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Some experiments

Ageing behaviour in spin glasses

thermoremanent magnetization

(Vincent et al. '95):

quench to low temperature with an external field
field is switched off after the waiting time ¢y
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The response of the system is slower for larger waiting
times: it ages!
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Ageing in a ferromagnetic system:
the typical scenario

Quench from a disordered initial state

v
® T>T,
T T

s T

temperature

magnetization

T > T.: system relaxes rapidly to equilibrium

T=T.and T < T:
equilibrium is never reached in an infinite system

T' < T.: phase ordering



Class S: equilibrium correlations decay exponentially

Correlated domains grow as a function of time:
L(t) ~ t'/?
z = dynamical exponent

In the case of non-conserved order parameter
gaa T < T g=28



Example of ageing behaviour:
thermoremanent magnetization

t=s

2d Ising model (7" = 0.66 T)
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Quantities of interest:

e dynamical correlation function
C(t,s;r —r') = (op(t) op(s))

e response function

R(t,s;r —1') = 5;2;?;))) h=0

or(t): value of the spin at site r at time ¢

h:(t): external field acting at site r at time ¢
s = waiting time, ¢ = observation time

autocorrelation: C(¢,s) = C(t, s;0)
autoresponse: R(t,s) = R(t,s;0)

Dynamical scaling behaviour
C(t,s) ~ s~ fo(t/s)
R(t,s) ~ s~ fr(t/s)
(s > Timicror t — 8 >> Tricro)

fe(z), fr(z): scaling functions

For z > 1: fc(aj) ~ x_’\C/z and fR(x) ~ x—)\R/z

(Picone/Henkel '02)



Local scale invariance and ageing

Isotropic scaling behaviour

two-point functions transform covariantly under a
global scaling transformation r — br

G(b r, brg) = b_(x1+$2) G(I‘l, 1'2)
x1, T9: scaling dimensions

Examples: usual (isotropic) equilibrium critical points

Anisotropic scaling behaviour:

dynamical correlation and response functions under a
global scaling transformation r — br

G(bz tl, b r, b tQ, b I’Qk) = b‘<Il+x2) G(tl, I, tQ, I'Q)

Examples:

e ageing in non-equilibrium systems
M.Henkel, M.P., C. Godréche and J.-M. Luck,
Phys. Rev. Lett. 87, 265701 (2001)

e strong anisotropic equilibrium critical points
M.P. and M. Henkel, Phys. Rev. Lett. 87, 125702 (2001)

e critical dynamics

e non-equilibrium phase transitions



Question:

[s it possible to generalize this anisotropic scaling
behaviour with b = const to local scale transformations
b=0b(t,r)?

Well-known cases where this has been done

e 2 = 1: conformal invariance (Polyakov '70)

» 2 = 2: Schrodinger invariance
(Niederer '72, Hagen '72)

Henkel '97, '02:
A generalization to arbitrary values of the dynamical
exponent z # 1 is possible!

Central assumption of the theory of local scale
invariance:

Mobius (special conformal) transformation in the time
direction

_at+f

t—t' = .y with ad -8y =1
Y

— conformal properties of the transformation are in
the time direction

— construction of infinitesimal scaling
transformations b = b(¢, r)



Response function R(¢, s;r — r')

request that the response function transforms
covariantly under the generators

S={Xo, X1,Y_1/z, .-}
of a Lie algebra
Xo: global scale transformation
X1: Mobius transformation
Y_1/,: space translation

For the autoresponse R(f, s) we have automatically that
Y_1,, R =0, the two remaining conditions Xy, R = 0 and
X1 R =0 leading to a system of differential equations

[t +350s+ (1 + () R(t,s) =0
(28 + s 0s +2C1t +2(as] R(t,s) =0

with ¢; = z;/2
Solution: R(t,s) = rg (t/S)Q—Cl (t — S>—Cl—42

Comparison with the expected asymptotic behaviour
R(t,s) ~ s~ fr(t/s) with fg(z) ~z *#* when z > 1
leads to the final expression
R(t, s) = ros 1t glteAr/? (x —1)7'7* with z=1t/s
Phys. Rev. Lett. 87, 265701 (2001)

Central prediction of the theory

autoresponse only depends on the values of the
exponents a and \p/z in case L(t) ~ t'/*
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Prediction for the space-time response:

Phys. Rev. E 68, 065101(R) (2003)
R(t,s;) = R(t,5)® (r/(t - s)"*)
where ®(u) is a known function

special case » = 2:

,
R(t,s;r) = R(t,s) exp (—%t 7; s>

M: non-universal constant

Prediction for mixed responses:

selection rules

R, (t,s;r —r') = 5<('O((t’: )> 0
Rp(t,s;r —1') = (;(}f((; :3; 0

Prediction for the autocorrelation with z = 2:

submitted to Europhys. Lett., cond-mat/0404464

r+1
x_

C(t,s) = apz ¢ (z — 1) ¥ ( ) with z =1t/s

where U(y) is . known



Autoresponse and space-time response

kinetic Ising models with Glauber dynamics:
oi(t +1) = £1 with probability %[1 + tanh (H;(t)/T)

local field: Hz(t) = h; + Z Uj(t)
3(4)
random external field: h; = +h

Two possible scenarios:
e ZFC (zero-field cooling)

t=S t

e TRM (thermoremanent magnetization)

t=s t



Autoresponse function

The thermoremanent magnetization is an integrated
response

Mrry(t,s)/h = /S du R(t,u) =ros™* fu(t/s)

0

with the theoretical prediction
R(t,s) =rgs ' ™® (t/s)”a_’\R/z (t/s —1)~1°

Proposed values for the exponent a
(M. Henkel, M. Paessens and M. P., Europhys. Lett. 62, 664 (2003))

[ (d—2+mn)/z for class L
=1 1/z2 for class S

where 7 is an equilibrium critical exponent
(Ceq(r) - T_(d_2+n))

The proposed value for class . agrees with ALL known
analytical results:

e spherical model with short-range interactions
e spherical model with long-range interactions
e 2d XY -model

e non-equilibrium critical dynamics



J =1
(M. Henkel, M. P., C. Godréche and J.-M. Luck, PRL 87, 265701 (2001))

At T, the autoresponse exponent A\p is related to the
initial-slip exponent of the magnetization ©
(Janssen '92)

)\R:d—Z@
= d=2:a=0.115and Az = 1.59

d=3:a=0.59 and \p = 2.78
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Semi-infinite critical systems
Phys. Rev. Lett. 92, 145701 (2004)
submitted to Phys. Rev. B, cond-mat/0404203
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Other results

[sing model with Kawasaki dynamics, i.e. with

conserved order parameter (Krzakala '04)

0.4

three-dimensional XY -model (Abriet/Karevski '04)
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other response functions:

S

QO‘T(t7 3) - /d’U,Rm-(t,’U;) =
0

6{p(t))
o7(8)

i - o= 5

S

i frnien -8

0

where ¢ is the energy density and 7 is a temperature
field

Prediction from local scale invariance: R,, =0 = R,

2d Ising
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Response of the energy to a temperature fluctuation
a=2(1—-a)/(vz)

2d Ising, a = 0.922, A\g/z =24

0.4 v T v T T T
—_— §=100
— 8=50
o | —— =25 1
R — s=10
w2 i
3 o2t theory |
a
&
- 0.1 F B
(7))
0}
0 S 10 15 20

t/s



HOWEVER:

Field-theoretical calculations yield for the O(/V) model
at two-loops corrections to the prediction of local scale
invariance (Calabrese/Gambassi '02)
(c=2_7’7—1and9:§—§zﬂ——c)

0
Ryvolt, ) = An(t = 9 (£) Fils/t
with
Falv) =1+ &5 2 [£(0) - £0)

Two remarks:

1) The correction term is extremely small for the Ising
model (N = 1)

0> Fg(v) — 1> —0.07¢&*

2) In our work we studied the autoresponse R,—(t, s),
whereas Calabrese and Gambassi studied the long-
wave-limit of the Fourier transform of the space-
time response

3) The simulations are based on a master equation,
whereas Calabrese and Gambassi start from a
Langevin equation. But is is known (Bray '90,
Bray/Derrida '95) for the one-dimensional Ising
model at 7" = 0 that the time-dependent Ginzburg-
Landau equation yields results which differ from the
exact ones



TT Z T
Phys. Rev. Lett. 87, 265701 (2001)

‘ Europhys. Lett. 62, 664 (2003)
Phys. Rev. Lett. 90, 099602 (2003)
Phys. Rev. E 69, 056109 (2004)

Thermoremanent magnetization

Mrru(t,s)/h = /OS du R(t,u) =195 * fu(t/s)
witha=1/2=1/2

More complete scaling form for the thermoremanent
magnetization
(W. Zippold, R. Kiihn, and H. Horner '00)

/S du R(t,u)

0
= ros * fu(t/s)+mr § AR/Z gu(t/s)

MTRM(t, S)/h

This scaling form describes the cross-over between two
power-law regimes governed by the exponents a and
Ar/z, respectively

Example:
2d Ising model with 7" < 7. : a =1/2, Agr/z = 0.63

[f local scale invariance holds, the scaling functions read

A A
fM(CL‘)zx—AR/ZzFl (1+a,—R—a;—£—a+1;x—1)

< <

gu(x) = r~AR/%



Mrry(t,8)/h =195 far(t/s)+m1 g gm(t/s)

Determination of the scaling function f,,(7/s) and
comparison with the theoretical prediction (7" = 0.66 T)




The space—time response
Phys. Rev. E 68, 065101(R) (2003)

R(t,s;r —1') = 0ox(t))

5hr1(8) he=)
Prediction coming from local scale invariance for the
case z = 2
=N
R(t,s;r —r') = R(t, s) exp (J\; (rt 4 )
— S

where R(t, s) is the autoresponse function and M is a
direction-dependent non-universal constant

Scaling form of the temporally integrated response
function: |
r y

t 2 t 2
Mrru(t, s;r) = ros *Fy (g, M—S—) + Tls—)\R/ZG() (g, M—)

S

The scaling functions Fy and G, are again known
explicitly:

il

Rt = / dv exp[—y/2(z — 1+ v)] ha(z, v)
0

Golz,y) =~ @ r/2e v/

with

he(z,v) = fr (1 f v) R



Scaling of the spatially and temporally integrated
response function

/du/ rri1R(t, u;T)

= 1089270 0C)(1/5, 1) + 1 sY27 GOt /5, )

o(t,s; ) /h

where the space integral is along a straight line of length

A= /us

The scaling functions 0%/ (¢/s, ;1) and p®(t/s, 1) are again
known explicitly

2d Ising model and 7" = 0.66 7,
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3d Ising model and 7" = 0.66 T
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Local scale invariance is a true space-time symmetry of
statistical systems undergoing phase ordering kinetics



Autocorrelation with z = 2
submitted to Europhys. Lett., cond-mat/0404464

C(t,s) = Mg fo(t/s)

two-dimensional Ising model
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Conclusions

Ageing phenomena taking place in nonequilibrium
systems far from equilibrium

Here: study of two-time functions
e autoresponse
e spatial-temporal response

e autocorrelation

The dynamical scale invariance realized in
nonequilibrium ageing phenomena can be generalized
towards local scale invariance

—> explicit predictions for the corresponding scaling
functions

Numerical tests in various models (spherical models,
[sing models with non-conserved and conserved order
parameter, three-dimensional XY model, ...) at

T < T. are in complete agreement with the theoretical
predictions

Local scale invariance seems to be a true space-time
symmetry of statistical systems undergoing ageing



