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The Baxter-Wu Model



The Spin-1∕2 Baxter-Wu Model

2D triangular lattice.
Three-spin interactions.
Three sublattices A, B, C.
No plane reflection symmetry.
4-fold degenerate GS.

𝑚 =
√

(𝑚2
A + 𝑚2

B + 𝑚2
C)∕3.

4-state Potts universality.
𝛼 = 2∕3, 𝜈 = 2∕3, 𝛾 = 7∕6,
𝜂 = 1∕4,† 𝜔 = 2.‡

𝐻 = −𝐽
∑

⟨𝑖𝑗𝑘⟩
𝜎𝑖𝜎𝑗𝜎𝑘

†R. J. Baxter and F. Y. Wu, Phys. Rev. Lett. 31,
1294 (1973); Aust. J. Phys. 27, 357 (1974); R. J. Baxter,
ibid. 27, 369 (1974).

‡F. C. Alcaraz and J. C. Xavier, J. Phys. A 30,
L203 (1997); A 32, 2041 (1999).
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The Spin-1 Baxter-Wu Model in a Crystal Field

𝐻 = −𝐽
∑

⟨𝑖𝑗𝑘⟩
𝜎𝑖𝜎𝑗𝜎𝑘

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝐸𝐽

+Δ
𝑁
∑

𝑖=1
𝜎2
𝑖

⏟⏟⏟
𝐸Δ

𝜎 ∈ {−1, 0,+1}.
Anisotropy term (dilution).
Δ → density of 𝜎 = 0.
1st, 2nd order & multicriticality.
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Simulation Methods



Cluster Algorithm for spin-1∕2
𝐸 = −𝐽

∑

⟨𝑖𝑗𝑘⟩
𝜎𝑖𝜎𝑗𝜎𝑘 M.A. Novotny & H.G. Evertz (1993):

“Freeze” a sublattice.
Grow cluster on 2 sublattices.
3rd sublattice → effective interactions.
𝐽 ′ ∈ {−2, 0,+2}.
A cluster has either ferro- or
antiferro-magnetic bonds, only.
No frustration.

𝐽 ′ = 𝐽 (𝜎1 + 𝜎2)

𝜎1

𝜎2

+1

+1
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Hybrid Algorithm for spin-1

𝐸 = −𝐽
∑

⟨𝑖𝑗𝑘⟩
𝜎𝑖𝜎𝑗𝜎𝑘+Δ

∑

𝑖
𝜎2
𝑖

Cluster ignores zeros.
⊕ single-spin-flip algorithm.
One SW one sweep HB.
𝐽 ′ ∈ {−2,−1, 0,+1,+2}.
A cluster can have mixed interactions.

0

+1

-1
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Does it work?
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Autocorrelation Time



Integrated Autocorrelation Time

𝐼(𝑡) = 1
2
+

𝑡
∑

𝑘=1

𝐴(𝑘)
𝐴(0)

,

𝐴(𝑡) =
⟨

𝑥1𝑥1+𝑡
⟩

−⟨𝑥1⟩
⟨

𝑥1+𝑡
⟩

,

𝜏int = 𝐼(𝑘max) | 𝑘max > 6𝜏int ,

𝜏int = 𝑎𝐿𝑧(1 + 𝑐𝐿−𝜔).
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†Martin Hasenbusch et al J. Stat. Mech. (2007) P11009.
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Dynamical Critical Exponent 𝑧



Spin-1∕2 Baxter-Wu Model
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Swendsen-Wang cluster Metropolis
∼ 𝐿𝑧 𝑎𝐿𝑧(1 + 𝑐∕𝐿2) ∼ 𝐿𝑧 𝑎𝐿𝑧(1 + 𝑐∕𝐿2)

𝜏int 𝜏2 𝜏int 𝜏2 𝜏int 𝜏int
1.164(7) 1.141(4) 1.143(14) 1.142(6) 2.158(28) 2.179(42)

Novotny & Evertz: 𝑧 = 1.37(10)
Velonakis & Martinos: 𝑧 = 1.272(3) [Physica A 390 (2011) 24–30]
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Spin-1 Baxter-Wu Model
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Discussion



Discussion

Baxter-Wu:
spin-1∕2 (SW cluster).
spin-1 in a crystal field
(hybrid).

Novotny & Evertz cluster.
Dynamical critical exponent 𝑧.
𝑧 increases with Δ. Why?
Is the hybrid useful near 𝑚.𝑐.
point?
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Thank You!
Questions?
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