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Plan of talk

Invisible states

Getting a first order transition where symmetry suggests
second

Thin graphs

Mean field theory by using r-regular (“thin”) random graphs
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Order of transition
Order of transition - dimension, symmetry

Hq = −
∑
〈ij〉

δσi,σj

Two dimensions ferromagnetic, q = 2, 3, 4 continuous
•

Mean field, q = 2 continuous
•

R. Tamura, S. Tanaka and N. Kawashima - some
observations didn’t fit paradigm

•

H = λJ1
∑

〈i,j〉axis 1

si · sj + J1
∑

〈i,j〉axis 2,3

si · sj + J3
∑
〈〈i,j〉〉

si · sj ,
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Tinkering...

Tinkering usually softens phase transitions

Fisher renormalization

α→ − α

1− α

Effects of disorder, Harris criterion etc

Spin models on planar random graphs - KPZ
Ising:

α = 0→ α = −1
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Invisible States

Introduce states which contribute to entropy but not
(internal) energy

Still contribute to free energy

Do this for Potts model, see what happens to symmetry↔
order
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Invisible States

Entropy, but no energy

H(q,r) = −
∑
〈i,j〉

δsi,sj

q∑
α=1

δsi,αδsj ,α, si = 1, · · · , q, q + 1, · · · , q + r,

Rewrite

H′(q,r) = −
∑
〈i,j〉

δσi,σj

q∑
α=1

δσi,αδσj ,α − T ln r
∑
i

δσi,0, σi = 0, 1, · · · , q,
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Resulting Phase Diagram

Two dimensions (Monte-Carlo) (3, 27) near PT
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Analytic Observations

(2, r) Potts is equivalent to BEG model

HBEG = −1

2

∑
〈i,j〉

titj −
1

2

∑
〈i,j〉

t2i t
2
j − µ

∑
i

(
1− t2i

)
,

ti = +1, 0, −1

if we take
µ = T ln r

H′(q,r) = −
∑
〈i,j〉

δσi,σj

q∑
α=1

δσi,αδσj ,α − T ln r
∑
i

δσi,0, σi = 0, 1, · · · , q,
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Phase Diagram

HBEG = −1

2

∑
〈i,j〉

titj −
1

2

∑
〈i,j〉

t2i t
2
j − µ

∑
i

(
1− t2i

)
.

invisibility relation....
µ = T ln r

T

(b)

(a)

µ

2nd order for (2,1), (2,2), and (2,3)-state Potts model
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Universality

Critical r value depends on an external field

Suggests this is not universal

Investigate using mean field
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Mean field theory using “Thin” Graphs

A not very big 3-regular
graph

Individual cubic vertex
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Counting r-regular random graphs

Nn =
1

2πi

∮
dλ

λ2n+1

∫ ∞
−∞

dφ√
2π

exp

(
−1

2
φ2 +

λ

6
φ3
)

Nn =

(
1

6

)2n (6n− 1)!!

(2n)!
.
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Decorated Thin Graphs - spin models

Zn =
∑
Gn

∑
{σ}

exp

β∑
〈ij〉

δσi,σj


Zn ×Nn =

∮
dλ

λ2n+1

∫
dφi exp (−Sq)

Sq =
1

2

q∑
i=1

φ2i − c
∑
i<j

φiφj −
λ

3

q∑
i=1

φ3i , c =
1

exp(2β) + q − 2

Scale out λ: φi → φi/λ, saddle point in φi

∂S

∂φi
= 0
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BEG on Thin Graphs

Hamiltonian

HBEG = −1

2

∑
〈i,j〉

titj −
1

2

∑
〈i,j〉

t2i t
2
j − µ

∑
i

(
1− t2i

)
.

Action

SBEG =
1

2
(φ21 + φ22 + φ23)− a(φ1φ3 + φ2φ3)

− 1

3
(φ31 + φ32 + ∆φ33)
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BEG on Thin Graphs

Dictionary

exp(−β) =
a2

1− a2
a3 exp(βµ) = ∆ .

a =

√
1

eβ + 1

0 < a < 1/
√

2
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Now Solve...

∂SBEG

∂φ1
= φ1 − aφ3 − φ21 = 0

∂SBEG

∂φ2
= φ2 − aφ3 − φ22 = 0

∂SBEG

∂φ3
= φ3 − a(φ1 + φ2)−∆φ23 = 0

M =
φ31 − φ32

φ31 + φ32 + ∆φ33
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Magnetization

Msp = ±

√
∆(∆− 2a± 2a

√
1− 4∆a)(2∆− a± a

√
1− 4∆a)

2∆2 − 6∆a± 4∆a
√

1− 4∆a+ 1∓
√

1− 4∆a

a = 0.1 (Low T ) a = 0.38 (Higher T )
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Phase Diagram

HBEG = −1

2

∑
〈i,j〉

titj −
1

2

∑
〈i,j〉

t2i t
2
j − µ

∑
i

(
1− t2i

)
.

invisibility relation....

µ = T ln r , a3r = ∆

T

(b)

(a)

µ
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Translation

0 < a < at = 1/
√

8 First order

1/
√

8 < a < 1/2 Second order

1/2 < a < 1/
√

2 No transition

∆ = a3r, so r = 16

In fact (Izmailyan) with z neighbours

rc(z) =
4z

3(z − 1)

(
z − 1

z − 2

)z
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Conclusions
It is straightforward to obtain the mean-field BEG phase
diagram on “thin” (i.e. r-regular) random graphs and the
Bethe lattice

On 3-regular random graphs you need r = 17 invisible
states to make the (2, r) state Potts model transition first
order

On z-regular random graphs you need

rc(z) =
4z

3(z − 1)

(
z − 1

z − 2

)z

On planar 4-regular random graphs you need 223 (!)
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