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We analyze new high-temperature series expansions for the susceptibility x of the two-dimensional
random-bond Ising ferromagnet with a symmetric bimodal distribution of two positive couplings J1 and
J2 . By studying a wide range of coupling ratios J2 兾J1 we obtain compelling evidence for a critical
behavior of the form x ⬃ t 27兾4 jln tj7兾8 , as predicted theoretically by Shalaev, Shankar, and Ludwig.
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The study of critical phenomena in real materials is often complicated by the influence of impurities and inhomogeneities. Since this is the typical situation in most
experiments, it is of great importance to develop a theoretical understanding of the role of these nonideal effects.
One important question is whether the critical properties
of the considered system are robust against such random
perturbations and, if not, by how much they are modified. In many applications the dynamics of the impurities is much slower than the dynamics of the other degrees
of freedom. Then one may treat the impurities as frozen
disorder, i.e., consider the “quenched” approximation. An
important guideline for the importance of quenched, random disorder is the Harris criterion [1] which states that
a perturbation is relevant when the critical exponent a of
the specific heat of the pure system is positive. In this case
the critical properties will be modified by the influence of
quenched disorder. Pure systems with a negative a, on
the other hand, are not expected to change their critical behavior in the presence of quenched disorder. The marginal
case is a 苷 0, where the Harris criterion cannot make any
prediction.
The paradigm of this marginal situation is the twodimensional Ising model subject to quenched, random
bond-disorder [2]. Because of its relative simplicity and
the fact that a 苷 0 in the pure case is known exactly,
this model has been the subject of many theoretical investigations [3–7], numerical Monte Carlo simulations [8–
13], and transfer matrix studies [14,15]. Despite all these
efforts, however, theoretical controversies about the critical behavior of the susceptibility could never really be resolved. This motivated us to study this problem yet again
using an independent approach, namely high-temperature
series expansions.
The random-bond Ising ferromagnet is defined by the
Hamiltonian:
X
(1)
H 苷 2 Jij si sj ,
具ij典

where the spins si 苷 61 are located at the sites of a
square lattice of size V and the symbol 具ij典 denotes
0031-9007兾98兾80(21)兾4697(4)$15.00

nearest-neighbor interactions. The coupling constants Jij
are quenched, random variables which are drawn from a
bimodal distribution,
P共Jij 兲 苷 xd共Jij 2 J1 兲 1 共1 2 x兲d共Jij 2 J2 兲 ,

(2)

of two positive couplings J1 and J2 . In the symmetric
case, x 苷 1兾2, the critical temperature Tc of the model
is known exactly [2]. In the high-temperature phase the
magnetic susceptibility per site is defined as
"*√
!2 + , #
V
X
si
,
(3)
V
x 苷 lim
V !`

i苷1

T

av

where 具· · ·典T denotes the usual thermal average with
respect to exp共2H 兾kB T 兲, and the bracket 关· · ·兴av denotes
the average over the quenched, random disorder.
There are two competing theoretical predictions. Based
on renormalization-group techniques, Dotsenko and Dotsenko (DD) [3] predicted a critical behavior of the form
" µ
µ ∂∂2 #
1
22
,
(4)
x ⬃ t exp 2a ln ln
t
where t 苷 共T 2 Tc 兲兾Tc $ 0 denotes the reduced temperature, and a is a constant which depends on the strength
of the disorder. A few years later this prediction was
questioned by Shalaev, Shankar, and Ludwig (SSL) [4–
7] who used bosonization techniques and the method of
conformal invariance to derive quite a different behavior,
x ⬃ t 27兾4 jln tj7兾8 .

(5)

This is the same leading singularity as in the pure case, but
modified by a multiplicative logarithmic correction.
Most high-precision Monte Carlo simulations and transfer matrix studies [8–14] favor the latter form, but could
not confirm the multiplicative logarithmic correction in
(5) quantitatively. Therefore, we found it worthwhile to
investigate this problem once again with the independent
method of high-temperature series expansions. To derive
the series expansions of the susceptibility (3) up to the
11th order in k 苷 2J1 兾kB T we adapted an algebraic
computer program package developed originally for the
© 1998 The American Physical Society
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d-dimensional q-state Potts spin-glass model (where
Jij 苷 6J) [16–19]. Even though spin-glass and
random-bond systems are physically very different
[20], precisely the same enumeration scheme for the
high-temperature graphs can be employed. The only
difference is in the last step where the quenched averages
over the Jij are performed. The details of the star-graph
expansion technique and our specific implementation
are described elsewhere [16–19,21]. In this Letter we
shall concentrate on the susceptibility series for the twodimensional (d 苷 2) random-bond Ising model (q 苷 2)
with a symmetric (x 苷 1兾2) bimodal distribution of two
positive coupling strengths J1 and J2 (the implementation,
however, is completely general).
For the analysis of the series we employed two different
methods. The first is based on the ratio method [22,23],
which for a generic thermodynamic function
X
an z n ⬃ 共1 2 z兾zc 兲2l
(6)
F共z兲 苷
n苷0

amounts to computing the ratios
∏
∑
an
l21 1
⬃ 11
,
(7)
rn ⬅
an21
n
zc
and extracting the critical point zc and the critical exponent l from the offset and slope of this sequence as a
function of 1兾n, respectively. If the critical point zc is
known from other sources (in our case exactly from selfduality), then one may consider biased extrapolants for the
critical exponent, ln 苷 nrn zc 2 n 1 1, which simply
follow by rearranging Eq. (7). In the following this
method will be denoted as the “biased ratio I.”
If the singularity of F共z兲 contains a multiplicative
logarithmic correction [as, e.g., in the SSL prediction (5)],
F共z兲 ⬃ 共1 2 z兾zc 兲2l jln共1 2 z兾zc 兲jp ,
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which satisfies limz!zc G共z兲 苷 p. If zc is known, the
value of G共z兲 at zc can be obtained by computing standard
Padé approximants to G共z兲,
G共z兲 艐 关L兾M兴 ⬅

p0 1 p1 z 1 · · · 1 pL z L
PL 共z兲
⬅
,
QM 共z兲
1 1 q1 z 1 · · · 1 qM z M
(11)

where L 1 M # N 2 1. We therefore call this method
“ln-Padé.”
Our first step was to investigate whether the susceptibility series are consistent with a pure power-law behavior
according to the DD prediction (4) (ignoring the exponentially small multiplicative correction term). Assuming thus
the behavior x ⬃ t 2g and using the biased ratio I method
we obtained the critical exponents g shown in Fig. 1 as
a function of J2 兾J1 . Here and in the following the error bars are estimated by varying the length of the series
and/or the type of Padé approximants used. Starting with
g 苷 1.738 6 0.014 for the pure case (J2 兾J1 苷 1), being
consistent with the exact value of g 苷 7兾4, we observe a
steady increase to g 苷 2.37 6 0.11 for the strongest investigated disorder (J2 兾J1 苷 10). We will argue below
that the apparent crossover from weak to strong disorder
is mainly due to the finite length of our series expansion
which naturally has a much more dramatic influence for
weak disorder. At any rate, for strong disorder the DD
prediction of g 苷 2 is clearly outside the error margins of
the series analysis estimates.
So far no multiplicative logarithmic corrections were
taken into account. If the SSL prediction (5) was correct
we would, therefore, expect to observe “effective” critical
exponents which according to
x ⬃ t 27兾4 jln tj7兾8 ⬃ t

2共7兾4兲 关11 12 ln共j ln tj兲 兴
ln共1兾t兲

(12)

(8)

then one forms the ratios rn as before, but considers in
addition the auxiliary function [24]
N
X
ⴱ
ⴱ
bn z n 1 . . . ,
z 2p 共1 2 z兲2l 兵ln关1兾共1 2 z兲兴其p 苷

2.6

2.4

n苷0

(9)
2.2

⬅ bn 兾bn21 . If l is known, it
and computes the ratios
can be shown that the sequence Rn ⬅ rn 兾rnⴱ approaches
1兾zc with zero slope in the limit n ! `, if and only if
p ⴱ 苷 p. This determines p, if also zc is known. If l is
not known, then one may vary both exponents until the
above relation is satisfied. In the following, we refer to
this special ratio method as the “ln-ratio.”
The second method [25,26] suitable for a singularity of
the form (8) is based on Padé approximants [27]. Here
one constructs the auxiliary function
∂
µ 0
l
F 共z兲
2
,
G共z兲 苷 2共zc 2 z兲 ln共zc 2 z兲
F共z兲
zc 2 z
(10)
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FIG. 1. Analysis of the susceptibility series assuming a
singularity of the form x ⬃ t 2g , using the biased ratio I
method.
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should indeed be larger than 7兾4. The results in Fig. 1
could thus be well consistent with a critical exponent of
g 苷 7兾4 in the presence of a multiplicative logarithmic
correction.
This possibility suggested a more careful analysis based
on the qualitative form of the SSL prediction (5). Our
series are too short to employ a general ansatz with
both exponents as free parameters. We rather fixed the
exponent of the leading term to the (predicted) pure Ising
model value and enquired if our series expansions are
compatible with the ansatz
x ⬃ t 27兾4 jln tjp ,

(13)

and p 苷 7兾8. Employing the two special methods for
this type of singularity described above we obtained
well converging results. The resulting estimates for the
exponent p are shown in Fig. 2. We see that the two
methods yield consistent results which start in the pure
case (J2 兾J1 苷 1) around p 苷 0, as they should do. With
increasing disorder the estimates exhibit again an apparent
crossover, until around J2 兾J1 苷 5 2 8 they settle at a
plateau value in very good agreement with the theoretical
prediction of p 苷 7兾8. This is the main result of our
series analysis which for the first time yields a clear
quantitative confirmation of the SSL prediction (5).
As before, we attribute the apparent crossover for
intermediate strength of the disorder to the shortness of
our series expansions, i.e., we interpret the crossover as an
unavoidable artifact of high-temperature series expansion
analyses and not as an indication that the exponent p
really is a function of the disorder strength. We thus take
the view that already a small amount of disorder drives
the system into a new universality class different from the
pure case which, however, only becomes visible in the
close vicinity of the transition point Tc (or t 苷 0). This
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FIG. 2. Analysis of the susceptibility series assuming a singularity of the form x ⬃ t 27兾4 jln tjp , using Padé approximants and the ratio method (see text). The horizontal line at
p 苷 7兾8 苷 0.875 is the theoretical prediction of SSL.
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in turn translates into the need of extremely long series
expansions in order to be detectable.
To justify this claim we have investigated a model
function simulating the “true” susceptibility (g0 $ 0),
∏7兾8
∑
4g0
ln共1兾tᠨ兲
,
(14)
xmodel 苷 tᠨ27兾4 1 1
p
with tᠨ 苷 共T 2 Tc 兲兾T , which for any g0 fi 0 reproduces
the SSL form (5) in the limit T ! Tc (tᠨ 艐 t ! 0). Notice the discontinuity in the asymptotic behavior at g0 苷 0.
For weak disorder g0 is very small and hence the asymptotic region in t is extremely narrow. By using the weak
disorder results the parameter g0 can be related at least
heuristically to the ratio J2 兾J1 . A typical value is g0 苷
0.013 for J2 兾J1 苷 1.2. This shows that for weak disorder
the asymptotic region is bounded by t ø exp共2p兾4g0 兲 艐
exp共21兾0.017兲 艐 10226 . When the model series was
truncated at a low order we observed precisely the same
crossover effect as for the “true” series. Based on this
model function we are sure, however, that this must be
an artifact of the truncation of the model series at a finite
order.
To summarize the above results: we have obtained, directly for strong disorder (large J2 兾J1 ) and by argument
from comparison with model series for weaker disorder,
compelling evidence that the singularity of the susceptibility is properly described by x ⬃ t 27兾4 jln tjp , with
p 苷 7兾8 苷 0.875, as theoretically predicted by SSL [4–
7]. The analysis of the model susceptibility (14) clearly
showed that the apparent variation of p with the strength
of disorder is an artifact caused by the truncation of the
series expansions at a finite order. We emphasize that the
apparent crossover from weak to strong disorder does not
imply that the universality class of the random-bond Ising
model changes continuously with the strength of disorder.
We suspect that a similar artifact occurs in the finite-size
scaling analysis of a related problem [28] and that their
change of g is also spurious. Our measurement centered
on p 苷 0.875 over the range 5 # J2 兾J1 # 10 is most unlikely to be coincidental and hence validates both SSL and
fixed g decisively.
Our confirmation of the SSL exponents is direct, quantitative, and conclusive, and we conclude this Letter with
a discussion of why the nature of the series method enables it to be so much stronger than that of previous
Monte Carlo simulations of this model. The first reason
for ambivalence from simulation results occurred in the
finite-size scaling analyses of Refs. [8–11,13,14], where
it is conceptually impossible to detect the multiplicative
logarithmic correction of the SSL prediction (5). The
reason is that the SSL theory also predicts a logarithmic correction for the scaling behavior of the correlation
length, j ⬃ t 21 jln tj1兾2 . In the finite-size scaling behavior the two logarithms cancel and one ends up with
a pure power-law, x ⬃ Lg兾n 苷 L7兾4 , where L is the
linear lattice size. Thus only the SSL prediction for
4699
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g兾n can be tested in finite-size scaling analyses. Wang
et al. [9,10] obtained for J2 兾J1 苷 4 and 10 an estimate
of g兾n 苷 1.7507 6 0.0014, and also the results of Reis
et al. [14] at J2 兾J1 苷 2, 4, and 10 are consistent with
1.75. While among the two alternatives, the theories of
DD and SSL, this may be interpreted as an evidence in
favor of SSL, a numerical estimate of g兾n 艐 1.75 would
also be expected for the pure Ising model and is therefore not really conclusive. To overcome this limitation
Talapov and Shchur [12] simulated the temperature dependence of x for J2 兾J1 苷 4 directly. From least-squares
fits to a power law x ⬃ t 2g , they obtained an effective
exponent g 艐 7兾4 1 0.135 苷 1.885. Notice that this
value is quite close to our series estimate of g 苷 2.019 6
0.024 for J2 兾J1 苷 4, if the pure power-law ansatz is used
(cp. Fig. 1). Even though this points in the right direction
if the SSL prediction is correct, it is only a measurement
at a single J2 兾J1 value, thus it is still fair to conclude that
also this simulation has not unambiguously identified the
multiplicative logarithmic correction term.
With series expansions there is no problem scanning
many parameter choices. Series expansions are closed
expressions in several parameters (such as the dimension d, x, J2 兾J1 , . . .) up to a certain order in the inverse
temperature 1兾kB T . Here the infinite-volume limit is always implied and the quenched, random disorder can be
treated exactly. There are no problems with either sample
equilibration or random number choice. Scanning is severely limited in Monte Carlo simulations of systems with
quenched, random disorder which require an enormous
amount of computing time because many realizations of
the disorder have to be simulated for the quenched average. It is this scanning which enabled us to find the
plateau in Fig. 2. Locating this plateau, combined with
the possibility of measuring g directly, led to our conclusive results. (Another example of the power of the scanning combined with direct exponent measurement within
the series method was provided by [29] where confirmation of two-exponent scaling for the random-field Ising
model was found.)
We would suggest that independent confirmation from
simulations could now be obtained by carrying out
further calculations of the Talapov and Shchur type at
two different J2 兾J1 values that are well in the plateau
of Fig. 2. A longer manuscript, with details of the
generation of the series and an analysis of series for the
specific heat is in preparation. Our preliminary specificheat analyses support the above picture.
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