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Abstract

We use a star-graph expansion technique to compute high-temperature series for the free energy and susceptibility of random-
bondg-state Potts models on hypercubic lattices. This method allows us to calculate quenched disorder averages for arbitrary
uncorrelated coupling distributions. Moreover, we can keep the disorder streraghwell as the dimensios as symbolic
parameters. This enables scans over large regions @pthb parameter space for any valueqfFor the bond-diluted Ising
model g = 2) in three dimensions we present first results for the critical temperature and exparteiained from the analysis
of susceptibility series up to order 19.2002 Elsevier Science B.V. All rights reserved.
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1. Introduction and apply it to Potts models with a bimodal quenched
distribution of ferromagnetic couplings.

Despite considerable efforts in the past few years  Depending on dimensiod and number of states
there are still many open problems in the physics of ¢ the pure Potts models show first- or second-order
disordered systems. One alternative to large-scale nu-phase transitions. According to the Harris criterion one
merical simulations are systematic series expansions.expects in the second-order case either the appearance
Such expansions for statistical models defined on a of a new random fixed pointd(= 2, ¢ = 3,4 and
lattice are a well-known method to study phase tran- 4 = 3, g = 2) or logarithmic corrections to the pure
sitions and critical phenomena [1]. The extension of fixed point @ = 2, ¢ = 2). The latter system has been
this method to disordered systems [2] demands the de-successfully studied using high-temperature series
velopment of new graph theoretical and algebraic al- in [3].
gorithms. At first-order transitions, randomness softens the

To this end we developed further the method of transitions. Ford = 2 even infinitesimal disorder
“star-graph expansion” which allows one to take the induces a continuous transition [4], whereasdet 3,
disorder average on the level of individual graphs, ¢ > 2 a tricritical point at a finite disorder strength is

expected [5].
mspon ding author. Ip this note we r_eport on an ongoling Iarge—sgale
E-mail addresses: meik.hellmund@itp.uni-leipzig.de project to study this area using series expansions.
(M. Hellmund), wolfhard.janke@itp.uni-leipzig.de (W. Janke). We concentrate on the first, most laborious step, the
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generation of high-temperature series to high order,
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with an articulation vertex where two star subgraphs

and present first results of analyses of the resulting G12 are glued together. TheWr(G) vanishes if

susceptibility series for the bond-diluted Ising model
in three dimensions (3D).

2. Model

The g-state Potts model on arbitrary graplis
with arbitrary coupling constant; assigned to the
nearest-neighbor linkgij) of G is defined by its
partition function

Z=7) exp—pH),
{Si}
H==>"Jij5(5.5).
(i)
where 8 = 1/kgT is the inverse temperaturs;
1,...,q ands(.,.) isthe Kronecker symbol. Quenched

(1)

disorder averages are done using an uncorrelated bi-

modal distribution of the form
P(Jij)=A—-p)é(Jij — Jo) + pé(Jij — RJo), (2)

which can include spin glasse® & —1,p = 3),
random-bond ferromagnets @ R < 1) and bond
dilution (R = 0) as special cases. Other distributions
can, in principle, also be considered with our method.

3. Star-graph expansion method

Graphs constitute a partially ordered set under
the “subgraph” relation. Therefore, for every function
F(G) defined on the set of graphs exists another
function Wg (G) such that for all graph&

F(G)=Y)_ Wr(g),

8<G

®3)

and this function can be calculated recursively via
Wi (G)=F(G)— Y Wr(g). 4
gCcG
This gives for an infinite (e.g., hypercubic) lattice
F(z') =Y (G :Z)Wr(G). (5)
G

where(G : Z¢) denotes the weak embedding number
of the graphG in the lattice [6]. LetG be a graph

F(G)=F(G1) + F(Gy). Itis easy to see that the free
energy logZ has this property and it can be proved [2]
that the inverse susceptibility/ ¥ has it, too, even for
arbitrary inhomogeneous couplindg. This restricts
the sum in Eq. (5) to a sum over star graphs. The
linearity of Egs. (3)—(5) enables the calculation of
guenched averages over the coupling distribution on
the level of individual graphs. The resulting recipe for
the susceptibility series is:

— Graph generation and embedding number count-
ing;

— Calculation ofZ(G) and
My (G) =Tr(g8(S, Sm) — 1)e FH WD

for all graphs;
— Disorder average

Num(G) = [Mum /Z1p)y;
— Subgraph subtraction

Wy (G) =D (N Dum — > Wy(g):

n,m gCcG

- Yx=Y6(G:ZHW,(G).

Implementing this program, we classified for the
first time all star graphs up to order 19 and calculated
their embedding numbers fdrdimensional hypercu-
bic lattices (up to order 17 for arbitrazy order 18 and
19 for dimensions< 4). The embedding count uses a
refined version of the algorithm by Martin [6] employ-
ing optimized hash tables for collision testing.

For the symbolic calculations we developed a
C++template library using an expanded degree-sparse
representation of polynomials and series in many
variables. The open source library GMP is used for
the arbitrary-precision arithmetics.

The partition function and correlation functions for
each graph are calculated in the cluster representation,

Man(ZC]H_C< l_[ vij)( 1_[ (1_vij)>~ (6)

Crm (ij)eC (ij)¢C

Herev;; = (e%%ii — 1)/(e#/i — 1+ ¢), the sum goes
over all cluster<,,, € G in which the verticea and
m are connected,is the number of links of the cluster
andc the number of connected components.
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The clusters are enumerated by Gray codes [7] such
that two consecutive clusters in the sum (6) differ by
exactly one (added or deleted) link. This results in a
considerable speed-up of the calculations by re-using
every term in the sum for the calculation of the next
one.

Our longest series, up to order 19, are obtained for
the case of bond dilution where (2) simplifies to

P(Jij) =1 — p)s(Jij — Jo) + ps(Jij), (7)

since in this case the disorder average for a series is

most easily done via

[

ni

ng
Uy

ni+---+ng
.. .Uk o .

(8)

All calculations were carried out on Pentium Linux
farms and on a T3E.

]P(J) =1-pfv

4. Example: bond-diluted Ising model in
three dimensions

The 3D disordered Ising model has been exten-
sively studied both by field theoretical and numeri-
cal methods. The Monte Carlo simulations using site
dilution in [8] affirm the expectation that a new ran-
dom fixed point withy = 1.342(5)(5) arises between
the pure one jf = 0) and the percolation threshold.
A comprehensive compilation of this and other Monte
Carlo results can be found in [9], showing a wide scat-
ter in the critical exponents of different groups, pre-
sumably due to large crossover effects.

In the literature many different series analysis tech-
nigues have been discussed which all have their mer-
its and drawbacks [10]. Our high-temperature series
expansions for the susceptibility up to order 19 are
given with coefficients as polynomials ip, x(v) =
> ,an(p)v". Therefore it should be well-suited for
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Fig. 1. Ratio approximants for different dilutionsvs. 1/n.

to the origin. Then the consecutive ratios of series co-
efficients behave asymptotically as

:vcl(l—i- )

Fig. 1 shows these ratios for different valuespofin
order to make them visually comparable, they are (ex-
cept forp = 0.75) normalized by their respective criti-
cal couplings.. For smallp they show the typical os-
cillations related to the existence of an antiferromag-
netic singularity at-v.. Near the percolation threshold
at p = p. = 0.7512 (whereT, goes to Op. to 1) the
series is clearly ill-behaved, related to the exf¥)
singularity expected there. Besides that, the slope (re-
lated toy) is increasing withp.

The widely used DLog-Padé method consists in
calculating Padé approximants to the logarithmic deriv-
ative of x (v). The smallest real pole of the approx-
imant is an estimation o, and its residue giveg.

The results presented in Table 1 are the averages of
45-55 Padé approximants for each valuepofwith
the error in parentheses indicating the standard de-

y—1
n

an

(9)

rn=
an—1

the method of partial differential approximants [11] viation. The scattering of the Padé approximants in-
which was successfully used to analyze series with creases withp, getting again inconclusive near the
an anisotropy parameter describing the crossover be-percolation threshold. The critical exponentas pro-
tween 3D Ising, Heisenberg and XY behaviour. But vided by this method, varies with the disorder strength.
this method was unable to give conclusive results. More sophisticated analysis methods, such as in-
Therefore we confined ourselves to the analysis of homogeneous differential approximants or the meth-
single-parameter series for selected values.of ods [12] M1 and M2, especially tailored to deal
The ratio method assumes that the expected singu-with confluent singularities as one would expect in a
larity of the form x(v) ~ A(v. — v)™7 is the nearest  crossover situation, give essentially the same results.
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