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The ZeemanHamiltonian for (spinless)hydrogenin constantmagneticfield is shownto beequivalentto a four-dimensional
anisotropicanharmonicoscillator.This relationis usedto rederivethelarge-orderbehaviourof Rayleigh—Schrodingerperturba-
tionseriesexpansionsfor Zeemanenergiesin termsof knownBender—Wuformulaefor anharmonicoscillators.

Ever sincethe work of KustaanheimoandStiefel were derived independently, staying completely
[1] on the classicalKepler problem it has been within the Coulombformulation.Thepurposeof this
knownthat three-dimensionalCoulombsystemscan note is to closethe gap by showingthat theZeeman
be relatedto four-dimensionaloscillators. More re- effect canalso be describedin terms of a four-di-
centlythis relationwasexploitedby Duru andKJei- mensionaloscillator,with ananharmonictermwhich
nert [2] to obtain the path-integralquantizationof turnsoutto beof anisotropic,sextictype.Many fea-
the pure Coulomb potential in terms of the har- turesof this relationcanalreadybeinvestigated[12]
monic oscillator. For more general Coulomb sys- in a simplified modelwith isotropicperturbationsof
tems, the equivalentoscillator will contain anhar- theCoulombpotential.Hereweshallfocuson phys-
monic termsandmay in generalbe anisotropic. ical applicationsanddemonstrateits usefulnessby

A well-knownexamplefor sucha generalizationis rederivingperturbationexpansionsfor the Zeeman
the Stark Hamiltonianfor a hydrogenatom in con- effect andtheir large-orderpropertiesfrom known
stantelectric field. Thissystemcanbe shown [31to resultsfor the equivalentoscillator system.
beequivalentto two decoupledtwo-dimensionaliso- In atomic units, the ZeemanHamiltonian for
tropic oscillators with quartic anharmonicity.Em- spinlesshydrogen(with infinitely heavynucleus)in
ploying this relation, Rayleigh—Schrodingerpertur- constantmagneticfield B is given by
bation seriesexpansionsfor Stark resonanceswere
calculated[4] from those for oscillatorenergies.A H H~+ H

1
particularlyusefulapplicationisthe derivationof es- = (~2 — 1 /r) + [g(x

2 + y2) + ~BLZ] , (1)
timatesfor the large-orderbehaviourof theseStark
series [3—5] which, by making use of the corre- wherep=—iV, g~B2/8,andL~is the angularmo-
spondingknown Bender—Wuformulae[6—8]for an- mentumoperatorin z direction,which istakenalong
harmonicoscillators,turned out to be straightfor- the magneticfield direction,B=Be~.
ward in thisapproach. In atomicunits,B= 1 correspondsto 2.35x l0~G.

Forthe Zeemaneffect [9], on theotherhand,ob- Althoughthis is extremelylargecomparedwith typ-
servedwhena hydrogenatom movesin a constant ical laboratoryfields aroundI ~4 G, suchstrongmag-
magneticfield, a similar approachhas neverbeen neticfields areneededin astrophysics[13,14] to de-
takensincethe equivalentoscillator systemwas ap- scribeneutronstarsurfaces(10b0_1013 G) andwhite
parentlynotknown.Consequently,perturbationse- dwarfstars(l07_108G) as well asin somesolid-state
ries [10] and their large-orderbehaviours[11,5] systems[14] to take into accounteffectiveinterac-
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tions (upto l0~0G). Manynumericalandanalytical —~r(V~—E~)= —Z—E~x2.Usingthis rule, it is easy
investigationsof this Hamiltonian have been re- to seethat theinteractionterm V

1=g(x
2+y2) of the

portedin theliterature [151. Forstrongfields,usual Zeemanpotential (assumingL
7= 0, for simplicity)

low-orderperturbationexpansionsare certainlynot mapsonto
sufficient.Carryingthem to higherordersseems,at — 2 2 2 2 2

V1xx (x1+x2)(x3+x4), (5)first sight,uselesssincethey areknownto beasymp-
toticserieswithcoefficientsgrowinglike (2k)! [11]. suggestingthat the ZeemanHamiltonianis related
Still, if suchhigh-orderperturbationexpansionsare with an anharmonicanisotropic oscillator in four
combinedwith specialresummationalgorithms[16], dimensions.
theyarea usefultool for calculatingpreciseZeeman Of course,in order to establishthis relation rig-
energies,evenfor strongfields. For mostof suchal- orously,a morecarefulderivationis necessary,which
gorithms, a necessaryprerequisiteis the detailed proceedsas follows. Separatingthe Schrodinger
knowledgeof the large-orderbehaviourof the per- equationH~=EyJfor the ZeemanHamiltonian (1)
turbationexpansions.Forthe ZeemanHamiltonian in cylindrical coordinates (x=p cosa, y=psina,
this hasbeenderived [11] on thebasisof quite in- z=z) with yI=p~

2çoexp(i/ca),1c=°,+1,..., and
volvedmultidimensionalWKB techniques.By means changingthento paraboliccoordinatesP1, P2defined
ofthe newequivalencewe shallbeableto reproduce by z=p~—p~,P=2PIP2, we arrive at (Z~1)
theseresultsvery easilyby usingknown Bender—Wu / /2 — 12 —

formulae[6—8]for anharmonicoscillators,similarly (,~_~(ô~
1+ô~2)+-~—-~-~+ ~ 2

to the treatmentof the Stark effect. Pi P2
In order to motivatethe new equivalence,let us

startwith a few heuristic considerationsbaseddi-
rectly on the Kustaanheimo—Stiefelmapping [1,2]
from threeto four dimensions, = 44~, (6)

x=2(x1x3+x2x4), where~~E—Bl~/2. We now observethat this can
be interpretedas the Schthdingerequation of twov=—2(x1x4—x2x3), . .

coupledtwo-dimensionalanharmonicoscillatorsin
— (x~+x~)+ (x~+x~), (2) cylindricalpolarcoordinatessubjecttothe constraint

satisfying 1c~P—l~?~‘c (7)

(x
2+y2+z2)2_=r=x2=—x~+x~+x~+x~. Hence, going back to Cartesian coordinates

(x
1=p1cosa1, X2plsiflaI, x3p2cosa2, X4

Forthe pureCoulombterm in (1), V~=—Z/r, this P2sina2),we recoveraftera further trivial rescaling
mappinghasbeenusedin ref. [21 to show that the the heuristicresult (5), but now supplementedwith
SchrödingerequationHcy,=E~wis equivalentto that the“selectionrule” (7) andwith theBL~-termtaken
of a four-dimensionalharmonicoscillator, into account: -

(~V
2+~c)øø, ~c=~w2x2, (3) hØ~[—1V2+~w2x2

with energiese andE~relatedby~ ~ (8)

(4) where

Themain effect of this transformationcanbe sum- w2~—E/2, ~~g/43, (9)
marizedby the simplerule that the non-derivative . —

terms are multiplied by a factor r: v~E~ andthe energies~ andE~E—B1~/2are relatedby
E(W,A)=~(,,/—E/2,g/4~)=Z=1 . (10)

~ To be precise, this hasto be supplementedby somecon-
straintson thefour-dimensionalsystem[2], which we shall As far asthe energiesare concernedthis is the corn-
neglectfor themoment pleteanswer.To relatealso the wave-functionsin a
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uniqueway, further constraintson the four-dimen- wherey anda equalsomeconstants,the parameter
sionalsystemarenecessarywhich shallbediscussed p is related with the degree of anharmonicity
elsewhere[17]. (xx2~°~’1,yielding p=2 in (8)), and b is associ-

As an applicationwe shall now relatethe pertur- atedwith the symmetriesof the system.An equiv-
bation expansionsof the Zeemanenergies, alent statementis that, for negativecoupling, the

— k energiesdevelopan imaginarypartof the formE= ~ Ekg , (11)
k—O

Im~(wA) wy[(aIAI/w2~”) 1/P]b
withthoseof the oscillatorenergiesin (8) which, by
a simple scalingargument,mustbe of the form xexp[ — (aIA~/w2~) uP] . (17)

~ ~k(A/W). (12) Theequivalenceof(16)and (17) canbeshownby
k—O meansof a dispersionrelation [6,21],

If this is insertedin eq. (10) a perturbativesolution
~~06k 1 ~ Im~(w,A+i0)yieldsthe coefficientsEkexpressedin termsof ~ with 2±P~k= — J cU A~ , (18)

kW It

E
0 = —2/~, E1 =4�~~~/4~, which hasbeenprovedrigorously for simple oscil-

4 2 6 lator systems.The ideais now to relatefirst th~im-E2=�0(10e1 +4~2~o)/4 (13) . —

aginarypartsof ~andE by solvingeq.(10) for small
Identical relationsemergein the simplified model negativecoupling. Using (18), this leadsthen im-
study [12] for isotropicperturbationsx r’~with p= 2 mediatelyto the desiredrelationbetweenthe large-
in (1), corresponding to anharmonic terms order coefficients.For generalp and negativecou-
x Ix~

2t’~’~in (8). pling, eq. (10) can be written as
Forthe ground-stateenergyof (8), the low-order / A ~k

coefficients�k areeasilycalculatedby meansof stan- 1 = ~(w, A) = w ~k + i Tm ~ w, A)
dardperturbationtheory, k o w (19)

166 with w2=—E/2andA=g/4~~’. Herewe haveadded
~ ~~=l6, ~

2=—4
2X (14) therealpartof~which,perturbatively,hasthesame

expansionasforA> 0 (see(12),extendedto general
Inserting these numbers in (13), we recover the p).To solvethis for.~=—2w2,weput w=x+iy and
known coefficientsfor the ground-stateexpansion note that yxlm � is exponentiallysmall. A straight-
(I~= 0) of the Zeemansystem[10,11], forward perturbativesolution [12] yields then to

E
0=—l/2, E1=2, E2=—53/3 (15) lowest order

In principle, theperturbativesolutionof(lO) can Tm E(g) y*[(a*~g~) 1/P]b

be extendedto any order [12,17]. In largeorders,
however,this becomesquite cumbersomeand it is X exp[ (a* I g I) ~] , (20)
advisableto usea method#2 which is morespecific with ~
to the large-orderbehaviourof theseseries.For an-

systemsit is genericallyof the a*= ~ y*rzr (4/e~)y. (21)
Wehavethussucceededin expressingthelarge-order

k-~oo p parametersfor quite generalCoulomb systemsin
— -~ v( _a)kT(pk+b), (16) termsof thosefor the equivalentoscillator systems.

To completeour discussionfor the Zeemansys-
~I2 A similar approachwasusedin thefield-theoreticalcontextof

c-expansionsfor critical exponentsin ref. [18]. ~ Forp = 1, y~hasto bemultiplied by a factorexp( — /~),re-
h1~ For reviews,seeref. [191. Seealsotheforthcomingintroduc- suitingfrom higherordercorrections.For moredetails,see

torytext [20). ref. [12].
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tem, we now presenta derivation of theseparame- 1/4

ters for the ground-stateenergy of the anisotropic ~ ~~—(--_!_-_~ 1 (27)
anharmonicoscillator(8). By makinguseof known C — \~2IAI) {cosh[2(t_ro)]}”2’
resultsfor isotropicanharmonicoscillators,this turns
outtobequitestraightforward.Weshallusethepath- with associatedaction
integral approach in Langer’s formulation [221 d =A/ IA I i/2 = 1/(aIA 1)1/2
(Langer’sapproachis somewhatdifferent from the C —

path-integral formulation in ref. [231) which a= (1/A)2 32/it2. (28)
amountsto a saddle-pointapproximation,for small
A <0, of the imaginarypartof the partitionfunction Besidesthe directionsof u andvalsothe origin ic~in

(27)canbechosenarbitrarily. (In thesequelweshall
Z=Ji~2u �?2vexp(—.c1[u,v])———~e~, (22) put r

0=0.) Any choicebreaksthe symmetryspon-
taneously and leads to Nambu—Goldstonezero-

where modeswhich requirea specialtreatmentwhencon-

$/2 sidering the fluctuations aroundthe ~critical bub-
C ble” solution.

d
1u vi— I drUà2+1b2+1u2+1y2 .

I J — L 2 2 2 2 The leading contributionof such fluctuations is
—fl/2 found by expandingthe full action (23) in the de-

+42(u2+v2)u2v2] (23) viations~u_=u—u~,~v~v—v~ up to quadraticorder,

is the Euclideanaction associatedwith the Hamil- ~d — = J th [~ 2+ &~2+ ~u2+&,2

tonian (8). Herewehaveintroducedtheconvenient
notationx=(u, v)=(u

1,U2, V1, v2) andputw=l,for ~ , (29)
simplicity. The imaginary part of the ground-state

energy (for A <0) follows then from wherethe superscriptt denotestransposition.If the
“critical bubble” solution is inserted,the 2 x 2 ma-

Im ~ = — ‘Tm Z/Re Z. (24) trix M0 can bedecomposedinto a longitudinal and

Thereal part of Z, ReZ=exp{—2fl[1+O(A)]}, is transversalpart,
causedby fluctuationsaroundthelocally stablemin-
imum at (u, v) =0. Hereandin the sequel,the large (8u,öv,)M,~(3u1~v~)

t= (~Uiövi)ML( 8u
1öv,)t

fi limit is alwaysimplied. + (~U2öv2)MT(~U2&2)
t, (30)

Thesaddlepointsof (23) correspondto “tunnel-
ing paths”with leastaction.In ourcasetheyare ob- with
viously along the diagonalray uI = IVI >0. The di-
rectionsof the two-dimensionalvectorsu andv are ML= (w~/~h)~(7 8
independentandcanbechoosenbotharbitrarily,re- \ 8 7
flecting the O(2)xO(2) symmetryof thesystem.A 3 ü
convenientparametrizationis MT = (w~/~J~)4(~~ (31)

0) =V, (25) Diagonalizing the matrix ML (with eigenvalues

Mf].2)=(Wc/.~/~)4(_l, 15)) by a 450 rotation to
sincethe action then reducesto that of a one-di- new coordinates
mensionalsexticanharmonicoscillatorwith theusual
normalizations, 1

u~=—(~u
1+~v1), i~=—(öu1—Sv1)

.JdT(~si2+~w2+Aw6). (26)

the longitudinal part of 6d= &c4+ 6s~t~- decouples
It is known [7,191that this is furtherextremizedby .

the “critical bubble” solution in o
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~Jdi [~( — dt2 + 1 — cosh22r Insertingthe numbersfor zands, we finally haved2 15 )~ sionalscatteringat thepotentialz—s(s+1 )/cosh2t.

—~+l+ h22T)’~”]~ (32) ~=(2/it)”2e~2. (36)+~( d2
di cos

The transversalfluctuation factors can be taken
The operatorgoverningthe ~fluctuationscoincides again from the literature on anharmonicoscillators
preciselywith thatof the one-dimensionalx6 oscil- [7,19]. Sincethe matrixMT isproportionaltounity,
lator. Its associatedfluctuation determinant,result- the transversaldegreesof freedomof ~3uand&‘ de-
ing from the Gaussianintegrationsover~ canthere- couple automatically,andwe find

d2fore be takendirectly from the literature [7,19]: ~ d~ dr2 + 1— cosh22t)
1/2

f~det(_ cIt2 +1— cosh22t)

• x(öu
2~6v2)+...]. (37)

i 1
— — 2 ~2~/2itA ~fle fl/2~ (33) with an operator identical to that governing the

The imaginary unit, indicating the expectedmeta- transversalfluctuationsof ageneral0(n) symmetric
stability,iscausedby aneigenmode~ with negative Ix 6 oscillator.It containsonezero-modex w~with
eigenvalue,andthefactorfi is associatedwith azero- eigenvalue,c0 0, associatedwith the freedom of
mode~~cc~, reflecting the translationalinvariance choosingthe direction of u~and

13C~ respectively.
in r, i.e., the freedomof choosingr

0 in (27). Adaptingthegeneralprescription[7,191fordealing
Theoperatorassociatedwith the ,~fluctuationsob- with suchrotationalzero-modesto ourcasen = 2, we

viously hasonly positiveeigenvalueswhoseproduct obtain

monic fluctuations, (1/ic0)”
2—÷S

2 di~-~ , (38)
canbecalculatedas follows. Separatingout the har- 2 1/2

2it)
1/2

J=det(_ cIt
2 + + cosh22r) ~fZoSC, (34) whereS

2=2it is the “surface” of the unit-circle. In-

sertingu~= w~andusingthe scaling propertiesof
where the action, the squareroot factor canbe simplified

/ d
2 l/2 to

1/2 1/2Zosc—det~_d
2+l) (Jd ~) —~(fd~~~

12 ~\J 2it)

1 ~°

— _________— e~”
2

2sh(/3/2)

is the partition function of the harmonicoscillator, = (39)
andchangingvariablesto t=2t, we obtain Notice the additional factor ii~/~comparedwith

f (det[ — d2/dt2+z—s(s+ 1) /cosh2t~ 1/2 theordinary0(2)-symmetricI x 16 oscillator.Taking
— det(—d2/dt2+z) ) into accountthe known contribution [7,19] of all

othermodeswith positiveeigenvalues,weget
1/2

(F(fz_s)F(\/+1+s) 1/2
— F(fz)F(~+l) ) (35) ~u2u2~(2~/2A)

with z=l/4 ands=—l/2. Thesecondline follows x21t~/~7~e~2. (40)
from a generalformula [7,19] in thetheoryof Fred-
holm determinantswhich, in more physicalterms, Finally, combining (33), (36) and (40) we find
can be derived [20] by relatingf to the quantum- Im Z= — IJ~IfjaU

2fav2exp(— .~)

mechanicaltransmissionamplitude of one-dimen-
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andusing (24) weendup with (~ccA”4as A—too) is moreregularthan that of the
3/2 Zeeman energies (containing terms IX log2g,

Im ~=J~(2_ul/2A) ~i3/2 exp(—.s4) log(logg) asg—~ci~[25]), which shouldfurther im-
provethe performanceof suchalgorithms.Thissug-

32 geststhatthe newequivalencemayleadto improved
=—

3~d~
2exp(— .i4) (41) numericalschemesfor calculatingprecise Zeeman

energiesfromperturbationtheory. Furthermore,it is
where ~v4=(32jAj/it2)’12 (seeeq. (28)). Recall- clear that many techniquesavailable for the oscil-
ingthedispersionrelation (18), this is equivalentto lator system (such as rigorous boundsetc.) are

k-.oo 64 transferableto the Zeemansystem.It would be in-
— ~ (— 32/it2 )“F( 2k+ 3/ 2) ~r, terestingto investigatethesepointsin moredetail.

(42)
TheauthorthanksProfessorH. Kleinert foruseful

displayingdirectlythe large-orderparametersp, a, b, discussions.
ydefinedin (16):

p=2, a=32/it2, b=3/2, y=32/it3’2. (43)
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