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Introduction

QCD at low energies: non-perturbative

e models
e lattice regularisation & Monte Carlo simulations

e chiral effective field theories (chEFT)
low-energy theories incorporating the constraints from (spontaneously
broken) chiral symmetry



lattice regularisation & Monte Carlo simulations

no free parameters, except for the quark masses

In general, results from lattice simulations must be extrapolated in several
variables before they can be compared with reality:

e lattice spacing a — 0 (continuum limit)
a N\, simulation costs

e box size L — oo (thermodynamic limit)
L A~ simulation costs

e pseudoscalar mass m, — mE™® (“chiral limit")
m, \¢ Simulation costs

chiral effective field theories

(complicated) parametrisation close to certain limits:

e lattice spacing a — 0 (continuum limit)

e box size L — oo (thermodynamic limit)

e pseudoscalar mass m, — 0 (chiral limit)

* k%

Why do chiral effective field theories contain information
about finite size effects?

originally used in the infinite volume for m, — 0



nucleon propagator in the infinite volume:

finite volume with periodic boundary conditions:

—m7’rL

The exchanged particle (pion) travels once, twice, ... around the “world".



Calculations in chiral effective field theory

relativistic SU(2)¢ baryon chiral perturbation theory

pion field U(x) € SU(2) nucleon Dirac field W (x)

effective Lagrangian up to O(p*):

L=LY+LQ+Ly+cLd+c?

Eg\lf) = U (iy, D" — mo) ¥ + %gA \ Yuysul' W
2) _ T c2 T Y Y
LYy = alr(xy)PVv — 1 5 Tr(upu,)(PDTD™ W + h.c.)
mg

+ %Tr(uuu“)\TJ\Il + -

€ —
£y = () T + -+
2
c? = %Tr[(BMUT)(ﬁ“U)—FxUT—I—XTU

u? =U, U, = iuTBMUuT, r,= %[uT, ouul, D, =0, + T,
X+ = uTqu + uXTu, X = 2B diag(m,, mgq), B = —(ch)/f?r

all constants in the chiral limit, isospin breaking will be neglected:
My = Mg = My



nucleon propagator
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infrared regularisation (Becher, Leutwyler) for one-loop integrals

mass formula at O(p*):

3g> -
my = mo — 4clmi -+ [e;(A) -4 JA (1 — 21n m7>] m?

647r2f72rm0 m
39> m2 |7 m2
— 94 mi 1 — —= | — 4+ arctan T
1672 f2 4m2 | 2 V4Am2m?2 — mi

A: renormalisation scale, m?> = 2Bm,



evaluation of the theory in a finite (spatial) volume: integral over the (spatial
components of the) loop momenta replaced by a sum over the discrete set
of momenta allowed by the boundary conditions

2
periodic boundary conditions for box length L: p; = %éi U, €7

example for a one-loop integral in d Euclidean dimensions:

p2 + M2)—’r‘

d

Zp can be rewritten with the help of the Poisson summation formula:

Ldz (») = Z/(2 " H(p)

nezd

example

scalar propagator in the infinite volume:

ddp eip-ac

M NCR TR TE

scalar propagator in a finite volume with periodic boundary conditions:

Gr(z) = ) G(z+nlL)
nezd
1 eip-a: eip-a:
T - — 1p nL—
Lé Zp: p2 + M2 Z/(Qﬂ-)d p2 + M2

n;: number of times the particle (pion) crosses the “boundary” of the box
in the ¢ direction



Poisson summation formula:

1 1an
ﬁZH(p) eZd/(2 2 © H(p)

_ / ddp ip-nL , . B
/(2 ) (p)+zn:/(27r)de H(p) Z.omltn_()

n

= “finite volume - infinite volume” finite and unambiguous (in a large class
of regularisations)

dd 1nL
""" H (p)

1
EZH( (2 )d H(p) =

Fourier transform of H

* k%

— p expansion: m; = O(p), L™' = O(p) = m,.L = O(p")

see: Gasser and Leutwyler, Phys. Lett. B184 (1987) 83
Hasenfratz and Leutwyler, Nucl. Phys. B343 (1990) 241



contribution of graph (a) -—é—s»——e+  to the nucleon mass in
Euclidean notation:

My = D/OOda:/ dp [pz +miz® +m2(1 — x)]_2
0 (27_(_)4 0 s

39124momfr
2f2

spatial box of length L, infinite extent in time direction
— finite size effect of the nucleon mass at O(p°):

with D =

mpy(L) — my(oo) = Ag(L)

0 dps | 1 2 2 2 9 2 —2
:D/o dx/; ﬁzﬁ:<p + py + myx +m7r(1—:c)>

d3p
(27)3

)
(ﬁz + pi + 7713:182 + mi(l — 33)) ]

work out the Fourier integrals:

3g%mom?

167r2f27r/0 dz Z'Ko <L|ﬁ|\/m(2)a:2—|—mfr(1—m)>

—

Ao(L) =



at O(p*) two new coupling constants ¢y and c3
nucleon mass in the infinite volume:

39> 3 gi e
2 A 3 r A
my = mo — 4eym.. — m ei(A\) — — —
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\
only graph (b) —— contributes

finite size effect:

3m? ,
Ab(L) = 47::;;2 Z [(261 — Cg)

Ki(L|#|m.)  Ko(L|R|my)

C
L|#|m., * (L] ma)?

—
n

total finite size effect:

my(L) — my(o0) = Ag(L) + Ap(L) + O(p°)



Liischer’s formula (Cargese 1983)
consider the relative finite size effect
on = (mn(L) — mpy(c0)) /mn(oc0)

leading contribution in terms of the pion-nucleon coupling constant g, and
the pion-proton forward elastic scattering amplitude F,(v)

5Lijscher < ) L 1 mgr
= ex — My —
N 167rmNL ng P 4ms3,
dp
_ ( ) / = —myL+\/1+p ) Frp(imgp)
87rm7r 2
‘I‘ O (e—amﬂL)

decompose Fr,(v) into the pseudovector Born term and a remainder, which
can be expressed with the help of the so-called subthreshold expansion:

L uscher’s formula becomes

; 9 /mg\’ s m2
5Luscher — ( ™ ) 2 ex _mﬂ-L 1 . s
N sr2 \my) TN 2myL T am2,

1 ood exp (—me\/l + p2)
_mﬂL /_Oo p 1—|—4m%\,p2/m72T




Liischer’s formula
sums the chiral expansion for the scattering amplitude, . ..
but takes into account only pions which travel around the lattice
exactly once

for a comparison with our results

e insert the chiral expansion of g,.n, my, d;fo in Luscher’s formula

® restrict the sums over 7 in our formulae to |77| = 1
2 gAmMO 2
mN:mO+O(p) y Y9N — F; +O(p)
™

we get from graph (a)

39> momfr o° .
AL (L) = 1%W2f2 /0 dz Z/KO <L|n|\/m(2):r;2 + m2(1 — x))

—
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one can show:

/ dz K (L\/mg:ﬂ +m2(1 — a:))
0 o0
— / dz K (L\/m3x2 + m?2(1 — a:))
oo .
— / dz K (L\/mng + m2(1 — a:))

s m2
= exp | —mqL[1 — —=
moL ( 4m(2)>

1 /oo exp (—me\/TpZ>

dp
myL J_ 1 + 4m3 p%/m2

1 ood exp (—me\/l + p2>
_me /_oo p 1 + 4m3 p?/m?2

to be compared with

. 9 mo 2 s m
5Luscher — m 2 ex —mﬂL 1 —
N 872 <mN) gﬂN{2mNL P 4m?\,




What about the contribution from graph (b)? o

- —
chiral perturbation theory:
+ 2m; 3
dog = — f2 (2¢1 — ¢3) + O(my)
2
d;ro = f202 + O(my)

With the help of these equations we get

_i my Z de—l—( 1) / g eXp me /1 _I_p2) p2k:

47rm0L
9 m4 Ki(m.L) Ky(mqL)
5. 29 (2¢1 — ¢3) T c 2 )
Y f2mg m,. L (m.L)

in agreement with our formula for A,

|7i| = 1 contributions of our finite size formula in Liischer’s form

Sy = 2 ( M ) S L1
= exp | —m, —
N 16mmyL \mpy InN CXP 4m?,

3 my 2 oo g
— ( ) / °p exp <—m7TL 1+ p ) Frp(imgp)
oo 2T
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277



Monte Carlo data

N = 2 dynamical quarks

comparison with chEFT: continuum results needed
how to set the scale? — rg = 0.5fm

(preferable) alternative: consider dimensionless ratios like my/ fr

UKQCD + QCDSF

JLQCD

CP-PACS

gauge field action
standard Wilson
standard Wilson

fermion action
non-pert. improved clover
non-pert. improved clover

reliable?

RG improved mean field improved clover
Coll. I5] Ksea volume
1 QCDSF 520 0.1342 16° x 32
2 UKQCD 520 0.1350 16° x 32
3 UKQCD 520 0.1355 16° x 32
4 UKQCD 5.20 0.13565 16° x 32
5 UKQCD 520 0.1358 16° x 32
6 QCDSF 525 0.1346 16° x 32
7 UKQCD 525 0.1352 16° x 32
8 QCDSF 525 0.13575 24°% x 48
9 UKQCD 526 0.1345 16° x 32
10 UKQCD 529 0.1340 16° x 32
11 QCDSF 529 0.1350 16° x 32
12 QCDSF 529 0.1355 12° x 32
13 QCDSF 529 0.1355 16° x 32
14 QCDSF 529 0.1355 24°% x 48




Coll. I} Ksea volume
15 CP-PACS 195 0.1410 16° x 32
16 CP-PACS 195 0.1400 16° x 32
17 CP-PACS 195 0.1390 16° x 32
18 CP-PACS 195 0.1375 16° x 32
19 CP-PACS 210 0.1382 243 x 48
20 CP-PACS 210 0.1374 243 x 48
21 CP-PACS 210 0.1367 243 x 48
22 CP-PACS 2.10 0.1357 243 x 48
23  CP-PACS 220 0.1368 24° x 48
24 CP-PACS 220 0.1363 243 x 48
25 CP-PACS 220 0.1358 243 x 48
26 CP-PACS 220 0.1351 243 x 48
27 JLQCD 520 0.1340 12° x 48
28 JLQCD 5.20 0.1343 12° x 48
29 JLQCD 520 0.1346 12° x 48
30 JLQCD 520 0.1350 12° x 48
31 JLQCD 520 0.1355 12° x 48
32  JLQCD 520 0.1340 16° x 48
33  JLQCD 520 0.1343 16> x 48
34 JLQCD 520 0.1346 16° x 48
35 JLQCD 520 0.1350 16° x 48
36 JLQCD 520 0.1355 16° x 48
37 JLQCD 520 0.1340 20° x 48
38  JLQCD 520 0.1343 20° x 48
39 JLQCD 520 0.1346 20° x 48
40 JLQCD 520 0.1350 20° x 48
41 JLQCD 520 0.1355 20° x 48




Comparison with chiral perturbation theory

consider ten data points with a < 0.15fm, m,L > 5, m, < 800 MeV
(“infinite” volume)

3g2 3 g2 C9
2 A 3 r A

my = mo — 4dcym.. — + A) — R
N 0 1007 T m [el( ) 6472 f2 (

32 fg T o ™mo 2
3 9124 my 4
— — 8¢ c 4es | In— | m

32722 (mo 1+ C2 + 3) 3 ] m
+ 39‘24 m> + O(mG)
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fix: ga fr Ca C3
1.267 92.4MeV 3.2GeV ! —3.4Gev!

— 4.7 GeV !

fit:  my c1 el (A = 1GeV)



UKQCD-QCDSF
O CP-PACS
O JLQCD

1.2

1.0

0.8 | | | | | | | | | | | | | | |
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

m, [GeV’]

chEFT applicable at m, &~ 750 MeV ?

force the fit curve through the physical point by adapting mg and restrict
the fit to the four smallest masses — Fit 3, 4

results for ¢; consistent with phenomenological determinations

c3 [GeVT']  mg [GeV] c1 [GeVT'] e [GeV 7] X

Fit 1 —3.4 0.89(6) —0.93(5) 2.8(4) 12.18
Fit 2 —4.7 0.76(6)  —1.25(5) 1.7(5) 11.85
Fit 3 —3.4 0.88(-)  —0.93(4) 3.0(6) 0.29

Fit 4 —4.7 0.87(-)  —1.11(4) 3.2(6) 0.39




20
parameters from Fit 1 — evaluate the finite size corrections

Q

(L) = ma(00) + Ba(L)+A0(L)

p

= 9

my(o00): mpy(L) on the largest lattice agrees with the Monte Carlo value
My take the value from the largest lattice

2.2 . -

20 —

1.8 —

m, = 545 MeV

my [GeV]

1.2 - -

0.0 0.5 1.0 1.5 2.0 2.5
L [fm]



0.8

0.0

0.5

L [fm]

2.2

20 —

1.8 —

1.2 -

1.0 =

0.8

0.0

0.5

L [fm]

21

my, = 717 MeV

my = 732 MeV
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Side remarks

Pions which travel around the lattice more than once (|72| > 1) contribute
sizably:

2.2 T T

20 —

1.8 —

my [GeV]

1.2 — —

0.0 0.5 1.0 1.5 2.0 2.5
L [fm]

m, = 545 MeV



What happens at smaller pion masses?

0.2

0.15

0.1

« 0.05

0.0

-0.05

0.2

0.15

0.1

«< 0.05

0.0

-0.05

2.5

3.0 3.5 4.0
L [fm]

relative finite size effect 6

4.5

23

m, = 140 MeV

my = 250 MeV
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Consider the ratio

/ dz Z’Ko <L|fi|\/m(2)a:2 + m2(1 — a:))
1

/ dz Z’KO (L|ﬁ|\/m(2):c2 + m2(1 — x))
0 7

fraction of A, (L) which the infrared regularisation treats as a short-distance
contribution (beyond the reach of chiral perturbation theory)

0.2 T T T T T

0.15 —

0.1 —

0.05

0.0
0.0

L [fm]

m, = 545 MeV, mg = 880 MeV



Comparison with quenched data

quenched data from JLQCD and QCDSF on reasonably fine (a < 0.1 fm)
and reasonably large (m L > 4.5) lattices for m, < 800 MeV compared
with the curve from Fit 1

0.0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8
2 2
m_ [GeV']



fit with the unquenched formula

0.0 0.1 0.2 0.3 0.4
2 2
m. [GeV’]

0.5 0.6 0.7 0.8

c3 = —3.4 GeV ™!

data mo [GeV] 1 [GeVT'] e [GeV 7] X
unquenched  0.89(6) —0.93(5) 2.8(4) 12.18
quenched  0.78(11)  —1.11(8)  1.4(6) 19.56
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quenched masses from JLQCD <+ unquenched finite size formula

my [GeV]

my [GCV]

2.2

20 —

1.8 —

1.2 -

0.8

- my = 739 MeV

0.0

2.2

20 —

1.8 —

1.4

1.2 -

1.0 =

0.8

my, = 486 MeV

0.0

0.5

1.0 1.5 2.0 2.5
L [fm]

parameters from Fit 1 to the unquenched masses
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Summary and outlook

chEFT in a finite volume — expansion in powers of m, and L™ with
coefficients depending on m.. L

formalism applied to the nucleon mass
using relativistic SU(2)¢ baryon chiral perturbation theory up to O(p*)

Ny = 2 Monte Carlo data for my, scale set with 79 = 0.5 fm
may be problematic

— large volume data (at not too large pion masses) well described with
phenomenologically reasonable values of the coupling constants
no free parameters left in the volume dependence

— finite size effects reproduced by the O(p*) formulae

finite size effects in the quenched approximation considerably smaller at
a given pion mass

pion cloud reduced by quenching

For the future:

— avoid the scale problem by considering ratios such as my/ fr

— smaller quark masses (and lattice spacings) in the simulations
— include the volume dependence of m in the analysis



