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Abstract
We study an Ising spin system coupled to the uctuating two-dimensional geometry of the
discrete Regge model and compare with the results of the standard Regge calculus. Particular
emphasis is placed on the phase transition of the spin system and the associated critical exponents.
The results are obtained from nite-size scaling analyses of extensive Monte Carlo simulations.
c 2000 Elsevier Science B.V. All rights reserved.

1. Introduction
Spin systems coupled to uctuating two-dimensional manifolds are studied as a simple example for matter elds coupled to Euclidean quantum gravity. From the view of
statistical mechanics one investigates the properties of a special kind of annealed disorder, interpreted physically as uctuating “space-time”. A particularly sensitive probe
of the properties of this coupling are phase transitions of the spin system and the associated critical exponents. In the case of the two-dimensional Ising spin system, conformal eld theory arguments predict that the annealed disorder caused by the uctuating
geometry modi es the critical exponents from the at-space Onsager values =0, = 18 ,
= 74 , and  = 1 to the KPZ [1] values = −1, = 12 , = 2, and D = 3, where D is the
internal fractal dimension of the two-dimensional manifold. While these predictions
could be con rmed numerically within the dynamically triangulated random surface
(DTRS) approach [2–5], it was found that the Ising model on lattices of toroidal [6,7]
as well as spherical [8] topology stays in the at-space Onsager universality class when
coupled to gravity via Regge calculus [9].
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The latter results came somewhat unexpected, because it was generally believed that
both approaches should describe the same model in the continuum limit. To explain
this discrepancy the prevailing opinion is that the path-integral measure in the Regge
approach should be non-local [10 –12]. A numerical study with a non-local measure
is, however, an extremely time demanding enterprise from a computational point of
view and one therefore seeks for suitable approximations. One such candidate is the
discrete Regge model [13–16] where the squared link lengths of the triangulated manifold are constrained to take on only two di erent values. This could be the desired
simpli ed formulation for further numerical investigations employing non-local pathintegral measures in the Regge approach. In this paper we study an Ising spin system
coupled to the two-dimensional discrete Regge model using Monte Carlo computer
simulations and compare the results of our simulations with those of the standard Regge
calculus [7].
The rest of the paper is organized as follows. In Section 2 we introduce the discrete
Regge model and give some details of the Monte Carlo simulation. The results are
presented in Section 3, and concluding remarks can be found in Section 4.

2. Model and simulation
One of the oldest methods to study general relativity numerically was suggested by
Regge [9]. He applies a simplicial approximation to a manifold, where the underlying
lattice has xed connectivities (in contrast to the DTRS approach [2–5]), and takes the
squared link lengths qij as gravitational degrees of freedom. The discrete Regge model
approach [13–16] employed in this work is structurally and computationally much
simpler than the standard Regge calculus. All the squared link lengths are restricted to
take on only the two values
qij = 1 + ij ;

06 ¡ 35 ;

ij ∈ Z2 :

(2.1)

The parameter  is a real number chosen such that the Euclidean triangle inequalities are
always ful lled. In the actual simulations we choose  = 12 . Hence, with N1 denoting
the total number of links, all 2N1 possible con gurations are allowed. This is quite
di erent from the standard Regge calculus where many potential updates of the link
lengths either violate the triangle inequality or the manifold property. Furthermore, the
Z2 restriction may provide a natural measure attributing the same a priori weight to all
2N1 con gurations.
We use the usual transcription of continuum quantities such as the metric g and the
scalar curvature R into the Regge approach, namely,
Z

d2 x

p

g(x) →

X
i

Ai ;

(2.2)
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Z

d2 x

p

g(x)R(x) → 2

X

i ;

(2.3)

i

Z

d2 x

p

g(x)R2 (x) → 4

X 2
i

i

Ai

with i denoting the de cit angle at the vertex i de ned as
X
i (t) ;
i = 2 −

(2.4)

(2.5)

all triangles t sharing i

where i (t) is the dihedral angle associated with the triangle t. The area Ai is taken to
be the barycentric area associated with the site i,
X1
At ;
(2.6)
Ai =
3
t ⊃i
where At denotes the area of the triangle t. We simulate the partition function
XZ
Z=
D(q) exp[ − I (q) − KE(q; s)] ;

(2.7)

{s}

where I (q) is the standard gravitational action with cosmological constant ,

X
2
Ai + a i
I (q) =
Ai
i

(2.8)

and
E(q; s) =

1 X (si − sj )2
Aij
2
qij

(2.9)

hiji

is the energy of Ising spins si ∈ Z2 located at the vertices i of the lattice. Here, the
volume Aij associated with a link hiji is de ned as
X 1
At :
(2.10)
Aij =
3
t ⊃hiji

In two dimensions the integral over the scalar curvature is a topological invariant due
to the Gauss–Bonnet theorem. Its simplicial analogue reads
X
i = 2(M) ;
(2.11)
i⊃K

where  = 2(1 − g) is the Euler characteristic of the manifold M expressed by the
number of handles g in M. For a simplicial complex K the Euler characteristic can
be computed as
N0 − N1 + N2 = 2(1 − g) ;

(2.12)

where N0 , N1 , and N2 denote the number of sites, links, and triangles, respectively. In
higher than two dimensions an R2 interaction term is sometimes added to guarantee
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the boundedness of the gravitational action from below. This is not necessary in two
dimensions but we include such a term to investigate its in uence on the continuum
Q
limit. We use the same path-integral measure D(q) = l (dql =qlm )F(ql ) as in the
pure gravity simulations [16], with the integration in (2.7) replaced by a summation
over the Z2 degrees of freedom l ≡ ij . The constraint F, which assures that only
Euclidean con gurations of links can contribute, is actually super uous in the discrete
Regge model where this is always satis ed by construction. Here, it is only included
for completeness and for comparison with standard Regge calculus where it is an
important part of the measure. The real parameter m allows to choose a particular
measure.
p detail in Ref. [16] we take m = −2c1 =M with
√ Forpreasons discussed in
c1 = [2 3 + (1 − )(3 + 5) − (1 + )(3 − 5)]=32 and M = 12 ln[(1 + )=(1 − )]
which, for  = 12 , amounts to m ≈ −0:3.
We simulated the gravitational action using the standard single-hit Metropolis algorithm. To prevent critical slowing down [17,18] near the phase transition we employed
the single-cluster (Wol ) algorithm [19,20] for the Ising spins. Between measurements
we performed n = 10 Monte Carlo steps consisting of one lattice sweep to update the
squared link lengths qij = 1 + ij =2 followed by two single-cluster ips to update the
spins si .
The primary simulations are done for cosmological constant  = 1:0 and squared
P
curvature coupling a = 0:001. In the present study the total area A = i Ai can thus
uctuate around its mean value while in the investigations of standard Regge calculus
in Ref. [7] the total area was kept xed. The lattice topology is given by triangulated
tori of size N0 = L2 with L = 8, 16, 24, 32, 48, 64, 96, 128, and 256. From short
test runs we estimated the location of the phase transition and set the spin coupling
K0 = 1:040 ≈ Kc in the long runs. Analogous simulations are performed with a = 0
on the same lattice sizes except the largest. The di erence between the model de ned
by (2.7) and the Ising model on a static triangular lattice is that the spins are coupled
by geometric
weight factors wij = Aij =qij which can uctuate around the static value
√
wij0 = 3=6.
For every run we record the time series of the energy density e = E=N0 and the
P
magnetization density m = i Ai si =N0 . After an initial equilibration time we take about
50 000 measurements for each lattice size. Analyzing the time series we nd integrated
autocorrelation times for the energy and the magnetization in the range of unity for all
lattice sizes. To obtain results for the various observables O at values of the coupling
K in an interval around the simulation point K0 , we apply the reweighting method
[21]. Since we record the time series, this amounts to computing
hOi|K =

hOe−KE i|K0
he−KE i|K0

(2.13)

with K =K −K0 . The statistical errors are obtained by the standard Jack-knife method
using 50 blocks.
With the help of the time series we compute the speci c heat
C(K) = K 2 N0 (he2 i − hei2 ) ;

(2.14)
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Table 1
Fit results for 1= and a = 0:001. The average is computed by weighting each
entry with its inverse squared error. For the ts at our best estimate of Kc =
1:0393(3) the uncertainty due to the error in Kc is indicated by the numbers in
square brackets
Fit-type

N

1=

Q

C
dU=dK at Kmax
lnh|m|i
d lnh|m|i=dK at Kinf

7
7

0.949(86)
0.987(33)

0.96
0.71

d lnhm2 i=dK at Kinf
Weighted average

7

0.995(32)
0.988(22)

0.66

dU=dK at Kc
d lnh|m|i=dK at Kc
d lnhm2 i=dK at Kc
Weighted average

7
7
7

0.986(9)[30]
1.007(6)[20]
1.011(5)[18]
1.006(13)

0.51
0.24
0.11

lnhm2 i

Overall average

1.001(11)

the ( nite lattice) susceptibility,
(K) = N0 (hm2 i − h|m|i2 )

(2.15)

and various derivatives of the magnetization, dh|m|i=dK, d lnh|m|i=dK, and d lnhm2 i=dK.
All these quantities exhibit in the in nite-volume limit singularities at Kc which are
shifted and rounded in nite systems. We further analyze the Binder parameter,
UL (K) = 1 −

1 hm4 i
:
3 hm2 i2

(2.16)

It is well known that the UL (K) curves for di erent lattice sizes L cross around (Kc ; U ∗ )
with slopes ˙ L1= , apart from con uent corrections explaining small systematic deviations. This allows an almost unbiased estimate of the critical coupling Kc , the critical
correlation length exponent , and the renormalized charge U ∗ .
3. Results
Applying the reweighting technique we rst determine the maxima of C, , dh|m|i=dK,
d lnh|m|i=dK, and d lnhm2 i=dK. The locations of the maxima provide us with ve
sequences of pseudo-transition points Kmax (L) for which the scaling variable x =
(Kmax (L) − Kc )L1= should be constant. Using this fact we then have several possibilities to extract the critical exponent  from (linear) least-squares ts of the nite-size
scaling (FSS) ansatz dUL =dK ∼
= L1= f0 (x) or d lnh|m|p i=dK ∼
= L1= fp (x) to the data at
1=
the various Kmax (L) sequences. Note that by replacing L by N01=D we trivially get
the same estimates for 1= and 2=D which would account for a possibly non-trivial
internal fractal dimension as in the DTRS approach. The exponents 1= resulting from
ts using the data for the N largest lattice sizes are collected in Tables 1 and 2. Here,
Q denotes the standard goodness-of- t parameter. For the simulations at a = 0:001 all
exponent estimates and consequently also their weighted average 1= = 0:988(22) are in
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Table 2
Fit results for 1= and a = 0 using Kc = 1:0395(3). The averages and statistical
errors are computed as in Table 1
Fit-type

N

1=

Q

C
dU=dK at Kmax
lnh|m|i
d lnh|m|i=dK at Kinf

7
7

0.964(49)
0.988(20)

0.63
0.43

d lnhm2 i=dK at Kinf
Weighted average

7

0.987(21)
0.986(14)

0.58

dU=dK at Kc
d lnh|m|i=dK at Kc
d lnhm2 i=dK at Kc
Weighted average

6
6
6

0.983(11)[71]
1.009(6)[44]
1.016(6)[38]
1.009(27)

0.64
0.42
0.23

lnhm2 i

Overall average

0.991(12)

Fig. 1. Finite-size scaling extrapolations of pseudo-transition points Kmax vs. L−1= for a = 0:001, assuming
 = 1. The error-weighted average of extrapolations to in nite size yields Kc = 1:0393(3).

perfect agreement with the Onsager value  = 1. For a = 0 the scatter in the estimates
is similar and the weighted average 1= = 0:986(14) is again clearly compatible with
 = 1.
Assuming, therefore, =1 we can obtain estimates for Kc from linear least-squares ts
to the scaling behavior of the various Kmax sequences, as shown in Fig. 1 for a=0:001.
Using again the ts with L¿24, the combined estimate from the ve sequences leads
to Kc = 1:0393(3) for a = 0:001, and for a = 0 with L¿16 we nd Kc = 1:0395(3).
These estimates are corroborated by the crossing point of the Binder cumulant curves,
Kc = 1:03925(25) for a = 0:001 and Kc = 1:0394(2) for a = 0 (see Fig. 2). At the
crossing point the cumulants take the (weakly) universal values of U ∗ = 0:612(1)
(a = 0:001) and U ∗ = 0:612(4) (a = 0). For a = 0:001 we show in Fig. 3 the FSS
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Fig. 2. Binder cumulant curves for a=0:001 leading to a crossing point at Kc =1:03925(25) and UL =0:612(1).

Fig. 3. Finite-size scaling of the Binder cumulant values UL (K) at K = Kc = 1:0393 for a = 0:001. The solid
line is a three-parameter t UL (Kc ) = U ∗ + cL−w , yielding U ∗ = 0:6126(4) and w = 1:34(35).

behavior of UL at Kc =1:0393. The solid line is a three-parameter t over all data using
the ansatz UL (Kc ) = U ∗ + cL−w which yields U ∗ = 0:6126(4) and w = 1:34(35) with
Q = 0:25. These estimates are in full agreement with the study of the standard Regge
calculus of Ref. [7] which gave U ∗ = 0:612(5) (a = 0:001) and U ∗ = 0:609(33) (a = 0).
They are further compatible with the best available estimate of U ∗ = 0:610 690 1(5) in
Ref. [22] for the regular 2D Ising model with periodic boundary conditions.
Knowing the critical coupling we may recon rm our estimates of 1= by evaluating
the above quantities at Kc . As can be inspected in Tables 1 and 2, the statistical errors
of the FSS ts at Kc are much smaller than those using the Kmax sequences. However,
here we also have to take into account the uncertainty in our estimate of Kc . This
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Fig. 4. Finite-size scaling of the susceptibility maxima max for a = 0:001. The slope of the straight line is
set to the Onsager value = = 1:75 for regular static lattices.

error is computed by repeating the ts at Kc ± Kc and indicated in Tables 1 and
2 by the numbers in square brackets. In the computation of the weighted average we
assume the two types of errors to be independent. As a result of this combined analysis
we obtain strong evidence that the exponent  agrees with the standard Onsager value
of  = 1.
To extract the critical exponent ratio = (=2 =D) we use the scaling max ∼
= L = as
well as the scaling of  at Kc , yielding for a = 0:001 in the range L = 24–256 estimates
of = = 1:741(11) with Q = 0:65 and = = 1:741(5)[22] (Q = 0:57), respectively. The
corresponding values for a=0, using the range L=16–128, are ==1:747(8) (Q=0:60)
and = = 1:738(6)[11] (Q = 0:38). These estimates for = are fully consistent with the
Onsager value of = = 1:75. In Fig. 4 this is demonstrated graphically for a = 0:001
by comparing the scaling of max with a constrained one-parameter t of the form
max = cL1:75 with c = 0:0496(30) (Q = 0:55, L¿24).
To extract the magnetic critical exponent ratio = (=2 =D) we use that h|m|i ∼
=
|m|
− =
at Kinf and at Kc . Performing again ts in the range L = 24–256 we obtain
L
= = 0:118(12) (Q = 0:70) and = = 0:127(1)[12] (Q = 0:31) for a = 0:001 (cf. Fig. 5).
For a = 0 and a t range of L = 16–128 the corresponding results are = = 0:118(8)
(Q = 0:74) and = = 0:125(1)[12] (Q = 0:15). Again the numerical estimates clearly
agree within error bars with the Onsager value of = = 0:125.
As a consistency check we have also analyzed the scaling behavior of the derivative
dh|m|i=dK ∼
= L(1− )= . Here, we obtain for a = 0:001 from the FSS t with L¿24 at
|m|
Kinf an estimate of (1 − )= = 0:874(12) (Q = 0:46), and at Kc we nd (1 − )= =
0:885(5)[12] (Q = 0:19), to be compared with the Onsager value of (1 − )= = 0:875.
For a = 0 the corresponding t results are (1 − )= = 0:878(9) (Q = 0:53, L¿16) and
(1 − )= = 0:884(6)[30] (Q = 0:48, L¿24), respectively.
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|m|

Fig. 5. Finite-size scaling of the magnetization h|m|i at Kc = 1:0393 and at its points of in ection Kinf (L)
for a = 0:001. The ts in the range L = 24–256 yield = = 0:127(1)[12] (Q = 0:31) at Kc and = = 0:118(12)
|m|
(Q = 0:70) at Kinf (L).

Concerning the speci c heat we expect in the case of the Onsager exponent
logarithmic divergence of the form
C(x; L) = A(x) + B(x) ln L :

=0 a
(3.1)

Indeed, the data at the di erent xed values of x can all be tted nicely with this
ansatz. In particular, for the t of Cmax at a = 0:001 with 7 points (L¿24) we obtain
A = 0:19(6), B = 0:49(2), with a total 2 = 5:71, and at a = 0 with 7 data points
(L¿16) A = 0:19(4), B = 0:48(1), with a total 2 = 1:06. We also tried an unbiased
three-parameter t using the power-law ansatz
C(x; L) = A0 (x) + B0 (x)L

=

;

(3.2)

which gives us in the case of the t of Cmax for a = 0:001 and 7 data points A0 ≈
21:04, B0 ≈ −20:94, and = = −0:026(140), with a slightly improved total 2 = 5:68
(cf. Fig. 6). It should be noted, however, that the three-parameter t is highly unstable and exhibits strong correlations between the three parameters. This can be easily
understood by expanding the power-law ansatz (3.2) for small = (and nite values
of L) as Cmax ≈ A0 + B0 + ( =)B0 ln L + · · · : All ts with A0 + B0 = 0:10 ≈ const: ≈ A
and ( =)B0 = 0:54 ≈ const: ≈ B are basically indistinguishable from the logarithmic
ansatz (3.1). For a = 0 and 7 data points we obtain A0 ≈ 30:34, B0 ≈ −30:20, and
= = −0:017(78), with a total 2 = 1:02. For comparison, we include in Fig. 6 for
a = 0:001 also the best linear least-squares t with the KPZ prediction = = −2=3
(=2 =D) of the form
C(x; L) = A00 (x) + B00 (x)L−2=3 ;

(3.3)

that renders for Cmax the parameters A00 = 2:82(3) and B00 = −9:3(3), with an unacceptably large total 2 = 25. For a = 0 we obtain with A00 = 2:68(2) and B00 = −7:6(2)
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Fig. 6. Finite-size scaling of the speci c-heat maxima Cmax for a = 0:001. A logarithmic t Cmax = A + B ln L,
a power-law t Cmax = A + BL = , and a constrained power-law t assuming the KPZ prediction = = − 23
are shown.

an even larger chi-squared value of 2 = 66. We can thus conclude that also for =
our data is consistent with the at-space Onsager value of zero.
4. Concluding remarks
We have performed a study of the Ising model coupled to quantum gravity via
Regge calculus. Analyzing the discrete Regge model we have found that the critical
exponents of the Ising transition still agree with the Onsager exponents for regular static
lattices. Overall, we summarize that our results are fully consistent with the standard
Regge calculus results [7]. The discrete Regge model can hence be used as a simpli ed
approach for further investigations with non-local measures in the path integral.
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