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Abstract. We have used Molecular Dynamics simulations to obtain the monomer density
profiles for real linear and ring polymer chains of 360 monomers length with different topological
structures such as simple knots: 31, 61, 91, 10124, complex knots 313151 and twisted knots
with n = 10 and n = 20 in a slit geometry of two parallel walls with one attractive and
another repulsive surface. We have used Large-scale Atomic/Molecular Massively Parallel
Simulator (LAMMPS) software to perform simulations with the Verlet integration algorithm.
The interactions between monomers were simulated as Lennard-Jones 12-6 potential, for bonds
we have used Finitely Extensible Nonlinear Elastic (FENE) potential and the interaction with
the walls was taken into account via Lennard-Jones 9-3 potential. We observed that topologically
complex polymers have lower monomer density profiles near the attractive wall, but at some
distance in the direction to the repulsive wall this tendency changes to the opposite. We showed
that most complex twisted knots have two maxima in narrow slits. In the wide slits we do not
observe such relation for twisted knots at higher temperatures. These results are important for
better understanding the nature of the depletion forces which arise in a slit geometry of two
parallel walls with one attractive and one repulsive wall.

1. Introduction
One distinguishing property of polymers is their length, which makes them different from
other molecules and from which the most of the important polymer specific properties arise.
Due to thermal fluctuations, they, for example, can penetrate large volumes. These volumes
can be either unconstrained or constrained. The constrained volumes naturally have different
geometries of the surrounding surfaces, for example, consisting of planar walls (either only a
single wall or, as in our case, two walls), spherical and many other combinations. They are
usually chosen in such a way that it is an approximation of a natural structure.

However, the solutions can have different properties depending on the topological structure of
the dissolved polymers. The polymers can, for example, be linear, a simple ring, or an entangled
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ring. Knotted ring polymers are a special type of polymers that can have a few interesting
properties that make them interesting to study.

Biopolymers such as DNA very often present a ring topology, as it was shown in a series of
the atomic force spectroscopy (AFM) experiments [1, 2]. Such, for example, Escherichia coli
(E. coli) bacteria which is resistant to a wide spectrum of antibioticshas has a ring topology [3].
The biopolymers of the DNA of some viruses such as bacteriophages λ that infect and destroy
E. coli bacteria oscillate between a linear and ring topology [4, 5]. Mature viruses have the
linear form of DNA, but inside of the host cell DNA of bacteriophages adopts a ring topology
[6]. Such an investigation is important in the context of understanding the processes that lead
to the destruction of E. coli bacteria with the help of bacteriophages λ and in the context of
creating phage-therapy, which is an alternative way to antibiotic treatment, especially in the
case of bacteria that demonstrate high resistance to antibiotics. Besides, confinement and chain
topology play a significant role in the shaping of individual chromosomes and in the process of
their segregation, as it was shown in [7].

In the bacterial biology chain topology and confinement can play a crucial role in shaping
morphology of the chromosomes and their segregation [7]. It has been shown that under strong
confinement conditions, topologically distinct domains of a polymer complex can repel each
other maximizing conformational entropy. By entangling ring polymers in different ways, one
introduces a topological change, effectively tuning the complexity of the polymer. Linear long
polymers like DNA can entangle themselves, however, they can also disentangle. This is different
for the ring polymer, which is entangled before the ends connect. Thus, it is impossible to
disentangle it without breaking bonds in the chain. Such polymers were investigated in [5], where
it was shown that in a narrow slit of two repulsive walls the more complex knots exert higher
forces on the walls than comparable linear polymers. These fundamental topological differences
between linear and ring polymer chains make it interesting from a theoretical, technological, or
biological perspective.

The numerical results based on the MC simulations [8] suggest that the knotted ring polymers
will exert higher entropic forces on the walls of the confining slit than unknotted or linear
polymers. The molecular dynamics simulations performed in [5] allowed to obtain the entropic
force exerted on the walls arising from the confinement to a slit of a knotted ring and the
monomer density profiles in the case of two repulsive walls.

Recently, the effect of a nanoslit confinement on the topological properties of the circular
model DNA, which was modeled as a semiflexible polymer chain were analysed in [9] by advanced
MC simulation techniques. It was shown [9] that the knotting probability has strong slit width
dependence. The investigation of the influence of topological constraints on the free energy
and metric properties of an ideal ring polymer without excluded volume effects or attractive
interactions confined in a narrow slit were performed in [10] using off-lattice MC simulations.
The occurrence and behavior of polymer knots were studied extensively by MC simulations in
[11, 12, 13, 14]. Thus in [11] was shown that the effective stiffening of DNA by the nematic
arrangement promotes the formation of torus knots in phage capsids. It should be also noted that
the conservation of the knot topology in simulations of ring polymers depends on the knotting
probability of the knot, as was shown in [14] by the use of the self-avoiding polygons (SAPs)
method.

In [15] the monomer density profiles of ring polymers with different topological structures
between attractive and repulsive walls have been investigated analytically. It was shown that
near an attractive wall, the monomer density profiles of complex ring polymers have lower
absolute values than those of linear polymers. In this paper, we will focus on the calculation
of the monomer density profiles of knotted ring polymers in confined geometries via Molecular
Dynamics simulations. The polymers are placed in a slit of two parallel walls with the mixed
boundary conditions mentioned above. Our investigations include calculations of the monomer
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density profiles for different temperatures and different topological structures of ring polymers.

2. Model and Methods
In this study, we performed Molecular Dynamics simulation using LAMMPS (Large-scale Atomic
Molecular Massively Parallel Simulator) [16] for ring polymers consisting of 360 monomers.
Neighbouring-bead interactions were modeled with the FENE potential [20]:

UFENE(r) = −KR
2
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for r < R0, where R0 = 1.0 and K = 40.0. In the region of r > R0 the potential UFENE(r) = 0.
Repulsion between monomer pairs was modeled with a 12-6 Lennard-Jones (LJ) potential:

ULJ(r) = 4ε

[(
σ

r

)12

−
(
σ

r

)6
]
, (2)

for r ≤ rmin, where rmin was obtained from the condition dULJ(r)/dr = 0 and equal rmin = 2
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1
6 = 0.6236 and ε = 1. The potential was shifted ULJ,sh(r) = ULJ(r)−ULJ(rmin) in

order to get ULJ,sh(rmin) = 0 and it was also truncated ULJ(r) = 0 for r > rmin. The interaction
between monomer and a wall was taken into account via the LJ 9-3 potential [19]:
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where z ≤ zc, with zc = zmin, which was obtained from the condition dUwall
LJ (z)/dz = 0 and

equal zmin =
(
2
5

) 1
6 σ = 0.5353 for the repulsive wall. At the attractive wall the potential was

truncated at zc = 4.5σ. Potentials on both walls have εw = 1.0 and were additionally shifted
and truncated according to Uwall

LJ,sh(z) = Uwall
LJ (z) − Uwall

LJ (zc), so that Uwall
LJ,sh(z) = 0 for z ≥ zc.

We have used the Verlet integration algorithm with the Langevin thermostat (with constant
temperature) and the time step ∆t = 0.001. The simulation equilibration time was 107 steps,
and the simulation data was collected for over 2 × 107 steps. The monomer densities were
averaged over 10 separate simulations. We have performed simulations for linear, ring polymers
and the following knotted ring polymers in Alexander-Briggs notation cp, where c is the number
of crossings and p is the ordinal number: 31, 61, 91, 10124, 313151 and twisted knots with n = 10
and n = 20 numbers of twists. Considered are two widths of the slits: a narrow slit with width
4.81σ = 3.0 and a wide slit with width 19.24σ = 12. We have also fitted the kernel functions
and scaled the widths of both slits to one and plotted them as probability distribution functions.

3. Results
The monomer density profiles ρ for the polymers in a slit geometry of one repulsive and another
attractive wall are presented in Fig. 1. On the horizontal axis z we can see the width of the
slit scaled to one, where the attractive wall is placed at 0 and the repulsive wall at 1. In Fig.
1 we can see that in narrow slits the densities reach lower maximal values than in wide slits.
The difference between maximal values of narrow and wide slits decreases with increasing the
temperature.

At lowest temperature T = 1.00 the maximal absolute values of the monomer density profiles
for the wide slit are around four times larger than for the narrow slit for all types of polymer
structures. The linear and ring polymers with knots: 61, 91, 10124, 313151 for narrow slits for
all temperatures and wide slits at temperatures T = 1.00 and T = 1.40 have one maximum
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near the attractive wall, from which it starts to monotonically decrease in the direction to the
repulsive wall. In wide slits for temperatures T = 2.00, T = 2.28 and T = 3.00 the maximum
values of the monomer densities move from the attractive wall closer to the middle of the slit.
On the other hand, the twisted knots n = 10 and n = 20 have two local maxima, first a higher
one closer to the attractive wall and second a lower one at some distance what is connected with
the specific topological structure of the above mentioned polymers.

The monomer densities generally decrease with complexity near the attractive wall for all
temperatures in narrow slits and T = 1.00, T = 1.40 for wide slits. At some point monomer
densities cross and the behaviour changes to the opposite, where it increases with increasing
complexity of the polymer. Such crossing for the narrow slit is around z = 0.4 at T = 1.00
and with increasing temperature increaes up to z = 0.5 at T = 3.00. In wide slits the crossing
is closer to the attractive wall and is approximately near z = 0.1 at T = 1.00 and changes up
to z = 0.3 at T = 3.00. It should be noted that the distance between the local maxima in
the narrow slit for the twisted knots n = 10 and n = 20 is generally the same and is around
0.3 of the width of the slit, which is approximately 1.44σ, where σ is the monomer size. After
considering the local maxima in the wide slit at T = 1.00 one can notice that the second is lower
than the first and with increasing temperature it moves toward repulsive wall and the density
plot in general flattens and extends over the slit. Interestingly, there is no such phenomenon
for the narrow slit, where both maxima tend to similar values with increasing temperature.
Another interesting observation can be made that the most complex twisted knots have at least
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Figure 1. Monomer density profiles ρ for multiple entanglements in: (a) narrow 4.81σ and (b)
wide slit 19.24σ for different reduced temperatures: T = 1.00, T = 1.40, T = 2.00, T = 2.28,
T = 3.00. The horizontal axis is scaled to one and the attractive wall is set at 0 and the repulsive
at 1.
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two local maxima in the distribution for T = 1.00 and T = 1.40 for the narrow slit with large
difference in their values. However, this difference for temperature T = 2.00 and above this
difference decreases significantly reaching similar values at T = 3.00. In a wide slit the second
maximum, as previously mentioned, at T = 1.00 is significantly lower than the first, but with
increasing temperature it increases in relation to the first maximum. At some temperature,
between T = 1.40 and T = 2.00 it becomes larger than the first maximum, extends its width
and moves towards the repulsive wall. It is interesting that for temperatures T ≥ 2.00 the first
maximum, which was visible for lower temperatures is no more visible. It suggests that the
first maximum, the closest to the attractive wall, is due to adsoption of the polymer on the
wall and the number of the adsorbed monomers on the wall decreases at the cost of monomers
fluctuating in the inner space of the slit. This observation could be extended over all polymers
in the simulations. However the character of this change is different depending on the topology
of the chain. One can notice that for the higher temperatures T = 2.00, T = 2.28 and T = 3.00
in wide slits, the density of complex polymers is lower than that of linear polymer chains in
the vicinity of the repulsive wall. It is opposite to other temperatures for wide slit and all
temperatures in narrow slit, and it is similar to previously described case of either increasing
or decreasing monomer densities with complexity for the same temperatures, thus, both effects
can have common source. It may be connected with the steric effects of some of the monomers
closer to the attractive wall, where in complex polymers, the monomers can be blocked in that
area by limited chain extension due to entanglements, and the linear polymer chains can extend
themselves to larger distances.

4. Conclusions
In our study, we have investigated the monomer density profiles ρ of ring polymers with
different topological structures across the slits in the space between two parallel walls with
mixed boundary conditions for different temperatures. Thermal fluctuations in the system
serve as the main driving force for the polymer to move in the slit. It is important because
we can estimate whether the polymer actually interacts with certain system components or
whether it can serve as a mediator of interaction between components like the walls. We can
see that the polymers have higher densities near the attractive wall compared to the repulsive
one, where it decreases. It should result in repulsive depletion force, which is important from
a technological point of view as it can serve as a mediator in reducing the static friction in
micro- and nano-electromechanical devices. These results are in agreement with the analytical
predictions obtained in [15]. It should be mentioned that twisted knots have interestingly two
local maxima, which is not the case for other polymers. With 360 monomers the length of the
polymer is short compared to the number of crossings it has, which makes the polymer more
tense than other less complicated ones. In such setup the second maximum could be explained
simply by arising from intra chain steric effects, which orders the monomers and makes them
more or less frequent at some volumes. There is an interesting difference in behaviour of the
most complex twisted n = 20 polymer between narrow and wide slit. The second maximum
for the wide slits can increase much faster and become larger than the first maximum with
increasing temperature. However there is a qualitative difference in behaviour for narrow slits.
In slits with small wall separation both maxima have some limiting value which both tend to
reach, see twisted knot n = 20 in Fig. 1 for T = 3.00. Such behaviour could be related to the
steric effects and the limited space that the complex polymer can occupy. This could lead to the
situation where the polymer could be squeezed so much that the pair potential repulsion orders
the monomers such that the slit width is fully occupied and thus present double domain [6] or
a pseudocrystalline structure. Twisted knots have interesting topology that could be simply
describedas an unknot ring twisted n times with far ends linked together [21] resembling two
separate chains linked together. The two maxima in the monomer density profiles could be
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explained by the topological structure of the polymers. It would be interesting in the future to
increase the polymer length of the twisted knots with n = 20 and test if the second maximum
vanishes for longer chains. Similarly it can be done for the less complicated polymers to check
if such additional maxima would arise if the chain length would decrease enough. This could
help to better understand the impact of the intra chain tension due to topological and steric
effects together. Additionally, it has been shown recently in [22] that the coupling strength of
the contour motion of the interlocked regions of the linked chains is universal to their size. So it
would be also interesting to check if the coupling strentgh of the parts of the knotted polymers,
especially twisted knots due to their specific topology, also have universal properties.
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