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Outline

e \SB Patterns and Symmetry Classes

e Effective Theory: 0-mode YPT + u

e Complex Random Matrix Models for gp =2 & 4



Motivation

temp.

- i+ chem. potential

e QCD Lattice simulations at ;1 # 0, 1T =~ 0 remain difficult
— different theory SU(2) fund. / adj. (or: quenching)

e alternative Matrix Model approach (or xPT): Symmetry!

— analytically solvable

— descibe detailed flavour (N, 17/), topology (v),
- - (AV)
chemical potential dependence g’

— compare to Lattice simulations

e patterns of complex Dirac eigenvalue distribution very
different !



Chiral Symmetry Breaking in QCD

Zocp = [[dA dg) exp[— 1 q(D + M)q + piGyog — S TrF?]

helicity basis g,z = 5(1 £ 75)g

chiral symmetry (global):

q. — Uiqr
Ur1 € SU(]Vf)

gr — Unrgr

breaking

e g\ q = m(qrqr + qrgr) explicit
e (Gq) = (grqr + qrgr) # 0 spontaneous

SUL(Ny) x SUR(N;) — SU(Ny)

3 2 other xSB patterns (. — 0):
SU(N, = 2) fund.: SU(2Np) — Sp(Ny)
SU(N. > 2) adj.: SU(Nr) = SO(Ny)



ySB patterns & symmetry classes (© = 0)

gauge group and representation  xSB patterns

SU(N, > 3), fundamental: SU(Ny) x SU(Ny)
O Z‘@ Y T ’Y )
P = (z'd)T 0 ) complex — SU(Ny)
SU(N., = 2), fundamental: SU(2Ny) — Sp(2Ny)

0o @
I = (_cpT 0) real
from [Coy K, P] =0

SU(N.), adjoint: SU(N;) — SO(Ny)

P = . real quatern.
—®T 0

from [CK, D] =0

e lattice staggered fermions: exchange fp =1 +— 4

MM

Bp =2

chGUE

Bp =4

chGSE

BD = gk



Comparison with QCD lattice data
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Symmetry classes of complex Matrix Models

0 iP+ i
Zum = Jd® det exp[—N 'IY(D*(D]
idt + 4 0

with ® complex (real, symplectic)
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SU(2) fund. .  SU(N, 2 3) fund. SU(N,) adj.

e Aim: analytic calculation of zoomed spectraa.tzeto
& comparison to lattice data

17



1
14
o

2) Symmetry classes of Dirac spectra with ; # 0

Lattice data:
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Limit QCD — yPT — MM

Zqcp Z.pr — Z,
QA {(gqq) #0 pions 7(r) |V|<oo SU(Ny) integral
“Goldstone” (O-mode S Zum

approx. 1/A K VYt & 1/m,

unphysical finite Volume IR limit = analytic solution



xPT to leading order

Z.pr = [[dS(z)] exp[— S TrLss (X, 0%)]

Los1(8,05) = Ro5(z)on(z)! — Hag) M (S(z) + 2(@)) + ...

parametrize
Y =U € SU(Ny) for fp =2

—1

- 0 T _
E—U(l 0 )U for Bp =1

Z:U((l) é)U’f’forﬂ,):q.



YPT + u: global — local symmetry

e 3 YPT + u for quenched QCD & Bp = 1,4

e local symmetry on fermion action (su(z))

L,=qbhq — pg'Bq, B = ( + _01 ) baryon charge
Bp = 1,4 (similar for By p at fp = 2)

g — Uqand B, — UB,UT — %U@,,UT

= local symmetry on Goldstone action

8,2 — D,Y =09,% — u(B.EX+XB,) B,=(B,0)

e zeromode term

2 e
Serp(S0) = =22V BTEIB — YHag)V M (S0 + %)

e fixes all coupling constants & scaling:
p?V o and VM
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Matrix Model(s) for QCD + p #0

E my 9@+ p
Zyy = 1d® 11,7 det exp[—N Tr &1®]
| i |+ ,u‘Y*';n,f -PY..;Y

(i) no eigenvalue representation, difficult

(ii) complex ) + uy, eigenvalue model (8p = 2,4)

T2

; Ny . 12— T Re(22
- “—[;_v dzzj|zj|2u+1nf./ (232-+"mj) exp _NIzJ| l_g e(23) IA(22)[?

p? ~ (1—1% non-Hermiticity parameter

e no flavor—topology duality

e action has a sign problem, but Z remains real
(447) two-matrix model with blocks i® + ;W : 3 eigenvalue rep.

* all 3 models agree for small py: 1> Y2 /N | Zmin|?
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A typical I spectrum on the lattice (x=0)

p(A)
gee) [~V
v
A
scaling: correlations at 0 important = zoom
microscopic limit AWigg) = X const. for V.— 00, A = 0
# free scaling A ~ 1/L
n
4 3
p(A) = const. = (fAx)/l on interval [0,]] ro—es—oot>
. 4

= spacing =[/(f\x) = 7/V(Gq) between )\

o remains true at weak new- uc.rm.‘éico‘z‘.y /sz'v”



A typical complex I} spectrum on the lattice: p # 0
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Universality on C ?

o ZN=KFL ) e ~ (Il det (D — my) TF det(DT — m]))y ~ det(Ly, Kn)

= all fermion. part. funct. universal V w(z) (N < 00)

Zw = Z(ii) = Z(ii), also computed = Z(;) / (without OP)

e universal correlation functions ?

* example weak limit: £ = Nz

_(emg?
() p(€) ~|z| e o [} dte | J,(EVE)]?

RE(£2)
(id)  p(&) ~ |2]2K, (1) e w? i} dte="|J,(EV/)]?

Toda lattice: ~ |z|2ZNr=—2 ZNf=+2

— bosonic part. funct. differ !

conjecture: Z'/~ “prp ~ w(z), universal for same limiting w(z)

* similar at strong non-Hermiticity ( = zv/ N:

(@) Q) ~ IC] exp[~ L)
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Quenched QCD

Real versus complex Matrix Model correlations

1

1 5 10 15 x
e real density with Ny =0=»

e complex: weakly (left) and strongly non-Hermitian (right)
density with Ny = 0 = v; parameters o = 0.19 (left),
7 = 0.95 (right)

G.A., PRL 89 (2002) 072002



MM for SU(N.) adj. / SU(2) fund. staggered + p

s

Zyum = fnj-v dzzjlzjﬁl/H n,’ |22 4 m| w(zj)J({zi}, {zi})

e cigenvalue or symplectic two-matrix model:
Jacobian repels eigenvalues from Re and Im-axis

I({zi}, {zi}) =15 |2k — 27 P12k — 2°1° ey |20, — 2071

e cigenvalues in complex conjugate pairs: det(P + you + M) € R

= massless flavor — topology duality holds: N/ + 2v

e solution: skew orthogonal Laguerre polynomials € C :
(f,9) = 1d°2(2* — 2**)w(2)[f(2)g(z") — f(2")g(2)] scalar prod.

<CI21<,~+17 Q2z> ~ 0 and <Q2k-+1,CI21+1> = <QQl>CI2k> = {)

Nz? k  2j Nz?
Q2k+1(2) ~ L4 <7) and g (2) ~ Tj_g 77 ¢; Ly; ( )

27
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Real versus complex correlations for 3p = 4

pum(X = NA)

0.05

1 2 3 4 5 s X
e real density with V,

pum(X = Nz) pum(X = Nz)

e complex: weakly non-Hermitian

density with N; = » = 0 (left) and N; = 1, »» = 0 (right), o ~ 0.4
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i

e strong non-Herm
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Conclusions

e 1 a variety of new Matrix Model predictions for

complex Dirac spectra:

e MM for quenched QC1) from lattice & xPT 4/

comparison to unquenched 7

e 3p =4 MM for SU(N,) adj. (or SU(2) fund. staggered) +/
— Lattice

e 3p =1 for SU(Q) fund. (or SU(NV,) adj. staggered)
challenging for MM — not for Lattice
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