �dXh\Z[bi[\[ c\[dh}\[ r pjaZ\[t \_ q�Z tb\
^\_`aZ\bcd[Y {]tbm\[_bi[Xg\Z �Zl§\[ �\b[\ � lYgb`a�\bh Y bch r tX Xgg\ c \�X[[h\[ mXha\m Xhb_`a\[
�i[_hZd�hbi[\[ [b`ah [dggh\bg\ZqZ\b _b[t U ��Z T]tbm \[_bi[Xg\ �Zl§\[ �X[[ m X[ tb\ �im�g\¯\[ yXa]
g\[ c \[dh}\[ U ypXZ _b[t Xgg\ �a�_b�Xgb_`a\[ khZlmd[Y\[ {]tbm \[_bi[Xg r � \ti `a gX__\[ _b`a �b\g\
saj[im \[\ Xd`a m bhh\g_ T]tbm\[_bi[Xg\Z khZlmd[Y\[ c\_`aZ\bc \[ r pX_ tX[[ \b[\ g\b`ah\ �iZmd]
gb\Zd[Y m bhh\g_ �im�g\¯\Z yXag\[ \ZgXdch U

� çè n��öñôñìîñ oíðp� ñð �ñöõîöñî
�\_d`ah _b[t Xg_i tb\ Wl_d[Y\[ t\Z WX�gX`\]� g\b`ad[Y n

4φ = 0
u~ U0��w

(
∂2

∂x2
+

∂2

∂y2

)

φ(x, y) = 0

v bZ c\[dh}\[ Xg_i tb\ �im�g\¯\ yXag r tb\ _b`a Xg_
z = x + iy

tXZ_h\gg\[ gj__h d[t �\Zp\[t\[ Xg_
Wl_d[Y X[Xg�hb_`a\ �d[�hbi[\[ n

f(z) = f(x + iy) = φ(z) + iΨ(z)
︸ ︷︷ ︸q�r	ûs�ý�ÿ� �ÿ t þs�u �ÿ� vws��ÿx�ýþ ��

u~ U0�ow

f(z)
aXh [d[ \b[\ \b[tbm \[_bi[Xg\ �caj[YbY�\bh �i[ \b[\Z �im�g\¯\[ �XZbXc g\[ d[t b_h tb¡\Z\[]

}b\ZcXZ U yd[j`a_h g\bh\[ p bZ \b[bY\ f bY\[_`aXqh\[ �im�g\¯\Z uX[Xg�hb_`a\Zw �d[�hbi[\[ a\Z n
0U �\Xg] p b\ ¬m XYb[jZh\bg \b[\Z X[Xg�hb_`a\[ �d[�hbi[ \Zq�gg\[ tb\ WX�gX`\Yg\b`ad[Y n

f(z) = φ(x + iy) + iΨ(x + iy)

∂f

∂x
=

∂f

∂z

∂z

∂x
=

∂f

∂z
= f ′(z) ⇒ ∂2f

∂x2
= f ′′(z)

∂f

∂z
=

∂f

∂z

∂z

∂y
=

∂f

∂z
= if ′(z) ⇒ ∂2f

∂y2
= −f ′′(z)

⇒ ∂2f

∂x2
+

∂2f

∂y2
= f ′′(z) − f ′′(z) = 0

T U ¶\t\ Wl_d[Y \b[\Z WX�gX`\]� g\b`ad[Y b_h �\Xg] i t\Z ¬m XYb[jZh\bg \b[\Z X[Xg�hb_`a\[ �d[�hbi[ n
f(z) = φ(x + iy) + iΨ(x + iy)

b_h X[Xg�hb_`a\ �d[�hbi[
⇔ yXd`a�]� b\mX[[_`a\ ��W z\[ Y\gh\[ ∂φ

∂x
=

∂Ψ

∂y

∂Ψ

∂x
= −∂φ

∂y

�b\ \b[\ � b`ahd[Y b_h hZb� bXg n X[Xg�hb_`a ⇒ � U� U ��W z\[ Y\gh\[
��Z tb\ X[t\Z\ � b`ahd[Y md__ m X[ [dZ }\bY\[ r tX__ Xd_ t\[ � U� U ��W z\[ tb\ � b¡\Z\[}b\Z]
cXZ�\bh �i[

f(z)
qigYh U

φ
\Zq�gg\ [d[ tb\ WX�gX`\]� g\b`ad[Y U �\_d`ah b_h [d[

Ψ
r _i tX__

f = φ + iΨ
X[Xg�hb_`a b_h U �d_

t\[ yXd`a�]� b\m X[[_`a\[ ��W z\[ qigYh [d[ q�Z tb\ �cg\bhd[Y\[ r tb\ bm qigY\[t\[ Xg_ kdc_`Zb�h
tXZY\_h\ggh _b[t n

Ψx = −φy Ψy = φx
u~ U0�xw

v bZ _h\gg\[ [d[
Ψ

tdZ`a \b[ ¬[h\YZXg tXZ n

Ψ =

∫

dΨ =

∫

(Ψx dx + Ψy dy)
u~ U0�zw

=

∫

(−φy dx + φx dy)

{~



�X_ ¬[h\YZXg b_h [d[ \b[t\dhbY c \_hbmmh r qXgg_ q X[Xg�hb_`a b_h U
~∇(Ψx,Ψy, 0) = 0

u~ U0oVw
⇒ Ψxy − Ψyx = 0 ⇔ Ψxy = Ψyx

�d_ t\[ yXd`a�]� b\m X[[_`a\[ ��W z\[ qigYh n

−iφyy = φxx

⇔ 4φ = 0

v bZ c\hZX`ah\[ [d[ qigY\[t\_ k�XgXZ�Zitd�h n
~∇φ · ~∇Ψ = φxΨx + φyΨy = −φxφy + φyφx = 0

u~ U0o0w
� b\_ c \t\dh\h r tX__ c \bt\ �\gt\Z _\[�Z\`ah Xdq\b[X[t\Z _h\a\[ U v bZ b[h\Z�Z\hb\Z\[ tXa\Z

φ =
`i[_h

Xg_ ·�db�ih\[hbXg� j`a\[ d[t
Ψ =

`i[_h Xg_ khZim gb[ b\[ d[t
Ψ

b_h tX[[ tb\ _i Y\[X[[h\ khZim ]
qd[�hbi[ U
v\bh\Zab[ Ybgh n

f(z) = φ + iΨ

f ′(z) =
∂φ

∂z
+ i

∂Ψ

∂z
=

∂φ

∂x
+ i

∂φ

∂y
+ i

∂Ψ

∂x
− ∂Ψ

∂y

= u − iv
u~ U0oTw

| b\Zc \b _b[t
u
d[t

v
tb\ �im�i[\[h\[ t\_ uZ\\gg\[ w �\_`ap b[tbY�\bh_q\gt\_ ud[_\Z\Z T]tbm \[_bi[Xg\[

khZlmd[Yw b[ ¯] d[t b[ �]� b`ahd[Y U

� çæ nî{ñî õîöñî
M ²N ²E �KH|C}KJIIJ ~ ³GHGJH}KJIIJ
v bZ �\[[\[ tX_ �\_`ap b[tbY�\bh_q\gt t\Z sd[�h�d\gg\ _`ai[ Xd_ �iZa\ZbY\[ �c_`a[bhh\[ d[t _`aZ\b]
c \[ tXa\Z n

|~u| =
J

2πr

u~ U0o{w
��Z tb\ \b[}\g[\[ �im�i[\[h\[ Ybgh [d[ n

f ′(z) =
J

2πr
(cos ϑ − i sin ϑ)

{

u = J
2πr cos ϑ

v = J
2πr sinϑ

u~ U0o~w

v bZ _`aZ\bc \[ [d[ tb\ �cg\bhd[Y \hpX_ dm r tXm bh _b`a tb\ �d[�hbi[ _\gc _h g\b`ah\Z tdZ`a ¬[h\YZXhbi[
\ZYbch n

f ′(z) =
J

2πr
(cos(−ϑ) + i sin(−ϑ)) =

J

2πr
e−iϑ u~ U0oew

=
J

2πreiϑ

z=reiϑ

=
J

2πz

⇒ f(z) =
J

2π
ln z

u~ U0o�w

{e



D

E

f g

Z(z)

z Z

�ccbgtd[Y 0e n v bZ cbgt\[ tX_ �\cb\h � m bh \b]
[\Z X[Xg�hb_`a\[ d[t cb� \�hb�\[ �d[�hbi[

Z(z)Xdq tX_ �\cb\h f Xc U ¬_h [d[ tb\ �d[�hbi[ q
c \�X[[h r _i �l[[\[ p bZ tb\ �d[�hbi[ Y m bhh\g_
t\Z �d[�hbi[

Z(z)
c\Z\`a[\[ d[t dmY\�\aZh U

�ccbgtd[Y 0e n

M ²N ²N � GAµ JIIGH GJH
�d`a ab\Z �\[[\[ p bZ tX_ �\_`ap b[tbY�\bh_q\gt c \Z\bh_ r tXa\Z \ZqigYh tb\ |\Zg\bhd[Y t\Z khXmm]
qd[�hbi[ X[XgiY n

|~u| =
K

2πr

u~ U0oow

f ′(z) =
K

2πr
(− sin ϑ − i cos ϑ)

{

u = −K
2πr sinϑ

v = K
2πr cos ϑ

u~ U0oxw

=
−iK

2πr
(cos ϑ − i sin ϑ) =

−iK

2πr
e−iϑ

= − iK

2πz

⇒ f(z) = − iK

2π
ln z

u~ U0ozw
ln z = ln(reiϑ) = ln r + ln eiϑ = ln r + iϑ

�g_i b_h
ϑ

[dZ c\_hbmmh mitdgi
2π

r tX_ a\b§h ∮

K(0)

1
z dz = ln z = 2πi

U

� ç� � ñê�í ñ  ñð "íî Níðôñî n�� ì� õîöñî
�i[qiZm \ �ccbgtd[Y �b\ �\hait\ t\Z �i[qiZm\[ �ccbgtd[Y\[ b_h Xd_ t\Z f g\�hZih\`a[ b� bm yd]
_Xmm\[aX[Y m bh t\m �X[ t\Z sXdp]�a\iZ\m c\�X[[h U
k\b \b[\ �d[�hbi[

Z(z) : D ⇒ E
X[Xg�hb_`a d[t cb� \�hb� U ¢d[ b_h tb\ ^\aXd�hd[Y n

¬_h
f

tb\ Wl_d[Y \b[\_ khZlmd[Y_�Zicg\m _ b[ t\Z � \[Y\
D

r _i qigYh r tX__
g = z−1 ◦ f

Wl_d[Y t\_
\[h_�Z\`a\[t\[ khZlmd[Y_�Zicg\m _ b[

E
b_h U

�\Z ^\p\b_ \ZqigYh b[ }p\b k`aZbhh\[ n

0U v bZ }\bY\[ }d[j`a_h r tX__ Y X[Xg�hb_`a b_h r Xg_i tb\ WX�gX`\]� g\b`ad[Y \Zq�ggh d[t c\[dh}\[ r
tX__

Z−1 X[Xg�hb_`a b_h U v bZ cbgt\[ Xg_i tb\ �cg\bhd[Y
(
Z−1

)′
=

1

Z ′ ,
u~ U0xVw

tb\ \¯b_hb\Zh r tX
Z

b[� \�hb� b_h U v\bh\Zab[ Ybgh
(
Z−1 ◦ f

)′
=

dZ−1

df

df

dZ
.

�d`a tb\_\Z �d_tZd`� \¯b_hb\Zh _im bh r tX
f

d[t
Z

X[Xg�hb_`a _b[t U
T U v bZ }\bY\[ [d[ r tX__ tb\ �X[tc\tb[Yd[Y\[ Z\_� \�hb\Zh p\Zt\[ r tX �i[qiZm \ �ccbgtd[Y\[

p b[�\ghZ\d _b[t U

{�



-2a 2a

a

Z(z)

u

v

�ccbgtd[Y 0� n �\Z �Z\b_ m bh
t\m �Xtbd_ X p bZt m bhh\g_ t\Z
�d[�hbi[

Z(z)
Xdq \b[\ s gXhh\

t\Z Wj[Y\ ~X XcY\cbgt\h U � g\b`a]
}\bhbY \ZYbch _b`a _i \b[\ �iZ]
_`aZbqh q�Z tb\ ^\Z\`a[d[Y t\Z
t\[ �\_`ap b[tbY�\bh\[ d d[t
� X[ t\Z s gXhh\ \[h_�Z\`a\[t\[
�\_`ap b[tbY�\bh\[ Xm �Z\b_ U

�ccbgtd[Y 0� n

z0 → Z(z0) = Z0
u~ U0x 0w

z0 + dz → Z(z0 + dz) = Z(z0) + dz
dZ

dz
|z0

= Z(z0) + dz keiχ

v bZ c\hZX`ah\[ [d[ }p\b � b`ahd[Y\[ q�Z
dz

n

dz1 = reiΘ1 dZ1 = rkei(Θ1+χ)

dz2 = reiΘ2 dZ2 = rkei(Θ2+χ)

�\Z Z\gXhb�\ v b[�\g b_h Xg_i b[ c \bt\[ �jgg\[
Θ1 − Θ2

U
M ²D ²E OJGPV GJIJ

•
�b\ �ccbgtd[Y

Z(z) = z +
a2

z

u~ U0xTw

= reiϑ +
a2

r
e−iϑ

= cos ϑ

(

r +
a2

r

)

+ i sin ϑ

(

r − a2

r

)

�c\Zq�aZh t\[ �Z\b_ m bh t\m �Xtbd_ ` b[ \b[\ f ggb�_\ m bh t\[ |XgcX`a_\[
c + a2

c

d[t
c− a2

c

U
�\Z �\®[bhbi[_c \Z\b`a dm qX__h ab\Zc \b [dZ tb\ fc\[\ Xd§\ZaXgc t\_ �Z\b_\_ m bh t\m �Xtbd_
r = a

uZ d[t a2

r

q�aZ\[ }dm Yg\b`a\[ ^bgt w U
•

k\h}\[ p bZ ZdX r _i \ZYbch _b`a \b[\ Wb[b\ b[ t\Z ¯]�]fc\[\ r tb\ _b`a �i[
X = −2a

cb_
X = 2a

\Z_hZ\`�h r pX_ q�Z d[_\Z T]tbm \[_bi[Xg\_ k�_h\m \b[\m ^Z\hh \[h_�Zb`ah U ¶\h}h gXdh\h
tb\ �i[qiZm \ �ccbgtd[Y n

z = aeiΘ +
a2

a
e−iΘ = 2a cos Θ

u~ U0x{w

� ç� nî{ñî õîö ëõ N òêðóôõîöéKðí��ñôñ ÷ Oôéêðóôõîö Píî �ðëö�ï��ñî
¬m qigY\[t\[ p\Zt\[ }dZ Wl_d[Y t\_ sZicg\m _ m \aZm Xg_ �ZX[_qiZmXhbi[\[ t\Z Yg\b`a\[ �iZm b[
c\bt\ � b`ahd[Y\[ tdZ`aY\q�aZh r a b\Zc \b b_h }d c \X`ah\[ r tX__ tb\ �XZbXc g\[

Z
d[t

z
_i c \[dh}h

p\Zt\[ r p b\ \_ bm icbY\[ ^\b_�b\g ~ U{ U0 Y\_`a\a\[ b_h U � b\_ q�aZh g\b`ah }d �\Zp bZZd[Y r tX [b`ah � \t\
�d[�hbi[ r p b\ \_ b[ t\Z � Xha\m Xhb� �cgb`a b_h r \b[}\g[ t\®[b\Zh p bZt um bh �[YXc\ t\_ �\®[bhbi[_]
d[t v\Zh\c \Z\b`a_w U

{o



Staupunkte ( Geschwindigkeit = 0 )

2U

2U Anströmung drehen !

�ccbgtd[Y 0o n �m _hZl]
md[Y t\_ �Z\b_}�gb[t\Z_
m bhh\g_ �i[qiZm \Z �ccbg]
td[Y c\Z\`a[\h n X[ t\[
khXd�d[�h\[ �\Z_`ap b[]
t\h tb\ �\_`ap b[tbY�\bh r
pjaZ\[t _b\ X[ t\[ ic\]
Z\[ d[t d[h\Z\[ sd[�h\[
m X¯bm Xg p bZt Ã Y\m j§
�g\b`ad[Y ~ U0zV

�ccbgtd[Y 0o n

M ²M ²E ��PCA��KHL JGHJA � I�CCJ
k\b [d[ tb\ uhZb� bXg\w �m _hZlmd[Y \b[\Z s gXhh\ r p b\ _b\ bm T U ^\b_�b\g \[h_h\ah r Y\Y\c \[ n

~u =
`i[_h U

kim bh qi gYh q�Z d[_\Z\ X[Xg�hb_`a\ �d[�hbi[ n

f ′(z) = u − iv = U

{

u = U

v = 0

u~ U0x~w

� g_i b_h tX_ sih\[hbXg dm tb\ s gXhh\ \b[qX`a tdZ`a ¬[h\YZXhbi[ Y\Y\c \[ Xg_ n

f(z) = Uz
u~ U0xew

M ²M ²N ��PCA��KHL JGHJP �8 IGH�JAP
� bh t\Z �ZX[_qiZm Xhbi[

Z(z)
\Zajgh m X[ _iqiZh tX_ sih\[hbXg }dZ �m _hZlmd[Y t\_ �Z\b_\_ uy�gb[]

t\Z_w d[t [X`a � b¡\Z\[hbXhbi[ Xd`a tX_ �\_`ap b[tbY�\bh_q\gt n

f(z) = U

(

z +
a2

z

) sih\[hbXg u~ U0x�w

f ′(z) = U

(

1 − a2

z2

) �\_`ap b[tbY�\bh u~ U0xow
^ g\bch [i `a tb\ �\_`ap b[tbY�\bh b[ ¯] d[t �]� b`ahd[Y tdZ`a �Z\[[d[Y b[ �\Xg] d[t ¬m XYb[jZh\bg
}d bt\[hb®}b\Z\[ U �[ t\Z �c\Z�j`a\ gj__h _b`a

z = aeiΘ _`aZ\bc \[ n

f ′(aeiΘ) = U
(
1 − e−2iΘ

) u~ U0xxw
= U (1 − cos(2Θ)) + iU sin(2Θ) = u − iv

⇒
{

u = U(1 − cos(2Θ))

v = −U sin(2Θ)

u~ U0xzw

^\Z\`a[\[ p bZ [i `a t\[ ^\hZXY t\Z �\_`ap b[tbY�\bh � u�Yg U �ccbgtd[Y 0ow n

q =
√

u2 + v2 = U
√

1 − 2 cos(2Θ) + 1
u~ U0zVw

= U
√

2(1 − cos(2Θ)) = 2U sin Θ

�b\ �\_`ap b[tbY�\bh c \hZjYh Xg_i X[ t\m t\Z khZlmd[Y }dY\pX[th\[ d[t XcY\pX[th\[ sd[�h
Y\ZXt\ V d[t Xm ic\Z\[ d[t d[h\Z\[ sd[�h Y\ZXt\

q = 2U
r Xg_i tb\ ti��\gh\ �\_`ap b[tbY�\bh U

{x



a a

gedrehte Strömung

Zurücktransformieren

Anströmung der Platte

�ccbgtd[Y 0x n � b\ �[_hZlmd[Y t\Z s gXhh\ d[h\Z \b[\m v b[�\g c \Z\`a[\h m X[ r b[t\m mX[ tb\
�m _hZlmd[Y t\_ y�gb[t\Z_ tZ\ah d[t tX[[ p b\t\Z }dZ�`�hZX[_qiZm b\Zh U

M ²M ²D ��PCA��KHL KHCJA JGHJ� � GH|JI
v bZ tZ\a\[ [d[ tb\ �[_hZlmd[Y tdZ`a �Z\a\[ t\_ �iiZtb[Xh\[_�_h\m _ dm t\[ v b[�\g −α

r b[t\m
p bZ qigY\[t\ �ccbgtd[Y �\Zp\[t\[ u_b\a\ �ccbgtd[Y 0xw n

z → ze−iα u~ U0z 0w

f(z) = U

(

ze−iα +
a2

z
eiα

) u~ U0zTw

f ′(z) = U

(

e−iα − a2

z2
eiα

) u~ U0z{w
v bZ }\bY\[ [i `a _`a[\gg r tX__ \_ _b`a p bZ�gb`a dm \b[\ _`aZjY\ �[_hZlmd[Y aX[t\gh r b[t\m p bZ tX_
�\_`ap b[tbY�\bh_q\gt q�Z |z| → ∞ d[h\Z_d`a\[ n

f ′(z) ≈ e−iα = U (cos α − i sin α)
u~ U0z~w

= u − iv

⇒
{

u = U cos α

v = U sinα

M ²M ²M �QRA0LJ <HPCA��KHL JGHJA � I�CCJ
ydZ�`�hZX[_qiZm Xhbi[ gb\q\Zh tX[[ _`agb\§gb`a tX_ sih\[hbXg t\Z �[_hZlmd[Y \b[\Z s gXhh\ d[h\Z t\m
v b[�\g

α
U v bZ c \Z\`a[\[ Xc\Z Yg\b`a tX_ �\_`ap b[tbY�\bh_q\gt [X`a t\Z �\hh\[Z\Y\g n

f ′(z) =
df

dZ
=

df

dz

dz

dZ
=

df
dz
dZ
dz

u~ U0zew

=
f ′(z)

1 − a2

z2

�d_p\Zhd[Y X[ t\Z �c\Z�j`a\ gb\q\Zh [X`a sXZXm\hZb_b\Zd[Y
Z = aeiΘ n

f ′(Z) = U
e−iα − e−2iΘeiα

1 − e−2iΘ
= U

ei(Θ−α) − e−i(Θ−α)

eiΘ − e−iΘ

u~ U0z�w

= U
sin(Θ − α)

sinΘ

�\b[ ¬m XYb[jZh\bg
^\hZX`ah\[ p bZ t\[ �d_tZd`� q�Z

α 6= 0
r _i p bZt tb\ �\_`ap b[tbY�\bh q�Z

Θ = 0
d[t

Θ = π
r Xg_i

{z



?

?
unstetig  !

�ccbgtd[Y 0z n ��Z tb\ vXag
ϑ = 0

®[]
t\h m X[ \b[\ �m _hZlmd[Y t\Z s gXhh\ r
tb\ }dm b[t\_h X[ t\Z\[ f[t\[ d[_h\hbY
b_h d[t [b`ah t\Z \ZpXZh\h\[ khZlmd[Y
\[h_�Zb`ah

�ccbgtd[Y 0z n

erwartet :

stetig !

�ccbgtd[Y TV n � b\ \ZpXZh\h\ khZlmd[Y
b_h [d[ _h\hbY X[ t\[ f[t\[ n v bZ m�_]
_\[ Xg_i \b[\[ v bZc \g tX}dXttb\Z\[ E

�ccbgtd[Y TV n

X[ t\[ f[t\[ t\_ ^Z\hh\_ r d[\[tgb`a r pX_ [b`ah t\Z \ZpXZh\h\[ khZlmd[Y \[h_�Zb`ah U � g_i md__ tb\
khZlmd[Y [i`a v bZc \g \[haXgh\[ U � b\_\ Xttb\Z\[ p bZ }dm sih\[hbXg U � X_ m X`a\[ p bZ Xc \Z p b\t\Z
Xm �Z\b_ E

f(Z) = U

(

Ze−iα +
a2

Z
eiα

)

+
iK

2π
ln(Z)

u~ U0zow

f ′(Z) = U

(

e−iα − a2

Z2
eiα

)

+
iK

2πZ

u~ U0zxw

f ′(z) =
U

(

e−iα − a2

z2 eiα
)

+ iK
2πZ

1 − a2

z2

[X`a �ZX[_qiZm Xhbi[ u~ U0zzw

v bZ �XZXm \hZb_b\Z\[ p b\t\Z X[ t\Z �c\Z�j`a\ d[t _iZY\[ tdZ`a Y\\bY[\h\ vXag �i[
K

r tX__ tb\
kb[YdgXZbhjh �\Z_`ap b[t\h n

f(aeiΘ) =
U(e−iα − e−2iΘeiα) − iK

2πae−iΘ

1 − e−2iΘ

u~ UTVVw

= U
sin(Θ − α)

sin Θ
− iK

2πa(eiΘ − e−iΘ)

= U
sin(Θ − α)

sin Θ
− K

4πa

1

sin Θ

=
U sin(Θ − α) + K

4πa

sin Θ
�\Z yjag\Z md__ q�Z

sin Θ = 0
�\Z_`ap b[t\[ r Xg_i md__ Y\gh\[ n

K = 4πaU sin α
_h\hbY\Z �c�d__ X[ t\Z | b[h\Z�X[h\ u~ UTV 0w

k\h}\[ p bZ tb\ ^\tb[Yd[Y \b[ r _i qi gYh q�Z tX_ sih\[hbXg n

f(aeiΘ) =
U cos(Θ

2 − α)

cos θ
2

u~ UTVTw

~V



M ²M ²S 9RJ@AJ� 5@H O I�PGKP
v bZ c \hZX`ah\[ \b[ b[®[bh\_bm Xg\_ �c\Z�j`a\[\g\m\[h

ds
Xdq \b[\Z �gj`a\ r tb\ dm t\[ v b[�\g

χY\[\bYh b_h U �X[[ Ybgh n

dx = cos(χ) ds
u~ UTV{w

dy = sin(χ) ds
u~ UTV~w

⇒ dz = dx + idy = eiχds
u~ UTVew

v bZ�h [d[ Xdq tb\_\ �gj`a\ \b[ �Zd`�
p
r _i \ZYbch _b`a tb\ �ZXqh tdZ`a �d®[h\YZXhbi[ n

Kx =

∮

(− sin(χ))p ds
u~ UTV�w

Ky =

∮

cos(χ)p ds
u~ UTVow

��Z t\[ �Zd`� b_h [X`a t\Z ^\Z[idggb]� g\b`ad[Y \b[}d_\h}\[

p = P − 1

2
ρq2 u~ UTVxw

�\Z |�tZi_hXhb_`a\ �Zd`�
P

qjggh p\Y\[ t\Z Y\_`agi__\[\[ ¬[h\YZXhbi[ p\Y r t Ua U q�Z tb\ � Zjqh\ Ybgh
tX[[ n

Kx =
ρ

2

∮

sin(χ)q2 ds
u~ UTVzw

Ky = −ρ

2

∮

cos(χ)q2 ds
u~ UT 0Vw

v bZ pigg\[ [d[ tb\ X[Xg�hb_`a\ �d[�hbi[ �\Zp\[t\[ r q�Z tb\ Ybgh n

f ′(z) = u − iv
m bh

u = q cos(χ) v = q sin(χ)
u~ UT 00w

= qe−iχ

⇒ q = f ′(z)eiχ u~ UT 0Tw
Kx =

ρ

2

∮

sin(χ)f ′2(z)e2iχ ds
u~ UT 0{w

Ky = −ρ

2

∮

cos(χ)f ′2(z)e2iχ ds
u~ UT 0~w

m bh ~ UTVe qigYh [d[ n
Kx =

ρ

2

∮

sin(χ)f ′2(z)eiχ dz
u~ UT 0ew

Ky = −ρ

2

∮

cos(χ)f ′2(z)eiχ dz
u~ UT 0�w

\_ qi gYh m bh n
eiχ = cos(χ) + i sin(χ)

Ky + iKx = −ρ

2

∮

(f ′(z))
2

dz
u~ UT 0ow

��Z tb\ Y\_`agi__\[\ �im�g\¯\ ¬[h\YZXhbi[ r Xg_i tX_ �\_btddm hZjYh [dZ t\Z \Z_h\ �\Zm t\Z
WXdZ\[h]�\ba\ t\_ ¬[h\YZX[t\[ ∼ z−1 c\b U v bZ m�__\[ \b[qX`a tb\ �\ba\ c \_hbmm\[ r dm tX_
¬[h\YZXg Xd_}dp\Zh\[ n

f ′(z) = a0 + a1z
−1 + a2z

−2...
u~ UT 0xw

� g_i Ybgh q�Z t\[ ¬[h\YZX[t\[ n

(f ′(z))
2

= a2
0 + 2a0a1z

−1 + (a2
1 + 2a0a2)z

−2...
u~ UT 0zw

~ 0



�X[[ Ybgh q�Z tX_ ¬[h\YZXg r tX_ Y\[Xd tX_ \Z_h\ � gb\t t\Z WXdZ\[h]�\ba\ mdghb�gb}b\Zh m bh
2πi

\ZYbch n

Ky + iKx = −ρ

2

∮

(f ′(z))
2
dz = −ρ

2
2a0a12πi

u~ UTTVw
� b\_ b_h [d[ tX_ �a\iZ\m �i[ ^gX_bd_ r tX_ \_ \ZmlYgb`ah tb\ �ZXqh }d c\Z\`a[\[ r p\[[ tb\ �i[_hX[h\
�[_hZlmd[Y _ip b\ tb\ ybZ�dgXhbi[ �iZY\Y\c \[ b_h r c}p U tdZ`a tb\ �X[tc\tb[Yd[Y\[ c\_hbmmh
p\Zt\[ �X[[ U � X[ _b\ah d[m bhh\gcXZ \b[ r tX__

a0
tb\ �[_hZlmd[Y b_h U

a1
b_h [d[ tb\ ybZ�dgXhbi[ r

p b\ qigY\[t\ \b[qX`a\ �\`a[d[Y }\bYh n
∮

f ′(z)dz = 2πia1
u~ UTT 0w

=

∮

(u − iv)(dx + i dy)

=

∮

u dx +

∮

v dy + i

∮

(u dy − v dx)

=

∮

~u · d~s + 0

= −K
ybZ�dgXhbi[

⇒ 2πia1 = −K

�Xm bh \ZYbch _b`a tX_ \Z_hm Xg_ �i[ �dhhX r k`ad�ip _�b u0zV�] 0z 0Vw �\Zl¡\[hgb`a\ fZY\c[b_ n

Ky + iKx = ρu∞k
u~ UTTTw

M ²M ²: OJAJQRHKHL �JP <KøCAGJµP
v bZ Y\a\[ p b\t\Z �im y�gb[t\Z Xd_ r q�Z t\__\[ �Zjqh\ [Xh�Zgb`a Ybgh n

Kx = 0
u~ UTT{w

Ky = ρU24πa sin α

¢X`a t\Z �ZX[_qiZm Xhbi[ m bhh\g_ �i[qiZm \Z �ccbgtd[Y Xdq tb\ s gXhh\ \ZaXgh\[ p bZ tX_ Yg\b`a\
fZY\c[b_ r tX

f ′(Z) = f ′(z)
1

1 − a2

z2

= f ′(z)

(

1 +
a2

z2
+

a4

z4
− a6

z6
+ ...

) u~ UTT~w

⇒ aZ
0 = az

0

u~ UTTew
aZ
1 = az

1

aZ
2 = az

1 + az
0a

2

|b\Zc \b c \}\b`a[\[ tb\ f[hp b`�gd[Y_�i\� }b\[h\[ m bh �g\b[\m } tb\� \[ bY\[ q�Z t\[ y�gb[t\Z d[t tb\
m bh t\m YZi§\[ y tb\� \[bY\[ q�Z tb\ s gXhh\ U �X c\b t\Z �d_p\Zhd[Y t\_ Y\_`agi__\[\[ �im�g\¯\[
¬[h\YZXg_ [dZ tX_ �\_btddm c\bhZjYh r Z\b`ah \_ tb\ \Z_h\[ c\bt\[ �i\� }b\[h\[ }d c\hZX`ah\[ up\Y\[
t\_ �dXtZXh\_

(f ′(z))2
w U

M ²M ²� OJAJQRHKHL �JP = AJR�@�JHCP
v bZ b[h\YZb\Z\[ tb\ }]�im�i[\[h\ t\_ �Z\amim\[h_ �c\Z tb\ �c\Z�j`a\ t\_ �lZ� \Z_ Xdq d[t
\ZaXgh\[

∫

(~r × ~K)z ds =

∫

(xKy − yKx) ds
u~ UTT�w

= Re

{∫

(x + iy)(Ky + iKx) ds

}

= −ρ

2
Re

{∮

z (f ′(z))
2

dz

}

~T



��Z d[_\Z ^\b_�b\g Ybgh tX[[ up b\t\Z m bh �\ba\[\[hp b`�gd[Y d[t ^\Z�`�_b`ahbYd[Y t\Z �\Zm \ ∼ z−1 n

∫

(~r × ~K)z ds = −ρ

2
Re







2πi( a2
1

︸︷︷︸

a1
�þ �ÿ �w s��ÿx�

+2a0a2)







u~ UTTow

= −2ρ Re {πia0a2}
= 2ρπ Im {(a0a2)}

M ²M ²� � J�IGPCGPQRJ OJAJQRHKHLJH
�X_ d[\[tgb`a t�[[\ ^Z\hh Xg_ �it\gg \b[\Z �ZXY�j`a\ \Z_`a\b[h ti `a _\aZ Zdtbm \[hjZ U � bhh\g_
g\b`ah XcY\j[t\Zh\Z �i[qiZm \Z �ccbgtd[Y\[ gX__\[ _b`a Xd`a tb\ �iZm \[ t\Z dm _hZlmh\[ �lZ�\Z
c \__\Z mit\ggb\Z\[ r p b\ tb\ qigY\[t\ �d�b_hd[Y }\bYh U

0U f b[\[ �lZ�\Z m bh \[tgb`a\Z � b`�\ \Zajgh m X[ r p\[[ m X[ t\[ y�gb[t\Z m bh t\m �Xtbd_
r = c[b`ah m bh \b[\Z �ccbgtd[Y X[ t\Z �c\Z�j`a\ r _i[t\Z[ m bh \b[\Z �ccbgtd[Y r tb\ \b[\[ �Z\b_

m bh t\m �Xtbd_
r = a > c

Xccbgt\h U
T U f b[\ _�mm\hZb_`a\ �ZXY�j`a\ r tb\ X[ t\Z �iZt\Z_\bh\ _hdm�q b_h d[t X[ t\Z t\Z khZlmd[Y

XcY\p\[t\h\[ k\bh\ _� bh} }dgjdqh r p b\ m X[ _b\ c \b k�iZh�dY}\dY\[ ®[t\h r \Zajgh m X[ r p\[[
m X[ t\[ dm _hZlmh\[ y�gb[t\Z m bh t\m �Xtbd_ X m bhh\g_ \b[\Z �i[qiZm\[ �ccbgtd[Y r tb\
\b[\[ �Z\b_ m bh t\m �Xtbd_

r = b = a + δ
r t\__\[ � bhh\g�d[�h _i Y\g\Yh b_h r tX__ \Z t\[

y�gb[t\Z Y\ZXt\ c \Z�aZh r Xccbgt\h U
{ U f b[\ �ZXY�j`a\ m bh v lgcd[Y \Zajgh m X[ r p\[[ t\Z � bhh\g�d[�h t\Z �i[qiZm \[ �ccbgtd[Y

Xdq
(−δ, ε)

Y\_\h}h p bZt r pic\b t\Z dm _hZlmh\ y�gb[t\Z _\b[\[ � bhh\g�d[�h bm �Z_�Zd[Y aXh U
u[X`a}dg\_\[ b[ n �Zd`�\[cZith r k`agb`ahb[Y n �\Zit�[Xm b� t\_ �gdY}\dY_w

��Z t\[ �Xgg t\Z _�mm\hZb_`a\[ �ZXY�j`a\ c \[dh}\[ p bZ tb\ �i[qiZm\ �ccbgtd[Y p b\ ic \[ d[t
\Z_\h}\[

z → z + δ
n

f(z) = U

[

(z + δ) +
b2

z + δ

] u~ UTTxw
� b\ khZlmd[Y \ZYbch _b`a tX[[ Xg_ �cg\bhd[Y n

f ′(Z) =
U

[
e−iα − b2(z + δ)−2eiα

]
+ ik

2π
1

z+δ

1 − a2

z2

u~ UTTzw

v b\t\Z �\Z_`ap b[t\h t\Z yjag\Z q�Z
z = a

r tXa\Z md__ m X[ tb\ ybZ�d gXhbi[ qigY\[t\ZmX§\[ pjag\[ n

K = 4πbU sinα
u~ UT{Vw

v bZ c \Z\`a[\[ p b\t\Z tX_ �Z\amim\[h tdZ`a ¬[h\YZXhbi[ [X`a ~ UTTx d[t g\_\[ tb\ �i\� }b\[h\[
Xc n

M = 2πρ Im {a0a2}
a0 = Ue−iα u~ UT{ 0w
aZ
2 = −b2Ueiα − ikδ

2π

u~ UT{Tw
v bZ aXc\[ tXc\b tb\ �\ba\[\[hp b`�gd[Y �i[

1

z + δ
=

1

z

1

1 + δ
z

=
1

z

(

1 − δ

z
+

δ2

z2
+ ...

)

~{



c\[dh}h U v b\ bm �iZbY\[ �c_`a[bhh �\Zj[t\Zh _b`a c \b t\Z �i[qiZm \[ �ccbgtd[Y t\Z �i\� }b\[h
az
2

n

az
2 = aZ

2 + aZ
0 a2 u~ UT{{w

= Ue−iα(a2 − b2e2iα) − ikδ

2π

M = 2πρ Im

{

U2e−2iα(a2 − b2e2iα) − ikUδ

2π
e−iα

} u~ UT{~w

= −2πρ

{

U2a2(− sin(2α)) − kUδ

2π
cos α

}

4.230
= 2πρ sin(2α)U2(a2 + bδ)

v b\ m X[ X[aX[t t\Z \Z_h\[ y\bg\ _b\ah r �\Z_`ap b[t\h tX_ �Z\amim\[h Xd`a [b`ah r p\[[ p bZ �\b[\
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