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one-dimensional interfaces, namely a5 1/2 and b5 1/3, regardless
of the cluster shape. This is crosschecked in the insets of Fig.2ab,
where we plot w9; w(l, t)t2b against l9; lt-1/z using the KPZ expo-
nents and confirm that the data in the main panels collapse onto a
single curvew95 F(l9) in agreement with equation (1). Therefore, we
conclude that the DSM2 interface growth belongs to the KPZ class,
demonstrating the robustness of the KPZ universality.
Now we investigate the detailed form of the scale-invariant fluc-

tuations. The Family-Vicsek scaling suggests that the height h is
composed of a deterministic linear growth term and a stochastic
t1/3 term:

h^v?tz(Ct)1=3x, ð2Þ

with two parameters v‘, C and the random amplitude x which cap-
tures the fluctuations of the growing interace.Wemeasure the values
of the two parameters v‘ and C from the experimental data

(Supplementary Note 1) and make histograms of the rescaled height
x5 (h2 v‘t)/(Ct)1/3 in Fig.3a. The result shows, surprisingly, clearly
distinct distributions for the circular and flat interfaces (solid and
open symbols), each of them not centred nor symmetric. To confirm
we measure the second to fourth order cumulants of the height h,
defined as Æh2æc; Ædh2æ, Æh3æc; Ædh3æ and Æh4æc; Ædh4æ2 3Ædh2æ2 with
dh ; h 2 Æhæ, and plot the skewness h3h ic= h2h i3=2c and the kurtosis
h4h ic= h2h i2c in Fig.3b. Indeed, they have asymptotic values signifi-
cantly different from zero unlike the Gaussian distribution, and dis-
tinct between the circular and flat interfaces.
In fact our experimental data in Fig.3a trace very precisely, without

fitting, well-known distributions from a completely different context,
namely the Tracy-Widom (TW) distributions of random matrix
theory22. There are a few variants of the TW distributions. The data
for the circular interfaces agree with the GUE TW distribution23,
which governs the largest eigenvalue distribution of complex

Figure 3 | Universal fluctuations. a, Histogram of the rescaled local height x; (h2 v‘t)/(Ct)
1/3. The blue and red solid symbols show the histograms for

the circular interfaces at t5 10 s and 30 s; the light blue and purple open symbols are for the flat interfaces at t5 20 s and 60 s, respectively. The dashed
and dotted curves show the GUE and GOE TW distributions, respectively. Note that for the GOE TW distribution x is multiplied by 222/3 in view of
the theoretical prediction31. b, The skewness (circle) and the kurtosis (cross) of the distribution of the interface fluctuations for the circular (blue) and flat
(red) interfaces. The dashed and dotted lines indicate the values of the skewness and the kurtosis of theGUE andGOETWdistributions31. c, d, Differences
in the cumulants between the experimental data Æxnæc and the corresponding TW distributions xnGUE

! "
c for the ciruclar interfaces (c) and xnGOE

! "
c

for the flat interfaces (d). The insets show the same data for n 5 1 in logarithmic scales. The dashed lines are guides for the eyes with the slope 21/3.
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Figure 1. Two line configurations at different times, e.g. x(z, tw) and x(z, tw + ∆t),

showing the relevant displacements defining the mean-squared-displacement of the line

segments, B, the roughness, w2, and the mean-squared-displacement of the center of

mass, D.

to a size dependent value.

Here we compute, analytically, the averaged two-times roughness and we relate

it to the displacement field, which was the main focus of previous studies of the

dynamics of elastic manifolds in random environments [8, 10, 16], and the center of

mass evolution of the interface (see the sketch in Fig. 1). The quadratic character of

the model allows us to control the crossover to equilibration and saturation of finite

lines. We next deduce several other correlators that are of interest in glassy dynamics.

In particular, we analyze the incoherent scattering function and compare it to light

scattering measurements in clay colloidal suspensions [17]. We interpret our results

in terms of a two-times correlation length that we evaluate and confront to the one

measured in other aging glassy systems [18, 19]. We also study linear responses and

their relation to the companion correlations. We discuss in detail the special features of

these two-times observables linked to the multiplicative – diffusive – scaling form.

Finally, we focus on thermally induced fluctuations. Recently, the importance of

studying fluctuations – and not only averaged quantities – in dynamic phenomena was

stressed in several contexts. Rácz proposed to use scaling functions characterizing the

fluctuations of global observables in non-equilibrium steady states to classify systems in

‘universality classes’ dictated by symmetries and dynamic mechanisms [20]. In aging

glassy systems the study of fluctuations seems to be fundamental to understand the

mechanism for the dramatic slowing down and non-equilibrium relaxation. Chamon

et al [21, 22] proposed a symmetry based sigma-model like theory for fluctuations in

conventional glassy systems. For a number of reasons this theory is not expected

to apply, without modification, to interface dynamics. In more technical terms, the

averaged interface dynamics is characterized by a multiplicative aging scaling that should

result in the need to modify the approach in [21] to take this feature into account.

We thus wish to confront the fluctuations of conventional glassy systems to those of

interface models searching for similarities and differences. With this purpose we derive

Brownian interface
∂h(x,t)
∂t = F + η(x , t)

Gaussian white noise 〈η(x , t)η(x ′, t′)〉 = 2Tδ(x − x ′)δ(t − t′)

Solution → h(x, t) = Ft +
∫

dt1η(x, t1)
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to a size dependent value.

Here we compute, analytically, the averaged two-times roughness and we relate

it to the displacement field, which was the main focus of previous studies of the

dynamics of elastic manifolds in random environments [8, 10, 16], and the center of

mass evolution of the interface (see the sketch in Fig. 1). The quadratic character of

the model allows us to control the crossover to equilibration and saturation of finite

lines. We next deduce several other correlators that are of interest in glassy dynamics.

In particular, we analyze the incoherent scattering function and compare it to light

scattering measurements in clay colloidal suspensions [17]. We interpret our results

in terms of a two-times correlation length that we evaluate and confront to the one

measured in other aging glassy systems [18, 19]. We also study linear responses and

their relation to the companion correlations. We discuss in detail the special features of

these two-times observables linked to the multiplicative – diffusive – scaling form.

Finally, we focus on thermally induced fluctuations. Recently, the importance of

studying fluctuations – and not only averaged quantities – in dynamic phenomena was

stressed in several contexts. Rácz proposed to use scaling functions characterizing the

fluctuations of global observables in non-equilibrium steady states to classify systems in

‘universality classes’ dictated by symmetries and dynamic mechanisms [20]. In aging

glassy systems the study of fluctuations seems to be fundamental to understand the

mechanism for the dramatic slowing down and non-equilibrium relaxation. Chamon

et al [21, 22] proposed a symmetry based sigma-model like theory for fluctuations in

conventional glassy systems. For a number of reasons this theory is not expected

to apply, without modification, to interface dynamics. In more technical terms, the

averaged interface dynamics is characterized by a multiplicative aging scaling that should

result in the need to modify the approach in [21] to take this feature into account.
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Interface growth process

Fluctuations and the Family-Vicsek scaling 991)

width of the interface→ w(t, x) :=
〈

[h(t, x)− 〈h(t, x)〉]2
〉1/2

(2)

wL(t) = w(t, x) = tβ f
(
Lt−1/z

)
, f (u) ∼

{
uα if u � 1

cste if u � 1
with z = α/β. (3)

Critical exponents→ z = 2 and α =
z − d
2
→ EW universality class (4)

J.S
tat.M
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08008

A model of random deposition with relaxation on fractal substrates

Figure 2. Log–log plot of the interface width W 2 as a function of time t in
our model for on a Sierpinski gasket substrate for the system of sizes from
L = 17, 33, 65, 129, and 257. The slope of the dotted line gives the growth
exponent 2β ≈ 0.316 (β ≈ 0.158). The log–log plot of the saturated interface
width W 2

sat versus the system of sizes L is shown in the inset. The slope of the
dotted line gives the roughness exponent 2α ≈ 0.747 (α ≈ 0.374).

Figure 3. The scaling plot of log(W 2/L2α) against log(t/Lz) with α = 0.374 and
z = 2.35 for various system sizes from L = 17 to 257, for on a Sierpinski gasket
substrate.

considerably different to z = 2 for on the regular substrate. For the random walks on
fractal substrates, the dynamic exponent zrw is defined by the mean square end-to-end
displacement R of the t-step random walks, 〈R2〉 ∼ t2/zrw . The dynamic exponent z is
highly consistent with zrw % 2.322. Therefore, it is surmised that z = zrw is generally true
with respect to our model. As shown in figure 3, the scaled data for the width collapse
to a single curve very well with α = 0.374 and z = 2.35.

For the Sierpinski gasket, the fractal dimension df = ln 3/ln 2 % 1.585, and zrw =
ln 5/ln 2 % 2.322 are known [18]. Therefore, the values predicted from equation (5) are

doi:10.1088/1742-5468/2010/08/P08008 5

J.S
tat.M

ech.(2010)
P

08008

A model of random deposition with relaxation on fractal substrates

Figure 5. The scaling plot of log(W 2/L2α) against log(t/Lz) with α = 0.507 and
z = 2.50 for various system sizes from L = 23 to 26, for on a checkerboard fractal
substrate.

Table 1. The roughness, growth, and dynamic exponents of both numerical
results and equation (5) for our model, for on Sierpinski gasket and checkerboard
fractal substrates.

α β z

Substrate Numerical Equation (5) Numerical Equation (5) Numerical Equation (5)

Sierpinski gasket 0.374 0.3685 0.158 0.1587 2.35 2.322
Checkerboard fractal 0.507 0.5 0.203 0.2028 2.50 2.465

β is highly consistent with equation (5) [20, 21]. It seems that β is determined by both
the fractal dimension and the dynamic exponent zrw for the random walk. They satisfy
the scaling relation 2α + df = z with z = zrw. The various exponents of our model for
both Sierpinski gasket and checkerboard fractal substrates are summarized in table 1.

The growth exponent, the dynamic exponent, and the roughness exponent were
obtained by a simple analysis of the conserved model. Actually, they are consistent with
those for the equilibrium restricted solid-on-solid (RSOS) model [13] for on the fractal
substrate [21]. So, the random deposition model with relaxation belongs to the same
universality class as the equilibrium RSOS model even on fractal substrates.
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From the microscopic process to a continuum equation

Discrete Langevin equation
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Continuum formulation

Boundary Edwards Wilkinson equation

∂h
∂t
− ν

∂2h
∂2x

= ν
(
µ1 + µ2

∂h
∂x

∣∣
x=0

)
δ(x) + η x ∈ R+ (9)

Tasks

Scaling approach

Solve the linear equation

∂h
∂t
− ν

∂2h
∂2x

= ν
(
µ1 + µ2

∂h
∂x

∣∣
x=0

)
δ(x) + η µ2 = 1 (10)

Calculation of the exact mean profile 〈h(t, x)〉

Calculation of fluctuations w(t, x) =
〈

[h(t, x)− 〈h(t, x)〉]2
〉1/2

Calculation of correlations
〈

[h(t, x)− 〈h(t′, x ′)〉]2
〉1/2

Compare to MC simulations
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Scaling law of the mean profile of the interface

Hypothesis: scaling ansatz

〈h(x , t)〉 = t1/γΦ(λ) with λ = xt−1/z (11)

1
z

+
1
γ

= 1 and
2
z

= 1 → z = γ = 2 (12)

Φ′′(λ) +
λ2

2
Φ′
(
λ
)
−

1
2

Φ(λ) = 0 (13)

2

where h1(t) := ∂xh(t, x)|x=0, the centered gaussian noise
has the variance 〈η(t, x)η(t′, x′)〉 = 2νT δ(t− t′)δ(x−x′),
ν, µ1, T are material-dependent constants and initially,
the interface is flat h(0, x) = 0. With respect to the well-
known description of the bulk behaviour [15], the new
properties come from the boundary terms on the r.h.s. of
(3). In what follows, we restrict to 1D space and choose
units such that ν = 1. A spatial Laplace transformation
leads to

h(t, x)=
1

4
√

π

∫ ∞

x2

4t

dv

v3/2ev

[
xµ1 + 2vh0

(
t − x2

4v

)]
+ζ(t, x)

(4)
where h0(t) := h(t, 0) and the Laplace transform of the
noise ζ is related to the one of η via

ζ(t, p) =

∫ t

0

dτ ep2(t−τ)η(t, p) (5)

It remains to determine the function h0(x) self-
consistently. Expanding (4) to the first non-trivial order
in x, we obtain

h0(t) = h(t, 0) =

√
t

π
µ1 +

1

2
h0(t) + ζ(t, 0) + O(x) (6)

hence h0(t) = 2µ1

√
t
π + 2ζ(t, 0). Introducing the scaling

variable

λ :=
x2

4t
(7)

the final height profile can be cast in the scaling form

h(t, x) =
√

tH(λ) =

√
t

π
µ1

(
e−λ −

√
πλ erfc λ1/2

)

+
1√
π

∫ ∞

λ

dv

v1/2ev
ζ

(
t − λt

v
, 0

)
+ ζ (t, x) (8)

Note that very close to the boundary, the average height
h0(t) ∼

√
t grows monotonously with t such that the

interface grows much faster near to the boundary than
in the bulk. If we had made a scaling ansatz in
the noise-averaged eq. (3), only the boundary terms
as specified in eq. (3) will reproduce h0(t) correctly.
If that boundary behaviour had been known from the
outset, the mean profile would have become a clas-
sic well-known solution of the diffusion equation [9].
On the other hand, for x → ∞, the profile decays
as 〈h(t, x)〉 ∼ x−2e−x2/(4t) towards its value deep in
the bulk. In figure 1, the mean profile (8) is shown
to agree perfectly with direct numerical simulations.
This confirms the correctness of the Langevin equation
(3). Nico: peut-être qq détails ? longueur de

la chaine, valeurs fittées de ν, µ1 etc.

Next, we turn to the space-dependent roughness of
that interface. In figure 2, the space-dependent interface
width as defined in (1), is displayed for several distances
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t,x
)>

 t-1
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!(x2/4t)
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t=1500
t=1000

FIG. 1: Height profile in the semi-infinite ew model, and
comparison with numerical simulations. The full curve gives
the averaged scaling function in the first line of eq. (8).

with respect to the boundary. A clear cross-over from
a behaviour w ∼ t1/4 at small times (as expected deep
inside the bulk [10, 15]) towards a larger effective expo-
nent w ∼ tβ1,eff and with a non-trivial value β1,eff ≈ 0.6
at larger times is seen. The scaling with respect to x
suggests that this cross-over occurs at a distance x af-
ter sufficiently long time to have causal interactions with
the boundary. This is analogous to the experimentally
observed cross-over to anomalous scaling, see [1, Fig.1].
Does this mean that there is a new, non-trivial surface
growth exponent β1 )= β ?

To answer this question, one may compute the width
analytically. It is given by the second line in eq. (8). One
has w2(t, x) = W1 + W2 + W3, where

W1 =
1

π

∫∫ ∞

λ

dv dv′

(vv′)1/2ev+v′

〈
ζ

(
t − λt

v
, 0

)
ζ

(
t − λt

v′ , 0

)〉

W2 =
2√
π

∫ ∞

λ

dv

v1/2ev

〈
ζ

(
t − λt

v
, 0

)
ζ (t, x)

〉
(9)

W3 =
〈
ζ2 (t, x)

〉
=

T

2π

∫ t

0

dτ

τ

∫ ∞

0

du exp

[
− (x − u)2

2τ

]

It is easy to see that all three terms can be cast into a
scaling form Wi =

√
t Wi(λ), i = 1, 2, 3. The behaviour

near to the boundary can be extracted from the asymp-
totic λ → 0 behaviour. We find

W1 * T

2π

√
2t

π
e−2/λ (λ + o(λ))

W2 * ?? (10)

W3 =

√
T 2t

2π

(
1 + erf

(
2λ1/2

)
+

2

π
λ1/2Γ(0, 2λ)

)

Ansatz results

〈h(x , t)〉 = t1/2Φ(xt−1/2)

Φ(λ) = Φ0
(
e−λ −

√
πλ erfc

√
λ
)

In agreement with simulations

→ Comparison to the Exact solution
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+ζ(t, x)
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where h0(t) := h(t, 0) and the Laplace transform of the
noise ζ is related to the one of η via

ζ(t, p) =

∫ t

0

dτ ep2(t−τ)η(t, p) (5)
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t

π
µ1 +

1

2
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t
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(7)

the final height profile can be cast in the scaling form
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Note that very close to the boundary, the average height
h0(t) ∼

√
t grows monotonously with t such that the

interface grows much faster near to the boundary than
in the bulk. If we had made a scaling ansatz in
the noise-averaged eq. (3), only the boundary terms
as specified in eq. (3) will reproduce h0(t) correctly.
If that boundary behaviour had been known from the
outset, the mean profile would have become a clas-
sic well-known solution of the diffusion equation [9].
On the other hand, for x → ∞, the profile decays
as 〈h(t, x)〉 ∼ x−2e−x2/(4t) towards its value deep in
the bulk. In figure 1, the mean profile (8) is shown
to agree perfectly with direct numerical simulations.
This confirms the correctness of the Langevin equation
(3). Nico: peut-être qq détails ? longueur de

la chaine, valeurs fittées de ν, µ1 etc.

Next, we turn to the space-dependent roughness of
that interface. In figure 2, the space-dependent interface
width as defined in (1), is displayed for several distances
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FIG. 1: Height profile in the semi-infinite ew model, and
comparison with numerical simulations. The full curve gives
the averaged scaling function in the first line of eq. (8).

with respect to the boundary. A clear cross-over from
a behaviour w ∼ t1/4 at small times (as expected deep
inside the bulk [10, 15]) towards a larger effective expo-
nent w ∼ tβ1,eff and with a non-trivial value β1,eff ≈ 0.6
at larger times is seen. The scaling with respect to x
suggests that this cross-over occurs at a distance x af-
ter sufficiently long time to have causal interactions with
the boundary. This is analogous to the experimentally
observed cross-over to anomalous scaling, see [1, Fig.1].
Does this mean that there is a new, non-trivial surface
growth exponent β1 )= β ?

To answer this question, one may compute the width
analytically. It is given by the second line in eq. (8). One
has w2(t, x) = W1 + W2 + W3, where

W1 =
1

π

∫∫ ∞

λ

dv dv′

(vv′)1/2ev+v′

〈
ζ

(
t − λt

v
, 0

)
ζ

(
t − λt

v′ , 0

)〉

W2 =
2√
π

∫ ∞

λ

dv

v1/2ev

〈
ζ

(
t − λt

v
, 0

)
ζ (t, x)

〉
(9)
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=
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2π
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du exp

[
− (x − u)2

2τ

]

It is easy to see that all three terms can be cast into a
scaling form Wi =

√
t Wi(λ), i = 1, 2, 3. The behaviour

near to the boundary can be extracted from the asymp-
totic λ → 0 behaviour. We find

W1 * T

2π

√
2t

π
e−2/λ (λ + o(λ))

W2 * ?? (10)

W3 =

√
T 2t
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(
1 + erf

(
2λ1/2

)
+

2

π
λ1/2Γ(0, 2λ)

)

Ansatz results

〈h(x , t)〉 = t1/2Φ(xt−1/2)

Φ(λ) = Φ0
(
e−λ −

√
πλ erfc

√
λ
)

In agreement with simulations

→ Comparison to the Exact solution
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Laplace transform solution

Boundary EW equation is linear

∂h
∂t
− ν

∂2h
∂2x

= ν
(
µ1 +

∂h
∂x

∣∣
x=0

)
δ(x) + η (14)

Linear → Laplace transform Lx .h(x , t) = h∗p(t) =
∫
R+ dx e−pxh(x , t), p > 0

Solution

h(t, x)=
1

4
√
π

∫ ∞
λ

dv
v3/2ev

[
xµ1 + 2vh0

(
t −

x2

4v

)]
+ ζ(t, x) (15)

where
h0 := h(0, t) = 21

√
t
π

+ ζ(t, 0) and 〈h(x , t)〉 = t1/2 2µ1
π

(
e−λ −

√
πλ erfc

√
λ
)

ζ(x , t) =

∫ t

0

∫ ∞
0

dτdu K(x − u, t − τ)η(u, τ) → 〈ζ〉 = 0 (16)

〈ζ(t, x)ζ(t′, x ′)〉 = 2T
∫ min(t,t′)

0
dτ
∫ ∞

0
du K(x − u, t − τ)K(x ′ − u, t′ − τ) (17)
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Exact solution: Fluctuations of the interface w(x , t)

w2(x , t) = w2
1 (t, x) + w2

2 (t, x) + w2
3 (t, x) = T

√
tΦw (λ)

w2
1 (t, x) =

1
π

∫∫ ∞
λ

dv dv ′
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w2
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π
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dv
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=

T
2π

∫ t
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dτ
τ
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dv exp
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−

(x − v)2

2τ
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(20)

Asymptotic expansion λ→ 0

w2
1 (t, x) ' T

√
t

(
1
√
2π

+ + log(2)− 2 + log(λ))

√
λ

π
+ O(λ3/2)

)
(21)

w2
2 (t, x) ' T

√
t2
√
2π − 2

√
λ+ λ

π

2
+ O(λ2) (22)

w2
3 (t, x) ' T

√
t

(
1
√
2π
− + log(2)− 2 + log(λ))

√
λ

π
+ O(λ3/2)

)
(23)
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FIG. 2: Time evolution of the local interface width w(t, x),
for several distances x from the boundary, in the semi-infinite
ew model. A crossover between two regimes is clearly visible
when time is comparable to the diffusion time.

some computation,

W1 =
1

π

∫∫ ∞

λ

dv dv′
√

vv′ ev+v′

〈
ζ

(
t − λt

v
, 0

)
ζ

(
t − λt

v′ , 0

)〉
,

W2 =
2√
π
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λ

dv√
v ev
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ζ

(
t − λt

v
, 0

)
ζ (t, x)

〉
, (6)

W3 =
〈
ζ2 (t, x)

〉
=

T
√

t√
8π

∫ t

0

dτ√
τ

(
1 + erf

√
2λ

τ

)
.

It is easy to see that all three terms can be cast into
a scaling form Wi = T

√
t Wi(λ). W3 can be evaluated

exactly:
√

2πW3 = 1 + erf
√

2λ + π−1/2(2λ)1/2Γ(0, 2λ),
where Γ(s, x) is the upper incomplete gamma function.
The other integrals can be partially expressed using spe-
cial functions, and the behavior near the boundary can
be extracted from the series expansion λ → 0. We find

W1 =
1√
2π

+
(
γ + ln(2) − 2 + ln(λ)

)√
λ

π
+ O(λ3/2),

W2 =
2√
2π

− 2
√

λ +
π

2
λ + O(λ2), (7)

W3 =
1√
2π

−
(
γ + ln(2) − 2 + ln(λ)

)√
λ

π
+ O(λ3/2).

The sum of all these contributions gives w2(t, x) =

T
√

t
(
4/

√
2π − 2

√
λ + O(λ3/2)

)
where the logarithmic

terms from W1 and W3 cancel each other.
In Fig. 3, the exact scaling function Φw(λ) :=

w(t, x)t−1/4 is compared with numerical data for a
system of size L = 104. Clearly, for large x and not
too large t, the scaling function is horizontal, which
reproduces the expected bulk behaviour wbulk ∼ t1/4.

FIG. 3: Comparison between mc simulations and theoretical
prediction for the scaling function Φw(λ) (dashed black lines,
rescaled by a global factor), in the semi-infinite ew model.
The scaling variable λ−1 = 4tx−2. The arrow indicates the
location of the turning point and the slope of the straight line
has the value 0.07.

However, when the scaling variable λ−1 = 4tx−2 is
increased, the system’s behaviour changes such that
the interface becomes more rough than deep in the
bulk. For moderate values of λ, the scaling function
becomes an effective power-law and its slope in Fig. 3
can be used to define an effective exponent, here of
value ≈ 0.07. This reproduces the effective growth
exponent β1,eff = β + 0.07 & 0.32 observed in Fig. 2.
Remarkably, but certainly in qualitative agreement
with rg predictions [14], the scaling function does not
increase unboundedly as a function of λ−1, but rather
undergoes a turning point before it saturates, for sites
very close to the boundary (where λ → 0), such that one
recovers the scaling w ∼ t1/4, with a modified amplitude,
however. The Langevin equation with boundary terms,
eq. (3), captures completely the change towards the
complex behaviour at intermediate values of λ and
the saturation in the λ → 0 limit, but does not yet
contain sufficient detail to follow in complete precision
the passage from the deep bulk behaviour towards the
intermediate regime. In any case, the interface growth as
described by the semi-infinite ew model is not described
by a new surface exponent but rather by an intermediate
regime with an effective anomalous growth in a large
time window, before for very long times the standard fv
scaling eq. (2) with β = 1

4 is recovered.

Kardar-Parisi-Zhang model. The simplest non-linear
growth model, the paradigmatic 1d kpz equation [16]

(
∂t − ν∂2

x

)
h(t, x) =

µ

2
[∂xh(t, x)]

2
+ η(t, x),

is known to describe a wide range of phenomena [1, 12,

Figure : Width w(x, t) simulated by
the deposition-relaxation algorithm
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FIG. 2: Time evolution of the local interface width w(t, x),
for several distances x from the boundary, in the semi-infinite
ew model. A crossover between two regimes is clearly visible
when time is comparable to the diffusion time.
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increased, the system’s behaviour changes such that
the interface becomes more rough than deep in the
bulk. For moderate values of λ, the scaling function
becomes an effective power-law and its slope in Fig. 3
can be used to define an effective exponent, here of
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exponent β1,eff = β + 0.07 & 0.32 observed in Fig. 2.
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Figure : Effective correction βeff ≈ 0.32 to
the exponent β = 1/4.

Width profile of the interface

More complex behavior than the standard EW width → w(t) ∼ t1/4

Conclusion → βeff > β for 3 decades and βeff → 1/4 when t →∞
Phenomenology ?
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FIG. 3: Comparison between mc simulations and theoretical
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However, when the scaling variable λ−1 = 4tx−2 is
increased, the system’s behaviour changes such that
the interface becomes more rough than deep in the
bulk. For moderate values of λ, the scaling function
becomes an effective power-law and its slope in Fig. 3
can be used to define an effective exponent, here of
value ≈ 0.07. This reproduces the effective growth
exponent β1,eff = β + 0.07 & 0.32 observed in Fig. 2.
Remarkably, but certainly in qualitative agreement
with rg predictions [14], the scaling function does not
increase unboundedly as a function of λ−1, but rather
undergoes a turning point before it saturates, for sites
very close to the boundary (where λ → 0), such that one
recovers the scaling w ∼ t1/4, with a modified amplitude,
however. The Langevin equation with boundary terms,
eq. (3), captures completely the change towards the
complex behaviour at intermediate values of λ and
the saturation in the λ → 0 limit, but does not yet
contain sufficient detail to follow in complete precision
the passage from the deep bulk behaviour towards the
intermediate regime. In any case, the interface growth as
described by the semi-infinite ew model is not described
by a new surface exponent but rather by an intermediate
regime with an effective anomalous growth in a large
time window, before for very long times the standard fv
scaling eq. (2) with β = 1
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However, when the scaling variable λ−1 = 4tx−2 is
increased, the system’s behaviour changes such that
the interface becomes more rough than deep in the
bulk. For moderate values of λ, the scaling function
becomes an effective power-law and its slope in Fig. 3
can be used to define an effective exponent, here of
value ≈ 0.07. This reproduces the effective growth
exponent β1,eff = β + 0.07 & 0.32 observed in Fig. 2.
Remarkably, but certainly in qualitative agreement
with rg predictions [14], the scaling function does not
increase unboundedly as a function of λ−1, but rather
undergoes a turning point before it saturates, for sites
very close to the boundary (where λ → 0), such that one
recovers the scaling w ∼ t1/4, with a modified amplitude,
however. The Langevin equation with boundary terms,
eq. (3), captures completely the change towards the
complex behaviour at intermediate values of λ and
the saturation in the λ → 0 limit, but does not yet
contain sufficient detail to follow in complete precision
the passage from the deep bulk behaviour towards the
intermediate regime. In any case, the interface growth as
described by the semi-infinite ew model is not described
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regime with an effective anomalous growth in a large
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However, when the scaling variable λ−1 = 4tx−2 is
increased, the system’s behaviour changes such that
the interface becomes more rough than deep in the
bulk. For moderate values of λ, the scaling function
becomes an effective power-law and its slope in Fig. 3
can be used to define an effective exponent, here of
value ≈ 0.07. This reproduces the effective growth
exponent β1,eff = β + 0.07 & 0.32 observed in Fig. 2.
Remarkably, but certainly in qualitative agreement
with rg predictions [14], the scaling function does not
increase unboundedly as a function of λ−1, but rather
undergoes a turning point before it saturates, for sites
very close to the boundary (where λ → 0), such that one
recovers the scaling w ∼ t1/4, with a modified amplitude,
however. The Langevin equation with boundary terms,
eq. (3), captures completely the change towards the
complex behaviour at intermediate values of λ and
the saturation in the λ → 0 limit, but does not yet
contain sufficient detail to follow in complete precision
the passage from the deep bulk behaviour towards the
intermediate regime. In any case, the interface growth as
described by the semi-infinite ew model is not described
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regime with an effective anomalous growth in a large
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However, when the scaling variable λ−1 = 4tx−2 is
increased, the system’s behaviour changes such that
the interface becomes more rough than deep in the
bulk. For moderate values of λ, the scaling function
becomes an effective power-law and its slope in Fig. 3
can be used to define an effective exponent, here of
value ≈ 0.07. This reproduces the effective growth
exponent β1,eff = β + 0.07 & 0.32 observed in Fig. 2.
Remarkably, but certainly in qualitative agreement
with rg predictions [14], the scaling function does not
increase unboundedly as a function of λ−1, but rather
undergoes a turning point before it saturates, for sites
very close to the boundary (where λ → 0), such that one
recovers the scaling w ∼ t1/4, with a modified amplitude,
however. The Langevin equation with boundary terms,
eq. (3), captures completely the change towards the
complex behaviour at intermediate values of λ and
the saturation in the λ → 0 limit, but does not yet
contain sufficient detail to follow in complete precision
the passage from the deep bulk behaviour towards the
intermediate regime. In any case, the interface growth as
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regime with an effective anomalous growth in a large
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rescaled by a global factor), in the semi-infinite ew model.
The scaling variable λ−1 = 4tx−2. The arrow indicates the
location of the turning point and the slope of the straight line
has the value 0.07.

However, when the scaling variable λ−1 = 4tx−2 is
increased, the system’s behaviour changes such that
the interface becomes more rough than deep in the
bulk. For moderate values of λ, the scaling function
becomes an effective power-law and its slope in Fig. 3
can be used to define an effective exponent, here of
value ≈ 0.07. This reproduces the effective growth
exponent β1,eff = β + 0.07 & 0.32 observed in Fig. 2.
Remarkably, but certainly in qualitative agreement
with rg predictions [14], the scaling function does not
increase unboundedly as a function of λ−1, but rather
undergoes a turning point before it saturates, for sites
very close to the boundary (where λ → 0), such that one
recovers the scaling w ∼ t1/4, with a modified amplitude,
however. The Langevin equation with boundary terms,
eq. (3), captures completely the change towards the
complex behaviour at intermediate values of λ and
the saturation in the λ → 0 limit, but does not yet
contain sufficient detail to follow in complete precision
the passage from the deep bulk behaviour towards the
intermediate regime. In any case, the interface growth as
described by the semi-infinite ew model is not described
by a new surface exponent but rather by an intermediate
regime with an effective anomalous growth in a large
time window, before for very long times the standard fv
scaling eq. (2) with β = 1

4 is recovered.

Kardar-Parisi-Zhang model. The simplest non-linear
growth model, the paradigmatic 1d kpz equation [16]
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t = 10,20, . . . ,60 s for the flat case (d). The gray dashed lines indicate the mean radius (height) of all the circular (flat) interfaces
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recent study showed that overhangs are irrelevant for the scaling of the interfaces [79], here, for the sake of
simplicity and direct comparison to theoretical predictions, we take the mean of all the detected heights at a
given coordinate x to define a single-valued function h(x, t) for each interface. The spatial profile h(x, t) is sta-
tistically equivalent at any point x because of the isotropic and homogeneous growth of the interfaces, which,
together with the large numbers of the realizations, provides accurate statistics for the interface fluctuations
analyzed below.

Before presenting the results of the analysis, it is worth noting different characters of the “system size”
L, or the total lateral length, of the circular and flat interfaces in general. While the system size of the flat
interfaces is chosen a priori and fixed during the evolution, that of the circular interfaces is the circumference
which grows linearly with time and is therefore not independent of dynamics. This matters most when one
takes an average of a stochastic variable, e.g., the interface height. For the flat interfaces, the spatial and
ensemble averages are equivalent provided that the system size L is much larger than the correlation length
l∗ ∼ t1/z. In contrast, for the circular interfaces, the two averages make a significant difference, because the
system size is inevitably finite and the influence of finite-size effects varies in time. To avoid this complication,
we take below the ensemble average denoted by �· · ·� unless otherwise stipulated, which turns out to be the
right choice when one measures characteristic quantities such as the growth exponent β .

3 Experimental results

3.1 Scaling exponents

First we test the Family-Vicsek scaling (2) and (4) and measure the roughness exponent α and the growth
exponent β . Figure 4 shows the interface width w(l, t) and the square root of the height-difference correlation
function Ch(l, t)1/2 measured at different times t, for both circular and flat interfaces [Fig. 4(a,b) and (c,d),
respectively]. They grow algebraically for short lengths l � l∗ and converge to time-dependent constants for
large l, in agreement with the Family-Vicsek scaling (2) and (4). Fitting w ∼ lα and C1/2

h ∼ lα in the power-
law regime of the data at the latest time in Fig. 4, we estimate α = 0.48(5) and 0.43(6) for the circular and

Excellent agreement with the theory

Family Viczek scaling checked

α = 0.50(0), β = 0.336(11) same
for the 2 geometries (Takeuchi et
Sano 2010)

Geometry dependent height
distribution in perfect agreement
with exact solutions. (Sasamoto,
Spohn, Prahofer, le Doussal...)
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simplicity and direct comparison to theoretical predictions, we take the mean of all the detected heights at a
given coordinate x to define a single-valued function h(x, t) for each interface. The spatial profile h(x, t) is sta-
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simplicity and direct comparison to theoretical predictions, we take the mean of all the detected heights at a
given coordinate x to define a single-valued function h(x, t) for each interface. The spatial profile h(x, t) is sta-
tistically equivalent at any point x because of the isotropic and homogeneous growth of the interfaces, which,
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Discrete Langevin equation

dhi
dt

= Γa
(
ω
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i + ∆ω̃

(0)
i δi,1
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+ ηi (t) ∀i ∈ N (26)

Continuum limit
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+ ν
(
µ1 + µ2
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∂x

∣∣∣
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δ(x) + η ∀x ∈ R+ (27)

Is this equation right ?
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Profile scaling ansatz

Continuous Langevin Eq (µ2 = 1)
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Scaling law 〈h(x , t)〉 = t1/γΦ(xt−z ) with z = 3/2 and γ = 3

Universal relation γ =
z

z − 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 0.5 1 1.5 2 2.5 3

<
h
(x

,t
)>

t1
/
3

x
t2/3

t = 300
t = 350
t = 400

1



Introduction to interface growth process Edwards-Wilkinson equation and boundary effects Kardar-Parisi-Zhang equation and boundary effects Conclusions

RSOS Process and KPZ equation

Profile scaling ansatz

Continuous Langevin Eq (µ2 = 1)

∂h
∂t

= ν
∂2h
∂2x

+ λ
(∂h
∂x

)2
+ ν
(
µ1 +

∂h
∂x

∣∣∣
x=0

)
δ(x) + η (28)

Scaling law 〈h(x , t)〉 = t1/γΦ(xt−z ) with z = 3/2 and γ = 3

Universal relation γ =
z

z − 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 0.5 1 1.5 2 2.5 3

<
h
(x

,t
)>

t1
/
3

x
t2/3

t = 300
t = 350
t = 400

1



Introduction to interface growth process Edwards-Wilkinson equation and boundary effects Kardar-Parisi-Zhang equation and boundary effects Conclusions

RSOS Process and KPZ equation

Profile scaling ansatz

Continuous Langevin Eq (µ2 = 1)

∂h
∂t

= ν
∂2h
∂2x

+ λ
(∂h
∂x

)2
+ ν
(
µ1 +

∂h
∂x

∣∣∣
x=0

)
δ(x) + η (28)

Scaling law 〈h(x , t)〉 = t1/γΦ(xt−z ) with z = 3/2 and γ = 3

Universal relation γ =
z

z − 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 0.5 1 1.5 2 2.5 3

<
h
(x

,t
)>

t1
/
3

x
t2/3

t = 300
t = 350
t = 400

1



Introduction to interface growth process Edwards-Wilkinson equation and boundary effects Kardar-Parisi-Zhang equation and boundary effects Conclusions

RSOS Process and KPZ equation

Profile scaling ansatz

Continuous Langevin Eq (µ2 = 1)

∂h
∂t

= ν
∂2h
∂2x

+ λ
(∂h
∂x

)2
+ ν
(
µ1 +

∂h
∂x

∣∣∣
x=0

)
δ(x) + η (28)

Scaling law 〈h(x , t)〉 = t1/γΦ(xt−z ) with z = 3/2 and γ = 3

Universal relation γ =
z

z − 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 0.5 1 1.5 2 2.5 3

<
h
(x

,t
)>

t1
/
3

x
t2/3

t = 300
t = 350
t = 400

1



Introduction to interface growth process Edwards-Wilkinson equation and boundary effects Kardar-Parisi-Zhang equation and boundary effects Conclusions

Width profile of the interface

standard width for KPZ → w(t) ∼ t1/3

modification close to the boundary ?

same phenomenology as the EW case ?
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βeff ∼ 0.32
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FIG. 4: Height profile 〈h(t, x)〉 in the semi-infinite rsos pro-
cess, showing the scaling form (9), with z = 3

2
and γ = 3.

13] and admits the exact critical exponents z = 3/2,
β = 1/3 and α = 1/2. The 1d kpz equation is also
known to be exactly solvable [21–23] and recently, an
extension to a semi-infinite chain has been studied [24].
Here, we report results of mc simulations, based on the
rsos model [25, 26] and scaling arguments. The rsos
process uses a integer height variable Hi(t) ≥ 0 attached
to the sites i = 1, . . . , L of a linear chain and subject to
the constraints |Hi(t) − Hi±1(t)| ≤ 1, at all sites i. It
is well-known that this process belongs to the kpz uni-
versality class and a continuum derivation of the kpz
equation can be also done as in the ew case [27].

We now introduce a boundary in the rsos lattice
model, with modified rules in order to simulate a wall.
To this end, we impose H0(t) > H1(t) such that the rsos
condition is always satisfied on the left side of the wall,
and a particle is deposited on site i = 1 if the rsos con-
dition |H1(t)−H2(t)| ≤ 1 is fulfilled on the right side. In
our mc simulations, L = 103 and all the data have been
averaged over 7 · 105 samples. The scaling approach is
based on the phenomenological boundary-kpz equation
in the half-space

(
∂t − ν∂2

x

)
h(t, x) − µ

2
(∂xh(t, x))2 − η(t, x)

= ν (κ1 + h1(t)) δ(x). (8)

In general, one expects a scaling of the profile

〈h(t, x)〉 = t1/γ Φ(xt−1/z). (9)

In the linear case µ = 0, the above exact ew-solution
(5) gives γ = z = 2. Using the scaling form (9)
in eq. (8), and assuming a mean-field approximation
〈(∂xh(t, x))2〉 ≈ (∂x〈h(t, x)〉)2, one may follow [1] and
argue that that the nonlinear part should dominate over
the diffusion part. Then, we find

1

z
+

1

γ
= 1,

2

z
− 1

γ
= 1. (10)

FIG. 5: Time evolution of the local interface width w(t, x),
for several distances x from the boundary, in the semi-infinite
rsos model. The arrow indicates the location of the turning
point and the slope of the straight line has the value 0.03.

For the kpz class, this implies z = 3/2 [16] and γ = 3
[29]. In Fig. 4, the scaling of the profile of the boundary
rsos model is shown. The predicted exponents lead to a
clear data collapse, and the shape is qualitatively similar
to the one of the ew-class in Fig. 2. The first relation
(10) should be correct for any non-linearity describing a
boundary growth process because it depends only of the
r.h.s. of eq. (8). Hence the exponent relation

γ =
z

z − 1
=

α

α − β
, (11)

should be an universal relation for any 1d growth process
in presence of a wall [30]. Turning to the local width, our
mc simulations give again a site-dependent behaviour,
with a crossover to an effective exponent β1,eff ≈ 0.35,
larger than the bulk exponent β ≈ 0.32 [31]. The scaling
form w(t, x)t−β shown in Fig. 5 displays the same qual-
itative features as seen before in the ew model. This
exemplifies that effective anomalous growth behaviour
may appear in non-linear (but non-disordered and local)
growth processes.

In summary, boundary effects not only lead to
non-constant height profiles but also to site-dependent
roughness profiles, such that in large time-windows
effective growth exponents can be identified, in analogy
with known experiments on growing interfaces. For
non-disordered models with local interactions, the truly
asymptotic growth exponents return to the simple bulk
values, as predicted by the rg [14] . The unexpectedly
complex behaviour at intermediate times is only seen
if appropriate boundary terms are included in the
Langevin equation describing the growth process. Our
results were obtained through the exact solution of
the semi-infinite ew class and through extensive mc
simulations of both profiles and widths in the ew and

Figure : Width w(x, t) for RSOS:
βeff ∼ 0.35
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