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Testof singleclusterupdatefor thethree-dimensionalXY model
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TheMonteCarloclusterupdatein Wolff’s singleclusterformulationis testedfor thethree-dimensionalXYmodelon simple
cubic lattices.A significantreductionof critical slowingdown nearthephasetransitionis observed.Combinedwith theuseof
improvedestimatorsandhistogramsampling,this allows accuratecomputationsof thetransitiontemperatureandthecritical
exponentsin reasonablecomputertime.

It is well known that importancesamplingMonte of thesinglecluster (SC) formulationfora three-di-
Carlo (MC) algorithms based on local update mensionalmodelwith continuoussymmetry,theXY
schemessuffernearaphasetransitionfrom so-called (or 0(2)) model.Thepartitionfunctionis givenby
“critical slowingdown” [1]. By thisonemeansthat /

successiveconfigurationsarestronglycorrelatedwith z= ~( J dO(X) I exp(— flE), (1)
a correlation time ~ccLz (z~2andL is the linear x \ —~ 2it /
sizeof the system)andcannotbe usedfor statisti-
cally independentmeasurements.Consequently,for whereflm 1 / T is the (reduced)inversetemperature
fixed finite computerbudget,theavailablestatistics andthe energyis
andthusthe accuracyof the dataare dramatically E= ~ [l—s(x)s(x+:)]
reducedin the most interestingregionsof a phase
diagram.Apart from overrelaxation[21 and mul-
tigrid [3] ideas,thisproblemhasrecentlybeenover- = ~ { 1 —cos[V19(x) I }. (2)
come by meansof physicallyvery appealingglobal
updatealgorithmsin which whole clustersare up- As usuals= (cos8, sin0) denotetwo-dimensional
datedin a coherentway [4,5]. It is intuitively clear unit spinsat the sitesx of a simplecubiclatticewith
that this leadsto a muchmoreefficient samplingof periodic boundary conditions, and V0m
long wavelengthfluctuationsthan in local update 8(x+ i) — 9(x) are the lattice gradients.It is well
schemes.Currently thereare two relatedformula- known that the three-dimensionalXYmodel is the
tionsavailable.First, theSwendsen—Wang(SW) [4] simplestlatticemodel [10] describingmany prop-
formulation, in which the whole lattice is decom- ertiesofliquid heliumanditsk-transitionat T,,= 2.18
posed into clusters,and second,Wolff’s [5] for- K [11] to the superfluidstate.On the lattice,high-
mulation,which is basedon the generationof a sin- temperatureseries(HTS) analysespredictacontin-
gle cluster in each step. Tests of these cluster uoustransitionof this type at T~1TS= 2.203±0.006
algorithmsfor two-dimensional0(n) (n=l, 2,3) (fl~’s=O.4S39±O.OOl3)[12J.Itisalsoknownthat
spin models[5—81andthe three-dimensionalIsing thelattice model canbe rewritten in termsof line-
model [91haveclearly demonstratedthat critical like topologicalexcitationswhichcanbeinterpreted
slowing down is significantly reduced(with expo- as vortex linesmeanderingthroughthe superfluid
nentz~ 1). heliumat any non-zerotemperature[13,141. Ever

Thepurposeofthis noteis toreportadditionaltests since Onsager’s [15] early commentsand Feyn-
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man’s [16] moredetailedanalysis,therehavebeen which entersdirectly in the error estimate� for the
severalattemptsto understandthe ?.-transitionas meanofN correlatedmeasurementswithvarianceo~,
proliferationof thesevortexlines or their latticean- ~= ~ ~ (6)
alogs [17]. Recently,phenomenologicalrenormali-
zationgroup ideashavebeenappliedto theline rep- For completely uncorrelated measurements,
resentation[18,19], and it is clearly importantto A(k) = ô~and r= ~. Hence~ measuresdirectly
havepreciseMC datafor comparison.Previoussim- theenhancementofstatisticalerrorsdueto temporal
ulations using standardupdatesare much less ac- correlations.
curate[20]. Clearly, in an actualsimulation with finite run-

Initially weplannedtoperforma similarstudyalso ningtime, the summationin (5) mustbecut off at
for the multiple cluster SW algorithm in order to a finite k= n, say,andsomeextrapolationprocedure
comparethe two new updateschemes.Fortunately, is needed.Assuminga purely exponential ~‘

after our singleclusterupdateruns had essentially for k> k0, A(k) ~ a exp( — k/r0), one readily finds
beencompleted,we receiveda preprint by Hasen- for n ~ lc~
buschandMeyer [21], reportingtestsof just this
SW algorithm.Clearly, to avoid unnecessarydupli- r(n) ~+ ~ A(k)
cation, we have used their data for the planned k= I

comparison. exp(—l/r0) exp(—n/r0) (7)
In Wolff’s singleclusterformulation, oneupdate = ~ a I — exp( — 1 /t,~)

consistsof choosing(a) a randommirror direction
A(n+1)

(8)and(b) a randomsite,whichis thestartingpoint for 1 —A(n+ 1 )/A(n)
(c) growinga clusterof reflectedspins.Thesizeand
shapeoftheclusteriscontrolledby a Metropolis-like showingthat
accept/rejectcriterion, satisfyingdetailed balance
[5]. Comparedwith the multiple clusterSW algo- A(n+ 1)
rithm this formulation is technicallysomewhatsim- r(n) + 1 —A(n + 1)/A( n)
pler to implement,and,as we shall seebelow, flu- is an improvedextrapolantfor r [9]. Alternatively,
merically moreefficient. The reasonis that, on the for n ~k0, one may simply employ a (non-linear)
average,larger clustersare moved, three-parameterfit of r(n) to the right-handsideof

To testits performancefor the three-dimensional eq. (7) to determines. A useful checkis provided
XYmodel,we haveconcentratedon theinternalen- by the usualblock averagesandtheir associateder-
ergy persite, e= <E> / V (< > denotethermal av- rorswhich,for largeblocks,shouldalsoapproach(6)
erages,and V= L

3 is the lattice volume),and the (but with different correctionterms).As discussed
susceptibilityin the disorderedstate, previously[5], for thesingleclusterupdatesomecare

x= V<m2), m= s(x), isnecessaryindefiningtheunit oftime, sincein each
updatestep only a relativelysmall fraction of the
spinsis moved,dependingon temperatureandlat-

andrecordedthe autocorrelationfunctionsof these tice size. Moreprecisely,our resultsshowthat,near
two observables, T~andfor all lattice sizes,the averageclustersize,

A(k) — <0~0,+k> <0~>2 <C>, is proportionalto the susceptibility,(4)
— <O~>_<0~>2 . <C>~c~(L,T), (9)

Here0~standsshortfor theith measurementofEor with c~0.81 (asin two dimensions[5]). At T~,the
m2.Of practicalimportanceis the integratedauto- susceptibilitybehaveslike XccL~’~=L2~(with very
correlationtime

~ For a bivariate Gaussian distribution with A(l)~p~
~ A(k) (5) exp(—l/t

0) this is exactly valid for all k with a=l, and
k=I
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small ,~0.04), so that with increasinglattice size
the fractionof movedspinsin eachupdatestepde- 3 —

creases like <C> / VcicL _(1 + ~), i.e., roughly - *1 ** 4~

terupdateis roughlyproportionalto the numberof 2Te ~cc 1 /L. Sincethe CPU timeneededfor a singleclus-
moved spins, it is appropriate to use N0asV/
<C> ccL’~”singleupdatestepsasunit oftime. This
is then directly comparable with other update 1

schemesthatattemptmovesfor all spinsin oneup- / (a)
datestep.All our integratedautocorrelationtimes _______________________________________

0 I I

refer to this unit of time (which can always be 0 10 20 30

achievedby a rescaling).NearT~,with our Fortran
programon a CRAY-XMP, the updateof onespin
tookabout8—9 ‘as. 2

Our first runs were performedat the HTS esti-
mate,/Jmfl~1TS=0.4539 [12]. In fig. 1 the integrated ~x : I I ~
autocorrelationtimeson a 32~latticeforenergyand *

S
susceptibility,re, r5, areshownasthickvertical bars.
The lengthsof the verticalbars indicatethe statis- 1

tical errorswhichareestimatedby dividingthewhole
run into five blocks,calculatingT( n) in eachof them,
andtaking the variance.In this run Eandm

2 were / (b)

computedevery 10th updatestep,correspondingon
the averageto 0.284Vmoved spins betweenmea- 0 0 10 20 30

surements.We havecheckedthat increasingthe in-
tervalbetweenmeasurementsto N

0 36 steps,sothat
roughlyall spinsare moved,givesthe samefinal re- Fig. 1. Integratedautocorrelationtimes (thickverticalbars)for

sultswithin theerrorbars.Fitting thedatafor n = 12 (a) theenergyand (b) thesusceptibilityversustheuppersum-mation limit natflo=0.4539ona32~lattice.Thesolidline inter-
32 to the ansatz (7) (using the subroutine polatingthedatais a fit (for n ~ 12) to theright-handsideof eq.

MRQMIN of ref. [22]), we find the solid interpo- (7), andthecrossesaretheimprovedextrapolantsaccordingto

latingcurves.The resultingvaluesof; and~ (and eq. (8). The fitted valuesof s~andz~and theirerrorsaredis-
their errors) areshownas the solid (dashed)hori- playedby thehorizontalsolidanddashedlines, respectively.

zontal lines at ; 3 and ~ 1.6, respectively.The
crossesfinally are the improvedextrapolantsfor ; ferent.It increaseswith lattice size, anda rough fit
and r~accordingto eq. (8). Weseethatbothmeth- gives
odsarein verygoodagreement.Estimatesof r based t~~l.3L°

25. (11)
on the block errorsmentionedabovegavealso al-
ways consistentresultswithin 5%. Without any ex- Thedatalabeled“SW” show the correspondingre-
trapolationprocedure,however,they systematically sultsof ref. [211 for the multiple clusterSwendsen—
underestimatet, as expected.Repeatingsuch an Wangupdate.Comparedwith the singleclusterup-
analysis for various lattice sizes up to 48~at datethe SWccrrrelationtimesrccLzaregrowingob-

= 0.4539and$‘ci = 0.4543,wehavedeterminedthe viously much fasterwith L, andare larger in mag-
valuesfor ; and r

5 shown in fig. 2. Obviously, t~is nitude~orall latticesizes(thisis ofcoursewhatreally
essentiallyindependentof L, and for all practical matters— a constantr= 100, say, would not really
purposeswemay concludethat help,eventhoughtheexponentzis reducedto zero).

Wecanthusconcludethat for the three-dimensional
1.7= const. (10) XYmodelthe singleclusterupdateis moreefficient

While also small, the behaviourof Te is clearly dif- thanthe multiple clusterSW algorithm,which is, of
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1.5 otherhand,worksbestnearcriticality andis in this

log ~ sensethuscomplementarytotheuseofimprovedes-

sw 3. timators.It is a quitegeneraltechniqueof dataanal-ysisbasedon thesimpleideaof recordingwholedis-
0.31 tribution functions, and not only their first and

1.0 - 4.21 secondmoments(e.g.,the averageenergyandspe-
cific heat),asis usuallydone.Theenergyhistogram
(normalizedto unit area)at fl~canbewritten as

P~(E)i~E=N(E)i~.Eexp(—fioE)/Z(flo),(13)

whereN(E)I~.Eis the numberof stateswith energy

in the intervalE—(E+t~E).It is theneasytoseethat0.5 ~
anexpectationvalue<f(E)> caninprinciplebecal-
culatedfor any fi from

-~

~ ~T~l.7

0.0 = f~dEf(E)Pp~(E)exp[—(fl—$0)E]
logL 2 f~’dEP~(E)exp[—(/3—fl0)E] . (14)1

Fig. 2. Doublelogarithmicplotof theintegratedautocorrelation Clearly, in practicethe wingsof P~(E) havelarge
times nearcriticality ((a) fl0=0.4539, (•) fi~=0.4543,(~) statisticalerrors,and(14) givesreliableresultsonly
fl~0.454l5)versusthe linearsize ofthelattice,L. The dataIa- for fi nearfl0. If/I0 is nearcriticality, thedistribution
beled“SW” aretakenfrom ref. [21] (fl=0.45421), employing
themultipleclusterSwendsen—Wangupdate. is quitebroadandthemethodworksbest.In this case

reliableestimatesfrom (14) canbe expectedfor /1
course,alreadya significantimprovementon the by valuesin anintervalaround/

1o ofwidth ccL — ‘~‘, i.e.,
now “old fashioned”local Metropolisupdate. just in the finite-sizescalingregion.

Usingthesingleclusterupdate,it is possibletocal- We haveusedthis histogramsamplingtechnique
culatephysicalquantitieslike critical exponentsin to find the P dependenceof the fourth-ordercu-
reasonablecomputertimeswith an accuracycorn- mulant [241,
parableto the currentlybestestimatescoming from 1 <(rn2)2>
field theoreticapproaches(Bore! resummedpertur- U(fl) = 1 — ~ <m2 >2 (15)
bation seriesor c-expansions).In order to increase
the efficiencyof the MC methodfurther, we have from two simulations at Po=O.4539 and
supplementedthe singleclusterupdateby usingim- /Jo=0.4543 (for eachlattice size). It is well known
provedestimatorsfor measurementsandhistogram [24] that the U(fl) curves for different L cross
samplingfor their analyses.For the susceptibility, around(fl,~,U~’)with slopesccL’ /V (apartfrom con-
the improvedestimatoris givenby [8] fluent correctionsexplainingsmallsystematicdevia-

2 tiOns). This allows an almostunbiasedestimateof

~ r.s(x))), (12) fl~,U~andthecritical exponentv. The U(fi) curves
CXE calculatedfrom the histogramsat /?~=0.4539 and

wherer is the unit vectordefiningthe (orthogonal) fl~= 0.4543 are shown in fig. 3 as solidanddashed
mirror line, andx runsoverall sitesbelongingto the lines, respectively.In the critical region, they lie
cluster ‘~‘of size C. Forlargelatticesandawayfrom practically on top of eachother. Usingtheir aver-
criticality, the statisticalerrors of XimP are much ageS2 for the final analysis(andtaking into account
smallerthan those of x in eq. (3). Nearcriticality, the confluentcorrections[27]), weobtain from the
however,thereisno advantagein using(12) instead crossingpoints
of(3). ~ Sincetheaccuracyof bothcurvesis comparable,morerefined

The histogramsamplingtechnique[23], on the averagingprocedures(25,26]arenotnecessary.
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0.7 ‘~~‘‘.i’’~i’’i’’ To comparewith the recentMC simulationby Li
andTeitel [20], we havealso measuredthehelicity

modulus [31],

r~=(.~s(x).s(x+i))

2

~ [s,,(x)s~(x+i) —s~(x)s~(x+i)i) ),
/~ / lIf—.~

(19)
0.5 /III/4~2,I, which is proportionalto the superfluiddensityand

0.43 0.44 0.45 0.46 p 0.47 0.48 thus of direct physical importance.Anothermoti-

vation comesfrom the recentphenomenologicalre-

Fig. 3. FourthordercumulantU versusfi. Thecurvesarecalcu- normalizationgroup predictionsfor this quantity
lated from histograms at fl

0=0.4539 (solid lines) and [19]. Thesolid lines in fig. 5 show our resultsfor
$!=0.4543 (dashed lines). The crossing point locates ) ~)‘/3 nearT~.Eachline is an averageof two
fl,=0.4542±0.0001. curves,calculatedfrom the histogramsof the sim-

2 I ulationsatflo=0.4539andfl’~=0.4543.ForL=4, 8,

~

32

0.3

0.
21_ 24 ocL~ x
‘I,

2 8 1/v44926±00037

0.2

1.2 I 1.6 I 2.0
IogL

Fig. 4. Theslopesof U in fig. 3 nearthecrossingpointversusL
in adoublelogarithmicplot. Theslopeof thelinear least-square
fit givesanestimatefor thecritical exponentv.

0.1

P~=0.4542±0.000l, (16)
~\16U*=0.586±0.00l, (17)

andfrom theslopeofthe slopesof UversusL in the 48~~z32
doublelogarithmic representationof fig. 4 we read \ \ N ‘~.

0.0 I I I I ‘I. 1off 2.1 2.2 2.3

v=0.670±0.002. (18)
Fig. 5. Helicity curvesnear1. calculatedfrom histogramsat

For comparison, field theoretical estimates are fl0=0.4539and$’0=0.4543versustemperature.ForL=4, 8, and
16, theerrorsareofthe thicknessofthelines,andfor L= 24, 32,

= 0.5518 (sJ~-expansion[28]), and v= 0.669 and48, theirorderofmagnitudeis indicatedby theverticalbars.

±0.002 (resummedperturbation series [291), For comparisonalsothe less accuratedatapoints (0, A, V)

v=0.671±0.005 (resummeda-expansion[30]). from ref. [20] areshown.
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16, theyareclearlymuchmoreaccuratethanthedata ref. [22]). The purelystatisticalerrorsof thesefits
in ref. [20] which are shownfor companson.Fol- aresmallerbecausetheparameterfl~is fixed. Adding
lowingthefinite-sizescalinganalysisin ref. [20], also the systematicerrorsdue to the variation in fl, we
F canbe usedto deriveestimatesoffl~andv which, recoverroughlytheerrorestimatesin (22)and (23).
however,turn outtobe lessaccuratethan (16) and This andothertestsconfirm that the ansatz(20) is
(18) [27]. a goodapproximationfor the lattice sizesandthefi

In orderto estimatethe exponenty, we havemea- interval wehaveusedfor the fits. For comparison,
suredthe susceptibilityalsoin the high-temperature from high-temperatureexpansions~ we know that
phasedown to 8=0.40, using the improved esti- x+ =0.362±0.018[12], and the field theory esti-
mator (12).Performinga (non-linear)threeparam- matesare y= 1.316±0.0026 (resummedperturba-
eterfit [22] of our dataon 32~and48~latticescorn- tion series[29] ), y= 1.315±0.007(resummeda-ex-
piled in table 1 to the form pansion [30]).

— (fi — 11)—V (20) Finally, usingthe scaling relation y/v=2—~,we
X~X+ C ~ ‘ can estimate~=0.036±0.0l4. Fitting our dataat

weget (omittingthepointat/3=0.45,which requires criticality tox ccL~1”,we find thelowervalueq~0.02.
still larger lattices) Thelatter estimateis, however,very sensitiveto the

11 —045408+000008 (21) precisevalueof$~[27]. Thefield theoryvaluesare
- — ,i=0.03l±0.004 (resummedperturbation series

x+ =0.363±0.005, (22) [29]), ~~=0.040±0.003 (resummeda-expansion

y=1 316+0005 (23) [30]).
— In conclusionwe haveshownthat the singleclus-

Notice that this estimateof/Ia is somewhatsmaller, ter updateeliminatescritical slowing down in the
but still consistentwith the value in (16), deter- three-dimensionalXYmodelalmostcompletely,and
mined from the fourth ordercumulant.In order to that it is more efficient than the multiple cluster
getan estimateof the systematicdependenceof yon Swendsen—Wangalgorithm. Combined with im-

we haveperformed(linear) two parameterfits proved estimators and the histogram sampling
with fixed/Iaalso.At theearlierestimate/Ia= 0.4542, methodthis allows a preciseMonte Carlo determi-
we obtain x+ =0.356±0.002 andy= 1.323±0.002, nationof criticalindicesin threedimensions(in rea-
and recover (21 )—(23) as the fit with the best
“goodness’Q~0.9 (relyingon thesubroutineFIT of ~ Noticethe differentnormalizations,~ 2x~.

Table I
Resultsforenergy(e), specificheat(c), andsusceptibility(x,x”~)ofthesingleclustersimulationsin thehigh-temperaturephase.N is
the numberof measurementstaken everyN

0 update steps,and “moved” denotesthe fraction (C>N0/ V of movedspins between
measurements.

fi L N N0 Moved e c x

0.40 32 150000 50 0.0212 2.25901(15) 0.503(10) 16.98(12) 16.887(18)
0.40 48 75000 50 0.00632 2.25917(20) 0.515(29) 16.31(31) 16.849(26)
0.41 32 15000 800 0.442 2.22667(17) 0.559(11) 22.13(17) 22.101(22)
0.42 32 15000 600 0.463 2.19123(17) 0.666(13) 30.98(22) 30.978(40)
0.43 32 20000 400 0.487 2.15131(16) 0.789(11) 48.37(37) 49.020(84)
0.435 48 120000 50 0.0245 2.12948(13) 0.845(22) 66.50(41) 66.60(13)
0.44 32 40000 135 0.333 2.10521(18) 0.983(13) 98.60(50) 99.50(27)
0.44 48 50000 50 0.364 2.10592(24) 1.018(37) 98.00(89) 99.15(35)
0.445 32 40000 100 0.433 2.07842(18) 1.190(16) 175.97(96) 174.81(62)
0.445 48 110000 50 0.0649 2.07880(12) 1.086(19) 178.04(83) 176.88(47)
0.45 32 25000 50 0.534 2.04455(27) 1.637(30) 432.1(3.4) 431.4(2.9)
0.45 48 10000 145 0.518 2.04727(20) 1.538(32) 488.5(4.9) 487.6(3.5)
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