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Fractional Brownian Motion

M Gaussian process s(t) with correlation
(s(tr)s(t2)) ~ &7+ 8" — |t — 1?1
M H: Hurst exponent: H = 1/2: Brownian motion,

H > 1/2: correlation, H < 1/2: anticorrelation
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M Efficient generation: Fourier transformation of desired
correlation, multipl. with Gaussian random numbers X,
back transformation: increments A; — walk s(f) = >, _; A;
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Area under walk

M Walks s(t) start at distance L
M First passage to s = 0, A: area under curve
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M Wanted: distribution P(A) even for very small probabilities
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Large-deviation Approach

M Basic idea: Markov chain of |
Random vector instances
%O ¥ 5 %@ 5 h M p\
X" calc. area — A(x(") : ' :
step: change fraction of x(/) Lo ] [aotetn | [ a2 |

(1) ‘ ‘ x(+1) ‘ ‘ x(1+2) ‘

accept with min{1, et44/} [AKH, PRE 2002; PRE 2014]
M Simulation at different©@ ‘ ‘ :

(using (MC)*/PT) 008

Example for general * s e

“Score” S (e,., S=A) =, e

equilibration: C ot s

start with ground state/ 5 b 2:0.98

with random state

. possib|e: Wang-Landau % 5000 10000 15000 20000

t
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Distribution of Scores

B Rawresult —

(simple «» © = oo) L e = ~caanaty
at low ©: o il Te
high scores prefered g ,

MW MC moves: X — X/ o @0
change one “element” o | e
probability = f;
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S

Pr(acceptance) = min{1, %} = min{1, e25/9}

W - equilibrium distribution Qg(X) = P(X )eS )/©/7(©)
with P(X) = I1; £, Z(©) = > P(x)e5%)/®
= po(S) = Ly sx)=s Qo(X) = “FF Y sm=s P(¥)
=  p(S)=pe(S)Z(9)e _S/@ [AKH, PRE 2001]
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Match Distributions

[ P(S) = pe(S)Z(©) exp(~S5/0) |

rescaling with exp(—S/0©) Z(©) by “matching”
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S
agrees with large statistics simple sampling
agrees with (for some examples) known exact results
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Exact result known for standard RW case (H = 1/2)
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simulation © 7

[M.J. Kearney & S.N. Majumdar (2005)] & 'O}
[S.N. Majumdar & B. Meerson (2020)]
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— perfect agreement 100 100 102 103 10* 10° 16° 107
A

[AKH & B. Meerson, arXiv: 2310.14003]
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Dz A
[1+5

general H: scaling form P(A) = by
Opy(z — o0) ~ 2 i

(DH(Z — O) ~ exp [—UHZ_ZH]
[AKH & B. Meerson, arXiv: 2310.14003]
1

[B. Meerson & G. Oshanin, PRE (2022)]
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Corresponding results and good agreement also for H = 1/4
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How do the rare paths look like?

left tail of P(A)

right tail of P(A)
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only “optimal” paths

t

many different paths
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Fractional Brownian motion
First-passage area

Markov chain approach:
evolve vector of random numbers

Good agreement theory/simulation for P(A)

Left tail: optimal paths
right tail: many paths
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