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1. Motivation

Question : how to understand behaviour of interacting many-body systems?

— insight beyond mean-field concepts

much work done on 1D reaction-diffusion models = Bethe ansatz/free fermions

rates dynamical exponent 7 ~ £
process 1Glauber i KDH dual process [ 2 ; Glauber
TF—111 E(lJr’V) §(1+35) AA — (00 Z=9 4 ; KDH
M—Mr 3(1—v)  3(1-9) 00 — AA
TT¢_>T\L\L % %(1 . 6) 0A —s AD # stationary states (L sites, T = 0)
2 ; Glauber
MMl ! 2(1-96) AD) — DA Ny ~ { g xpm
KDH : KIMBALL ’79 ; DEKER & HAAKE '79 (exact magnetisation) g =1+ VE)/2=1688. ..

is the golden number
exact correlators/responses : DUTTA, MH, PARK 09

Here : consider opposite extreme, without diffusion (dual to KDH with § = 1)
applications to catalysis (e.g. ethanol oxydation) DiaS, ARAGJO, CADILHE 12



1. A+ A— 0+ 0, with rate 2,

descent dynamics  : rapid local relaxation to stationary state
each single particle reacts at most once during its entire life
macroscopic averages depend sensitively on initial conditions

KENKRE & VAN HORN 81, FREDERIKSON & ANDERSEN 84, PRADOS & BREY 01-07,...
Analogies :
a) random sequential adsorption (RSA) Ao, e

EVANs 84, 93, OLIVEIRA, TOME, DICKMAN 92-94,. ..

b) metastable states in granular matter, tests of the Edwards’

hypothe5|s EDWARDS et al. 94, DE SMEDT, GODRECHE, LUCK 02, 05,. ..

‘ 2. A + B — @ + @, Wlth rate ]., ‘ MAJUMDAR & PRIVMAN 93
Duality with Ising model interfaces : if 1/ = A and |1 = B, then

(PA—111) = (AB — 00) , (11l—L1)) = (BA — 00)

Aim : explicit exact calculation of particle-densities and correlators, for
arbitrary initial conditions



2. Single-species model : the infinite lattice

Define n-strings of n consecutive particles oo ... @ A+A—B+0
N——

n particles

Co(t) := (m(t)m(t)...na(t)) =P | ee...@

n particles

Derive closed system of egs. of motion, for all n > 1

d

7 Gn(8) = =2(n = 1)Go(t) = 4Cria (1)

simplify : change of variables

e 2t -1 d
Co(t) = up(s)e 21t 5 = gun(s) = 4upi1(s)




Define auxiliary quantity ug(s) such that eq. of motion also valid for n > 0

o0
un(s
Define generating function F(x,s) := E ﬁx”
n!
n=0
from the recursion of the u,(s) obtain the equation

0 4'Un—i-l N 1 _ g
5oF0s) = 27 42 n—l =4 F(x9)

n=0
with the general solution F(x,s) = f(x +4s) = F(x + 4s,0). Re-expand :
o0 2m
— m — —
Cn(t) _ Z W m+n(0) (e 2t 1) e 2(n—1)t

m=0

for arbitrary initial values C,(0) = u,(0)

N.B. no dependence of physical quantities on the auxiliary initial value Go(0)
if initially uncorrelated C,(0) = p” : reproduces known classical result

KENKRE & VAN HORN 81, EVANS 84, OLIVEIRA & ToME 92, PRADOS & BREY 01, DE SMEDT et al. 02, ...



‘ Calculation of correlators of n-strings : ‘ observables with hole of r sites

Com(t) == (m(t) - 1 ()nsrs1(2) - Mpgmir(t)) = P <" o...o[r]ee... ‘,>

n m

>2

nm>1
0:Ch (1) = =2[Criy () + Cp i1 (8) + (4 m = 2)Ch (1) + Coid (8) + Co iy (1)
afCI},m(t) _2[Cr}+1,m(t) + Cl},erl(t) + (n +m-— 2)Cl},m(t) + 2Cﬂ+m+1(t):|

Spatially translation-invariant initial conditions, equation of motion

Change of variables :  C,(t) = up(s)e 2"Vt | Cf (1) = uf, ,(s)e~2(ntm=2)t
Extend to n,m > 0. Solve recursion for generating function, for r > 1

o r—1 gq

C,’;m(t) = 672(n+m72)t E E E ( :77/ > ; for arbitrary initial conditions

k,/I=0 g=0 q’=0
(e—2t o 1)k+/+q

KUIT g

, (ef2t _ l)r (ef2t _ 1)r+1 ,
2 ( r! + (r+1)! D Comir (1)

r—q
XCoikiq—q.miiq (0)




lllustration 1 : ALA 040
initially uncorrelated particles, mean density p : C, ,,(0) = p"*™

r p"tm —2(n+m—2)t -2t r
Com(t) — Ca(t)Cin(t) = Te (210 (e - 1))
—2t
ree” exp (2p (e72t — 1)) -1k (r, r+1,2p (1 — e72t))
r+1
* double exponential relaxation, typical for 1D systems DE SMEDT et al. 02

* factorial spatial decay, inconsistent with Edwards’ a priori ensemble
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lHlustration 2 : Numerical test

three initial conditions : (band

a) ...AAAAAAAAAAA...
b) ... AAADAAADAAADAAAD. ..
... AAAADAAAADAAAADAAAAD . . .

find : (i) n-string density C,(t), (i) (n, m)-correlator C; ,.(t)
compare with Monte Carlo simulations

L = 65536 sites, 2 - 10° histories
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3. Single-species model : the semi-infinite lattice

Define n-strings of n consecutive particles oo ... o [A+A—0+0
——

n particles
do not assume spatial translation-invariance

Ca;n(t) = <773(t)773+1(t) cee 773+n—1(t)>

From the master equation, derive egs. of motion,
for all n > 1 and all hole positions a € 7Z

d

&Ca;n(t) = —2(n = 1)Gan(t) — 2Ca—1in41(t) — 2Cainia(t)

later : restrict to halfspace a > 0




lllustration : A+A—=0+0
initially uncorrelated particles, in 1 Con(0) = p"O(a)

Cist(pra) = Jim_ Car(t) = pe~ pz( P)k

= pe ¥ [1+(—1)"p”"1F1 (a+17a+2;p)/r(a+2)}

* double exponential relaxation, typical for 1D systems

* surface C = pe~ " different from bulk C_, = Ci(00) = pe~?r
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‘ Calculation of correlators of n-strings : ‘

observables o o . o-o o ...e with a hole of r sites

an m(t) = Ma(t) -+ Nan(t)atnsr+1() - - Natntmyrt1(t))

and do not assume spatial translation-invariance
Needed : reductions to n-string for r = 1 and to smaller holes for r > 2

An analogous computation finally gives

_2t_1r _2t_1f+1
Carn m( ) =2' <(e ) + (e ) > 62(r+1)tCa;n+m+r(t)

rl (r+1)!

00 q

(e72t — 1)“”‘7
PR W o §) S
/n+€+q q’,m+k+q’ q k! ¢! q!

£,k=0 q=0 q'=0



lllustration : [A+A—0+0
initially uncorrelated particles, in . Canm(0) = p""O(a)

Car;l,l - Ca;l(OO)Ca+r+1;1(oo)
Pe M(1+a,—p)[eT(1+r,—2p) e ®M(1+r+a,—p) 2(=p)
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4. Two-species model

there are Ng; ~ (v/2 + 1)t stationary states on a chain with L sites

Define 2 alternating n-strings of n consecutive particles aA+58-0+0

Ay :=P(ABABAB....) = (6,401,800 A0ns.B - - -)

n sites
By :=P(BABABA...,) = (8,1 B0y AGys BOne A - - )
n sites
d d

Ap=—Bpi1 — (n - l)An —Any1, B, =—Ani1— (n - 1)Bn — Bhia

dt dt

new variables A,(t) = u,(s)e ("Dt B, (t) = vy(s)e ("Dt s:=et —1

et | Xo(s) 1= un(s) — va(s), Ya(s) = un(s) + va(s) |
L Xo(s) =0, £Y,(s) = 2Yn11(s) —reduces to single-species model !
29,9, 200, 0

|
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Hlustration : initially uncorrelated particles, densites pa, ps A+B—0+0
+1)/2 2 1+(—1)" 1—(-1)" IAJUMDAR
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5. Conclusions

AB-correlators : consider two alternating strings at a distance r
leads to closed pairs of closed systems = explicit solution known

@ simple models of descent dynamics (diffusionless particles)

@ exact solution in 1D permits study of non-mean-field
properties

@ identify n-strings (alternating n-strings for two-species model)
as main observable

@ exact densities and correlators for arbitrary initial conditions
via generating functions

@ earlier results on initially uncorrelated particles included as
special cases



