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UsingthesingleclusterMonteCarloalgorithmcombinedwith improvedestimatorsfor correlationfunctionswe havesimulated
thetwo-dimensionalXV model in Villain’s formulationon largesquarelatticeswith up to 1200x 1200 sites. Weightedleast-
squaresfits of thecorrelationlength (10<~< 140) and susceptibilitynearcriticality clearlyfavortheexponentialdivergence
predictedby KosterlitzandThouless.A conventionalpower-likecritical behaviorcanberuledout ona statisticallyfirm basis.

Two-dimensional(2D) systemswith short-range (= ii (2— ij)). The goal of this noteis to decidebe-
interactionsand continuous symmetry are disor- tweenthesetwo alternatives.
dered for all non-zerotemperatures[1]. Still, for Recentstudiesin this directionemploying high-
0(2) symmetric systems,the Kosterlitz—Thouless temperatureseriesexpansions[61 andMonteCarlo
(KT) theory [2] (for reviewsseeref. [3]) predicts (MC) simulations~ arebasedon lattice modelsof
a peculiar“topological” phasetransitiongoverned theplanarXYtypewith local spin—spininteractions
by an essentialsingularity. Accordingly, as the crit- takenin the so-calledcosineform,
ically temperatureT~is approachedfrom high tern- E= — ~ s(x).s(x+i)
peratures,thecorrelationlength~andsusceptibility

x divergeexponentially, = — ~ cos[V16(x)] , (3)

~cc exp(bt~”) x~X~

2~~” (1)
wheres=(cosO, sinO), and VjO(x)—=O(x+i)—O(x)

while the specificheatshouldstayfinite at T~.Here arethelatticegradientsin the i directionof a simple
t TIT~— 1 >0 is thereducedtemperature,b 1.5 iS squarelattice.It is well knownthat,with this energy,
a non-universalconstant,and v= ~, ~= ~ are uni- vortex andspin-wavedegreesof freedom are cou-
versa!critical exponents.In thephysicalpictureun- pled in a complicatednon-linearway [11]. Bothap-
derlying the KT theory, the transitionis causedby proachesfavor the KT scenario,but the MC results
the dissociationofvortex—antivortexpairsat T~.Be- could notgive the lastdegreeof certainty.
low the critical temperaturethesepairs are tightly The KT arguments and subsequentanalyses
bound andmerelyrenormalizethe spin-waveexci- [12,13] on the otherhandassume(sometimesim-
tations,which destroylong-rangeorderdownto zero plicitly) thatvorticesandspinwavesare decoupled.
temperature.Both the physicalpictureandthe pre- While universalpropertiesshouldbe insensitiveto
diction(1) havebeenquestionedmanytimes[4,5]. this assumption, it is quite conceivablethat the
Alternativeconsiderations[5] favor power-lawsin- quantitativeapproachof criticality doesdependon
gularitiesof the form

SI Guptaetal. [7], usingan over-relaxationalgorithm; Wolff

~cct ~“, Xcxt— ~‘, (2) [8], usingthesingleclusterupdate,butconventionalobserv-
ables;Edwardsetal. [9), usingmultigridMC. Forearlierwork,

with conventional critical exponents v and y usingtheMetropolisalgorithm,seeref. [10].
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thevortex spin-wavecoupling.We foundit therefore
worthwhileto investigatetheissueof anexponential x~ s(x) )2) (6)
versuspower-lawcritical behavioroncemoreby MC
simulationsof a relatedmodelin which vorticesand in the high-temperaturephase.HereV=LxL is the
spin wavesare explicitly decoupled,namelythe pe- volume of oursquarelattices (with periodicbound-
riodic Gaussianor Villain model [14]. Its partition ary conditions),andtheangularbracketsdenoteav-
function reads erageswith respectto the partitionfunction (4). As

sample estimatorsfor g and x we have used the
z—~( J dO(x)’\ “cluster observables”[19]

2x j
1 L

x ~ exp(_~ ~ (V~O_27tnI)2), ~= -- ~ 2-~r.s(x)r’s(x’ )ø~(x)ø~(x’), (7)y,y’=I C
2tn,(x)} 2 ~ ~= L~~=2C(1 ~ r’s(x)) , (8)

Cxecg /

wherethe integervariablesn1(x) run from — to
~, and$~1 / T is the inversetemperature.From a wherer is therandomunit vectorusedin the (sto-
recent study [15] (for earlierwork, see also ref. chastic) constructionof the cluster cf of reflected
[16]) of the dual discreteGaussianmodel the to- spins (s-+s’ =s—2r(rs)), C is the size or weight of
cationof the critical point is known to be around the cluster, and ø~(x) denotes its characteristic

0.74. A thoroughMC studyappearedfeasible, function (= 1 if XE ‘� and0 otherwise).The factor
sincethe applicationof recently developedcluster 2 accountsfor the 0(2) symmetry.It hasbeendem-
algorithms[17,18] combinedwith low-variancees- onstrated[19] that<,~>=g, <~>=~, andargued(or
timatorsfor correlationfunctions [19] promiseda verified numericallyfor the0(3) model [19]) that
speed-upby several ordersof magnitude as corn- averagesovermanyclusterstepshavemuchsmaller
paredto the standardMetropolisalgorithm. Indeed, variancesthan the conventionalestimatorsin (5),
in thisnotewe shallpresentdatafor thecorrelation (6).
lengthandsusceptibilityoftheVillain model (4) that Theseargumentsremainvalid for the ZN approx-
are (i) considerablymoreaccuratethanpreviousre- imation if one keepsthe trivial single-siteclusters
sultsfor thecosinemodel (3), and(ii) invademuch (generatedfor ri 5(X0)). Alternatively,sincetrivial
deeperinto the critical region. single-siteclustersonly replicatethe old configura-

In ourMC simulationsweworkedwith the single- tions in a uniform way, one may avoid them by a
cluster(1C) algorithmof ref. [18] slightly adapted suitableprescriptionin the updateprocedure.Then
to the Villain case.While the necessarymodifica- thefactor2 hasto be replacedby 2—2/N.Thisgives
tionsareeasytowrite downanalytically,their actual a smooth interpolation between the Ising
evaluationis much moretime-consumingthan for (Z2= 0(1)) andXY(Z~,,,= 0(2)) model. A useful
thecosinemodel. In orderto reducecomputer-time checkof theserelationsis providedby the identity
requirementswe have thereforeemployedthe ZN 1 = 2< c—’ ~ [r.s (x) 12>
(with N= 100) approximationof the 0(2) sym- Fromg(x) wehaveextractedthecorrelationlength
metry,which is knownto be extremelyaccurateand ~by weightedleast-squaresfits to a hyberboliccosine,
which is straightforwardto implementin the cluster
algorithm. g(x)=acosh[(L/2—x)/~] (x>>t) (9)

In thisbriefnoteweshallconcentrateon our mea- therebytaking properly into account the periodic
surementsof the zero-momentum(“projected”) boundarycondition.Toavoid systematicerrorsdue
correlationfunction, to “higher mass” states with smaller correlation

L lengths,we havediscardedall g(x) with x< ~in these
g( Ix—x’ I) -- ~ <s(x, y)’s(x’,Y’)> (5) fits. Wehavecheckedthatdiscardingall pointswith

= I x< 2~yieldsstatisticallyconsistentresults.Sincethis

andthe susceptibility, naturally increasesthe error bars (by a factor of
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~ 1.3), we havealwaysquotedthe former fits. The sinemodel [8] andapproaches~ 0.8105for ~> 40.
error barswere estimatedby theusualbinning pro- Also givenis the total run-timein unitscomparable
cedure,i.e.,by decomposingthewholeruninto large to Metropolissweeps(t~~= numberof clustersteps
non-overlappingblocks of many measurementsof x <C>/ V). We haveadjustedthe run-time to en-
g(x), determining~ for eachblock, andcalculating surethatall errorsarelessthan0.25%.Froma“sim-
the variance. ulationof our simulation” we knew thatunderthis

The main resultsof our simulationsare givenin conditionit is veryimprobableto misinterpreta true
table 1, wherewehavecompiledtherawdatafor the exponentialbehaviorasa powerlawby chance.Note
correlationlengthandsusceptibilityin thehigh-tern- thatthereversequestionis notmeaningful,sincethe
peraturephase.Only datapointswith ~> 10 aretaken powerlaw (2) is a special limiting caseof the ex-
into account.To avoid finite-sizeeffects, we have ponentialansatz(1).
carefully chosenour lattice sizesto satisfy the con- In the final analysiswe focusedon the question
dition L> 8~(exceptfor oneinstancewith L= 7.3d). whetherour datain table 1 supporta KT transition
Quiteelaboratefinite-sizescalinganalysesfor/3= 0.55 governedbyanexponentialdivergence(1) or acon-

(~6) and/3= 0.63 with L/~ varying from 4 to ventionaltransitionwitha purepower-lawsingular-
~ 14 clearlyconfirmthatthis isa verysafecondition ity (2). In order to decidebetweenthe two alter-
(L> 6c~would probablysufficealso).It is oneof the natives,we haveperformed~2-fitsto ~andx. To be
mainadvantagesofthesingleclusteralgorithmcorn- precise,we havefitted our 18 datapointsto thelog-
binedwith the “clusterestimators”(7), (8) thatan arithmsof the hypotheses(1) or (2),
overly large lattice doesnot increasethe run-time log~(T) =A+b(T/T~— l)” (KT) (10)
(apartfrom a smallequilibrationoverhead).On the
average,in eachupdatesteponly <C> spinsare re- or
flected and simultaneouslyused for the measure- logc~(T)=A—vlog(T/T~—l) (power), (11)
ments,independentof L. Thetruelimiting factor is
nowthe memoryrequirement.In table 1 wegive the with similarexpressionsforx. Furthermore,we can
ratio <C> Ix, which is roughlyconstantasfor theco- rewritetheseexpressionsalsoasfunctionsof/3. Near

Table 1
Correlationlength~,susceptibilityx~andmeanclustersize<C> in thehigh-temperaturephase.tm,, = numberof cluster5tCpS X <C> /
L2 is thetotalrun-timein unitscomparableto Metropolissweeps.

fi L L/~ ~

0.590 200 17.81 39.58 11.231(16) 177.74(17) 0.811544
0.595 200 16.24 69.63 12.313(11) 207.49(16) 0.811415
0.600 200 14.74 39.01 13.567(19) 244.36(27) 0.811261
0.605 200 13.34 73.61 14.991(14) 289.82(26) 0.811126
0.610 200 12.03 88.72 16.625(15) 345.94(31) 0.811045
0.615 200 10.76 76.68 18.591(20) 417.93(44) 0.810937
0.620 200 9.60 89.06 20.831(22) 509.21(56) 0.810858
0.625 400 16.98 19.51 23.563(37) 628.78(84) 0.810773
0.630 400 14.92 15.14 26.812(50) 784.2(1.4) 0.810678
0.635 400 12.99 21.27 30.786(52) 995.1(1.7) 0.810644
0.640 400 11.22 21.72 35.638(65) 1278.9(2.4) 0.810603
0.645 400 9.62 26.27 41.597(81) 1665.2(3.3) 0.810572
0.650 400 8.14 34.93 49.160(88) 2221.8(4.4) 0.810536
0.655 600 10.23 21.00 58.68(12) 3015.7(6.4) 0.810514
0.660 600 8.45 21.51 70.97(15) 4190(10) 0.810488
0.665 800 9.15 24.93 87.42(17) 6015(13) 0.810479
0.670 800 7.28 35.50 109.91(21) 8896(20) 0.810457
0.675 1200 8.57 19.37 139.97(30) 13604(33) 0.810457
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Table 2

x2 fits ofthedatafor thecorrelationlength ~and susceptibility xto the KTand power-law hypotheses (10), (11). Theargumentof ~and
x indicatesthespecificformoftheansatz,andQ is thestandardgoodness-of-fitparameter.

Fit x2 Q A b fl~ v

unconstrainedKTfits(14d.o.f.) ~(T) 9.41 0.80 —1.89(37) 2.18(31) 0.7539(49) 0.532(55)
~(/J) 9.68 0.79 —5.5(1.4) 4.6(1.3) 0.7466(53) 0.353(68)
~(T) 10.05 0.76 —1.53(29) 3.19(24) 0.7566(28) 0.588(32)
x(P) 9.81 0.78 —6.32(90) 6.00(81) 0.7497(31) 0.421(40)

constrainedKTfits:v=3 (15d.o.f.) ~(T) 9.79 0.83 —2.117(15) 2.370(11) 0.75106(36) 0.5
~(fl) 13.87 0.54 —3.551(24) 2.812(14) 0.75814(40) 0.5

X(T) 18.82 0.22 —2.460(14) 3.964(10) 0.74890(20) 0.5

x(P) 13.39 0.57 —4.855(22) 4.702(13) 0.75591(23) 0.5

power-lawfits(15d.o.f.) ~(T) 257.20 4xlO—46 —0.5749(54) — 0.71069(20) 1.8818(50)
~(fl) 65.96 2xl08 —1.638(11) — 0.71915(26) 2.3610(79)

X(T) 942.74 2x10’9’ 0.1174(50) — 0.70889(11) 3.1533(46)

x(fl) 250.33 lxlO—44 —1.6638(94) — 0.71723(14) 3.9543(73)

T~,in leadingorder, this amountsto replacing TI with x2 ~ 66 by chancefluctuations,assumingthat
T~— 1 by 1 — /3/f3~in (10) and (11). the power-lawhypothesisis correct).On the other

The resulting fit parametersare givenin table 2. handall KT fits look equally consistentwith a x2
A glanceat theentrydisplaying~2immediatelyshows around10. The quality of the fits canbe inspected
our main result — on the basisof the datain table 1 in fig. 1 (with the /3-dependentKT fit as reference
the power-lawhypothesiscanbe ruledoutwith high line). We interpret this result as unambiguoussup-
confidence.Even the “best” x2 66 for the c~(fl) port for a KT-like transitionin the2D Villain model.
power-law fit correspondsto an extremely small Notethat thecurrentlyavailableevidenceagainstthe
goodness-of-fitparameterQ~2x 10~(recall that power-law hypothesisfrom MC simulationsof the
this istheprobabilityto find a setof simulationdata cosinemodelis muchweaker(Q~2xt0~forx(/3)

[8]). Finally it shouldbestressedthatstatisticaltests
0.01 canin principleonly provideevidenceagainsta given

hypothesis but never prove it in a strict sense.For

example, a generalizedpower-law ansatz with ad-
~ ditional confluentcorrectionsyieldsgoodfits also,

0.00 —~, ~ ~ albeit with unreasonablylargecorrectionterms.

/ ‘~. I ~ To becertain,we haveperformedall fits twicewith
I // (i) independentlywritten programsusing (ii) corn-

/ pletelydifferentalgorithms,and(iii) runningon two
0.01 0 62 ‘6 differentcomputers(with 32 and64 bit arithmetic).

.5 . .6 0.70 The power-law fits always agreed within a fraction of
a percent. The KT fits require more care, but we

Fig. 1. KT fits (solid lines) and the$ dependentpower-lawfit . . . . .

(dashedline) to thecorrelationlength data,usingthe$ depen- neverrun into the spuriousminima discussedin
dentKT fit asareferenceline. In a simplelog~versus$ plot, the ref. [7]. In fact, since A and b enteras linear pa-
threefits canhardlybedistinguished.Notethatin evaluatingthe rametersin (10), we caneasily determinetheir op-
fits it is not sufficientto simply inserttheroundedvaluesofthe timal valuesfor fixed/~.andv, andthusmapout the
fittedparameters (with thesignificantdigitsdeterminedby their x2 landscape over the fl~—vplane. As a result,wefind
individualerrorbars)asgivenin table2. Dueto thestrongmu- . . . .

tual correlationsof theparameters(seefig. 2) it is necessaryto the approximatelyelliptic contourlinesof constant
usemuchhigherprecisionvalues.Thecorrespondingplot for the x2 shownin fig. 2 whichclearly imply a uniquemm-
susceptibilitylooksvery similar. imum. As a check, inserting the dataof ref. [7] in
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0.75 I I I v=0.48±0.l0, (13)

0.60 where the (rough) error estimateaccountsfor the,,/ systematicshifts.This valueis in fairly good agree-
ment with the KT prediction. Usinga constrained

0.45 KT ansatzwith fixed v= we also obtain fits with
reasonablegoodness-of-fitparameters(seetable2).
When compared with the unconstrainedansatz,

0.30
however,thesefits do not look reallyacceptable.In
additionwe havetestedthe influenceof the leading

0.1 5 I I correctiontotheKT predictionfor the susceptibility
0.73 0.74 0.75~0.76 0.77 [13] *2, x ~ As a result we get

Fig. 2. Confidence regions in the $~—vplane for the KTfits to the slightly modified parameters but do notfind a fur-
correlation length data. Shown are the contour lines for ~2 ther improvementof the fits.
X

2 X~,in= I, 2.30, 4.61, and 9.21. For a linear fit model and nor- Thesystematic errors of the parameters indicate
mally distributederrors,theprojectionofthe~x2=1 regiononto that we arestill toofar away from thecritical point,
theaxesgives the68.3%confidenceintervalfor a singleparame- so that correction terms cannotbe neglected.The
terwithout regardto theother,whiletheotherthreeregionsare
the68.3%,90%,and99%confidenceintervalsfor$~andv jointly numericalproblemis that the KT fits do not signal
[20]. For thenon-linearKT fits this interpretationis only ap- thisby a largex2• Apparentlytheyareableto absorb
proximatelyvalid, such corrections by generating effective parameters.

We haveverified this observationby a straightfor-

our programs,we find KT fits which are again in wardbut tediouscalculationwhich explainsat least
agreement with each other but have smaller x2 than the sign and orderof magnitudeof the systematic
in ref. [7]. In particular, contraryto theclaim in ref. shifts. Fig. 1 showsthatevenif the error bars are re-
[7], we haveno problemswith thefl-dependentan- ducedby a factorof 10, wecould not decidewhich
satz.On the otherhand,we find much largererrors KT fit is more trustworthy. Also, adding more mea-
onthefit parameters.Theseerrorsareestimated[20] surementsup to /3=0.7 with the presentaccuracy,
by drawingsyntheticinputdatasetsfrom Gaussian say,wouldnothelp.But thisalreadyisextremelyde-
distributionswith themeasuredvariances,perform- manding,since the correlation length at /3=0.7 is
ing the fits andcalculatingthevarianceof the fitted roughly 770, thusrequiringlatticesizesL> 4500for
parameters. areliablesimulation.Theseandsimilarestimatesin-

A closerlook at theparametersrevealsremaining dicatethata significantimprovementof the present
problemswith the KT fits. While the estimatesfor resultswould requireseveralmonthsor evenyears
fl~are consistentwith an overall mean of central-processing-unit(CPU) time on currently

available computerssuchas the CRAY X-MP.
fl~ 0.752 ±0.005, (12) Letusfinally use thesecondKT relationineq.(1)

theestimatesfor v showa systematicdependenceon to estimatethe exponenti~.A simple test of the the-
the form of the ansatz: the T-dependent fits give sig- oretical prediction i~= ~ is a plot log(x/~7”4)versus
nificantly larger values than the fl-dependent fits, and log ~. A possibledeviation A~ — ~ would be in-
the correspondingconfidenceregions in the fl~—~ dicatedby a straightline with slope — i~ij. As is shown
planeshown in fig. 2 do not overlap.For the other in fig. 3athis is obviouslynot the case.Rather,the
two parameters,A andb, this discrepancyis even data follow a curved line whose slopeclearly de-
more pronounced.Unfortunately,since the x2 are creaseswith increasingi~, thus supportingthe pos-
almostequalfor all KT fits, we haveno numerical sibility that ~ = ~ at the critical point. To demon-
clueto decidewhich oneis the best.Taking the av-
erageas bestestimate,weget S2 We thankProfessorP. Buterafor useful correspondenceon

thispoint.
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