
Solution 4-1

1)

Either look up or derive the rotation matrices and Taylor-expand up to first order
around αi = 0 w. sin(α) = α+ 0(α2) and cos(α) = 1 + 0(α2) and get

R1(α1) =

1 0 0
0 cos(α1) −sin(α1)
0 sin(α1) cos(α1)

 = 1 +

0 0 0
0 0 −α1

0 α1 0

 + 0(α2
1),

R2(α2) =

 cos(α2) 0 sin(α2)
0 1 0

−sin(α2) 0 cos(α2)

 = 1 +

 0 0 α2

0 0 0
−α2 0 0

 + 0(α2
2),

R3(α3) =

cos(α3) − sin(α3) 0
sin(α3) cos(α3) 0

0 0 1

 = 1 +

 0 −α3 0
α3 0 0
0 0 0

 + 0(α2
3)

⇒ read off t̂i’s, i.e.

t̂1 =

0 0 0
0 0 i
0 −i 0

 , t̂2 =

0 0 −i
0 0 0
i 0 0

 , t̂3 =

 0 i 0
−i 0 0
0 0 0


Using this calculate [t̂k, t̂l] = −iεklmt̂m and by
[σk, σl] = 2iεklmσm ⇒ want [t̂′k, t̂

′
l] = −cm

ckcl
iεklmt̂m = 2iεklmt̂

′
m

⇒ cj = ±1
2
⇒ {cj} is either {−1

2
, −1

2
, −1

2
} or any permutation of {−1

2
, 1
2
, 1
2
}

Note that if you defined the t̂′i as the generators the resulting constants
are the reciprocals of the ones stated above.

2) a)
Use the Einstein convention:
[lk, xm] = [εkabxapb, xm] = εkab(xapbxm − xmxapb + xaxmpb − xaxmpb)
=(∗) εkab(xapbxm − xaxmpb) = −ih̄εkabxaδbm = ih̄εakmxa

[lk, pm] = [εkabxapb, pm] = εkab(xapbpm − pmxapb + xapmpb − xapmpb)
=(∗) εkab(xapmpb − pmxapb) = ih̄εkabδampb = ih̄εbkmpb

[lk, lm] = [εkabxapb, εmcdxcpd] = εkabεmcd(xapbacpd − xcpdxapb)
= εkabεmcd(xapbxcpd − xaxcpbpd − xcpdxapb + xcxapdpb + xaxcpbpd − xcxapdpb) =(∗)

εkabεmcd(xa[pb, xc]pd − xc[pd, xa]pb)
= ih̄(εkabεmdbxapd−εkbaεmcaxcpd) = ih̄((δkmδad−δkdδam)xapd−(δkmδbc−δkcδbm)xcpb) =
ih̄(−xmpk + xkpm) = ih̄εkmj lj
(*) Since [xi, xj ] = [pi, pj ] = 0 the middle terms in the first two expressions and the
last two terms in the last one cancel.

b)
Use [A,BC] = [A,B]C + B[A,C] to find:
[lj , l

2] = [lj , lklk] = lk[lj , lk]− [lj , lk]lk = ih̄(εjkmlklm + εjkmlmlk)
= [lk, lm]+ = 0
[lj , x

2] = [lj , xkxk] = xk[lj , xk] + [lj , xk]xk = ih̄(εjkm + εkjm)xkxm = 0
[lj , p

2] = [lj , pkpk] = pk[lj , pk] + [lj , pk]pk = ih̄(εjkm + εkjm)pkpm = 0
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