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Abstract

We report multicanonical Monte Carlo simulations of the tails of the order-parameter distribution of the two-dimensional
Ising model for fixed boundary conditions. Clear numerical evidence for “fat” stretched exponential tails is found below the
critical temperature, indicating the possible presence of fat tails at the critical temperature.
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1. Introduction formal field theory{4], and also a generalized classifi-

cation theory of phase transitiofs6]. While some of
A quantity of central importance for finite-size scal- the analytical predictions seem to have been corrobo-

ing (FSS) analyses of critical phenomena is the order- rated by numerical simulatior§,7], the predictions

parameter distributiorp(m) [1]. Most properties of for the tails of the critical order-parameter distribu-

p(m) at criticality are known from computer simu- tion could not be confirmed. Recording of the very

lations [2]. Analytical information comes from field small probabilities in the tails requires special tech-

theoretic renormalization group calculatid®$, con- nigues such as multicanonical simulatid8$. Many
recent studie§7,9] have attempted this, but failed in
establishing the true behavior of the tailspafn).
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tices with fixed (i.e. all boundary spins fixed #o1) wherei = [,r, and plot them againsp = log;gx.
boundary conditions. One of the objectives is to In this representation, tails of the formg(x) ~
study whether the order-parameter distribution ob- B(x + ¢)f expg—A(x + ¢)*] lead to a plateau at the
tained from the simulation can be considered to be valuew for largex. A standard Gaussian distribution
asymptotic with respect to system size. A secondary (1/+/27) exp(—x?/2) thus approaches asymptotically
objective is to study fixed (symmetry breaking) bound- the value 2.
ary conditions because the asymmetry should give rise
to an asymmetry in the far tail behavior.

3. Results

2. Analysis methods We performed multicanonical simulatiori8] by
flattening the probability distribution of the magneti-
We consider the 2D Ising model on a square lattice zation for system sizes up tb = 64 at three char-
with N = L? spinso; = +1 interacting according to ~ acteristic temperatures. The right tails in the high-

the usual Hamiltonian temperature phase @t= 3.5 are shown in the upper
left plot of Fig. 1. With increasing system size the dis-

H=-J ZUiO'j, (1) tribution approaches Gaussian behavior as is expected
(ij) from the central limit theorem for a finite correlation

where J > 0 is the ferromagnetic coupling strength lengthg = 1/[~Intanh(1/T) — 2/T] = 141235....

and the summatioly_,; , runs over all nearest neigh- In fact, assuming heuristically that there are effectively

: 2 i i _ _
bor pairs on the lattice. The order parameter is the Lgy uncorrelated spins W'meff =L/% _(__6’ 12, 23
< for L =16, 32, 64), we obtain the very similar looking

magnetization per spiny1 < m = (1/N) ZN: o; < ; ; ) S
1. In the following we set/ =1, the Boltzrﬁaﬁnlcon- curves in the upper right plot 6fig. 1, explaining the
finite-size effects.

stant to unity and denote the temperaturefby At th itical 5 inhi1
The probability density (m) of the order parame- 226t9i € crr|]t|ca temp();_aratur@ i /qlrcsflng )f:
ter depends parametrically on temperature and sys-“5"75" t e%ryl predicts a right tail of the form
x@=D/2exp(—x%t1), wheres = 15 is the equation of

tem size = ; T, L). At criticality, traditional .

FSS preé)i(c’?s)theps(?aling fz)rhh] 4 state exponent, leading to a plateau af 16 Our data
shown in the lower left plot oFig. 1reveal a shoulder

p(m; T =T, L)=LP"pmLP), 2) developing with increasing. The convergence, how-

o ] . i ever, is extremely slojd 0]. The solid line is a fit using
where () with i = mLP/" is a universal scaling  this theoretical prediction

function. Since for the 2D Ising model = 1 and ;
B = 1/8, the scaling variable is thus = mLY/8. For po(x) = a((x +¢)/b)" exp(—((x +¢)/b)*®), (6)
the analysis of the tails op(m) we first determine with a = 1.31, b = 8.59, andc = 7.79.

ﬁonstantsA, B,C SL.’tCh thatpog) Z.tAp(_B(m _Tch)) For low temperatures the magnetization is close to
as mean zero, unit norm and unit variance. then we unity. At T = 1.5 a true peak starts developing only

split the peak into its left and right tails by defining the for system size& > 16, and even fof. = 32 only five

functions data points exist to the right of the peak, Efg. 2 We
therefore found only weak evidence for Gaussian be-
havior with increasing. for the right tails[10]. Here
por(x) = po(x — xpeak  for x > xpeak (4) the left tails shown in the lower right plot &fig. 1 are

wherexpeais the position of the maximum. To exhibit ~More interesting. Near the peak (i.e. for smailwe
stretched exponential tails we finally calculate the log- S€€ & narrow regime over which the curves approach

po(x) = po(xpeak— x)  for x < xpeak (3

arithmic derivatives Gaussian behavior as one would expect again from
dl | the central limit theorem. In the intermediate range
g = 0G10(— 10910 Poi) (5) of x, the curves show a plateau ab0correspond-

dlog;ox ’ ing to a fat stretched exponential exp(—+/x). This
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Fig. 1. Tail analyses for the 2D Ising model with fixed boundary conditions.
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Fig. 2. Rescaled order parameter distributiggx) on a logarith-
mic scale for7 = 1.5 and L = 16, 32, 64 for fixed and periodic
boundary conditions. For periodic boundary conditions only the
right half of the distribution is shown.

way up toT,. For periodic boundary conditions the
stretched exponential tails eventually cross over into a
flat bottom, reflecting phase coexistence on finite lat-
tices governed by strip-like spin configurations. For
fixed boundary conditions the same stretched expo-
nential tail is terminated by a cutoff function. Visually
the three different regimes can also easily be identified
in the logarithmic plot ofpg(x) shown inFig. 2

4. Summary

To summarize, the order-parameter distribution at
the critical point is found to approach its asymptotic
universal scaling function extremely slowly. This is
also true for periodic boundary conditions in two di-
mensiong10] as well as for the 3D Ising model, where

represents the well known droplet regime predicted a similar multi-overlap simulation studyl2] has re-

analytically[11]. We observed this stretched exponen-

tial tail in the distributions for low temperatures all the

cently focused on the distributions of the overlap pa-
rameter instead of the magnetization considered here.
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