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1. Ageing phenomena

known & practically used since prehistoric times (metals, glasses)
systematically studied in physics since the 1970s STRUIK *78
occur in widely different systems

(structural glasses, spin glasses, polymers, simple magnets, ...)

Three defining properties of ageing :
@ slow relaxation (non-exponential !)
@ no time-translation-invariance (TTI)

© dynamical scaling without fine-tuning of parameters

Most existing studies on ‘magnets’ : relaxation towards equilibrium

Question : what can be learned about intrisically
systems by studying their ageing behaviour?



Non-equilibrium ageing detailed balance : summary

(A) surface growth : Kardar-Parisi-Zhang (KPZ)
(B) critical directed percolation (DP)
simple ageing of the correlators and responses :

two-time auto-correlator C(t,s) == (o(t,r)P(s,r)) — (d(t,r)) (P(s,r))

R(t,S) = M = <¢(t,r)q§(s,r)>

two-time auto-response
P 3h(s, 1)

h=0

Scaling regime : t,5 > Tmicro and t — 5 > Ticro

) e - ()

fe(y) ~ ye/? , frly) ~ y /7 y>1

C(t,s) = s Pfc (

values of the non-equilibrium exponents & scaling relations

KPZinlD: Ac=Xg=114a=b+2 b=-28=-%2z=3
DP : Ae=dg=d+z+L2 1+a=b=2

|



2. Surface growth

deposition (evaporation) of particles on a surface — height profile h(t,r)

generic situation : RSOS (restricted solid-on-solid) model ki & Kostenuirz 59
h

D p = deposition prob.
T I=p 1 — p = evap. prob.
lp

here p = 0.98

éq KPZ 8th = l/vzh + % (Vh)2 + 7’] KARDAR, PARISI, ZHANG 86

7 is a gaussian white noise with (n(t,r)n(t’,r')) =20 To(t — t')o(r — ¥')



Family-Viscek scaling on a spatial lattice of extent L9 : h(t) = L~ > hit)
1 & 2
B Z - 2\ 2 _z L piftl=2 > 1
b=1a — <(hj(t) —h()) > = L5 (el7%) ~ { 20 iftl T <1
J:

5 : growth exponent, ¢ : roughness exponent,

two-time correlator :

_ — t r
C(t.s:r) = (h(t.N)h(s,0)) = (h()) ((s)) = s*Fc (2. 75
with ageing exponent . KALLABIS & KRruG 96

two-time integrated response :

* sample A with deposition rates p; = p + ¢;, up to time s,
* sample B with p; = p up to time s;

then switch to common dynamics p; = p for all times t > s

X(Rs;r):/oduRt u: Z_L:< Ji)r( ), hJ(E)r( )>_ oF, (5 r5|z>




Effective action of the KPZ equation :
7109 = [dear [3 (20~ w920 - (Vo)) - v75?]

— | Very special properties of KPZ in d = 1 spatial dimension!

KPz 86 ; KrRECH 97

Exact critical exponents‘/i =1/3, (= 1/2 z= 3/2 Ac=1
Special KPZ symmetry in 1D : let v = ar 6= 2 (p+5%)

~ 14
J = /dtdr [p@tv a7 (O,v)? — —v28,p +vT (0 )2}
is invariant under Lvov, LEBEDEV, PATON, PrROCACCIA 93 ; FREY, TAUBER, HWA 96

t— —t , v(t,r)— —v(=t,r) , p— +p(—t,r)

= fluctuation-dissipation relation for t > s| TR(t,s;r) = —0?C(t,s;r)

find ageing exponents : |[Ag =Ac=1,1+a=>b+ %
I




1D relaxation dynamics, starting from an initially flat interface

2

S

5 =4000 ]
o KPZ s=400

Clts:0)s™"

2 Ll .

1 2

10 10 10
t/s

slow dynamics

observe all 3 properties of ageing : { no TTI
dynamical scaling

confirm expected exponents b = —2/3, A\¢/z =2/3
N.B. : this confirmation is out of the stationary state

KaLLaBis & KRruG 96 ; KRECH 97 ; BUSTINGORRY et al. 07-10; CHOU & PLEIMLING 10; D’AQUILA & TAUBER 11




relaxation of the integrated response, 1D
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slow dynamics

observe all 3 properties of ageing : < no TTI
dynamical scaling

exponents a = —1/3, A\g/z = 2/3, as expected from FDR

N.B. : numerical tests for 2 models in KPZ class



Simple ageing is also seen in space-time observables
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correlator C(t,s;r) = s*/3F¢ (E ﬁ)
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integrated response x(t,s;r) = s'/3F, (t ﬁ)

s’ s

non-equilibrium confirmation of expected dynamical exponent z = 3/2



3. Form of the scaling functions & LSI

Observation : dynamical scaling generic property of
non-equilibrium criticality
Question : can one extend non-equilibrium dynamical scaling 7

analogy : conformal invariance at equilibrium phase transitions,
but z =1 there = ?

Schriidinger group, z = 2 Jacosr 1842, Lie 1881

t,_at~|—ﬁ r+—>r’—Dr+Vt+a

_ §—By=1
40 eI e

dynamical symmetry of free Schrodinger/diffusion equation

o 0 0
S¢(t,r)—0 s 8—2/\/{5—@5



infinite-dimensional extension sv(d) Schrodinger-Virasoro algebra m o4
but Schrédinger-invariance cannot be applied to ageing, since it
contains time-translations

‘essential : absence of TTI in ageing phenomena! ‘

Transformation t — t’ with
d n\ —x/z dl N\ —2&/z
e=ae) . o= () () 4w
with 5(0) = 0 and S(t') > 0.

out of equilibrium, have 2 scaling dimensions, .

& = 0 in ordered phase T < T,
& # 0 at criticality T = T,

mean-field for magnets : expect {

NB : if TTI (equilibrium criticality), then £ = 0.
I



physical requirement :

co-variance of response functions under local scaling! ‘

= set of linear differential equations for R(t,s)

most simple case!

R(t:s) = (6(0)d(s)) = s (£)
frly) = foy' ™ =/2(y —1)71 7" 0y — 1)
————

causality

1, , 2 oA
a:;(x—i-x)—l,a —az;(f—kf),fzx—kf

magnetic example : 1D Glauber-Ising model at T =T, =0:

a:O,a’—a:—%,)\Rzl,z:Q

NB : &(t,r) := t~$¢(t,r) has standard local scaling,
with x¢ = x4 + 284, £ =0



4. Logarithmic conformal invariance

generalise conformal invariance — doubletts V = < v ) Rozansky & SaLsUR 92

¢ GURARIE 93
. A1
formally replace exponent by Jordan matrix : A — 0 A

tWO—pOint functions : have Al = A2 GURARIE 93, RAHIMI TABAR et al. 97. ..
F = (¢1(w1)p2(w2)) = 0
G = (pr(wm)iha(wa)) = Golw| 22
H = (@1(m)y2(w2)) = (Ho—2GoIn|w|)|w| >4
= wy 22 (Hy —2GoIn|y — 1] — 2Goln [wa|) |y — 1|72

with w = wy — ws and y = wy/ws.

Simultaneous log corrections to scaling and modified scaling function

Logarithmic conformal invariance has been found in, e.g.

@ critical 2D percolation CARDY 92, WATTS 96, MATHIEU & RipouT 07/08
@ disordered systems CAUX et al. 96
@ sand-pile models RUBLLE et al. 08-10



5. Logarithmic ageing-invariance

Schrodinger-invariance cannot be a dynamical symmetry for
ageing, since it contains time-translations X_1 !

Go to ageing algebra age(d) := <X1,0, Yj(zl)/2> Mo, R(Jk)>

Need generalised form of generator

jk=1,...d

1 1
nt t“"r‘Vr—M(n—i—l)ni.‘"*lrz—i

xt"—nct"
2

X, = —t""19,—
with two independent exponents x and
construct logarithmic ageing-invariance by the formal changes :
x 2x & ¢
XH(O X)’E'_)(ﬁ”f

show : ‘we can always arrange for £’ = 0. ‘




Co-variant two-point functions :

F=F(ti,t2) = {(¢1(t1)p2(t2))  non-logarithmic
G2 = Guo(t1, 2) = (d1(t1)Y2(t2))
Go1 = Go(t1, t2) = (Y1(t1)da(t2))

H=H(ti, ) = (¥1(t1)v2(t2))

co-variance requirement = coupled set of linear differ. equations

* scaling variable y =t /t, > 1
* expand solutions into series in In t, = naturally truncates!

relation with non-equilibrium dynamics :

réponse R(t,s) = (1)(t)(s)) can be written as correlator between the
‘order parameter’ ¥ and its ‘reponse field' v, within the Janssen-de
Dominicis formalism of non-equilibrium field-theory.



Flhot) = 02 F

nt) = 577 F () (guly) - Int k)

(
(gzl()/) —Int ‘X{fb)
(

G21 t]_7 t2) — tz_(X1+X2)/2 J’_'

(
(
(
(

H(tnt) = P2 F) (holy) — Int - (xgia(y) + x4ga(y))

+In%t, - x{ngo)

Fly) = yStlem2(y q)-teraza=e oy =g/ > 1
with the explicit functions : fo, 812,0, 821,0, ho are normalisations
ga0y) = eno+ (x+&)Hn yi ‘
en(y) = eno— (X +&)hinly—1—xfinlyl
holy) = o= [(x{ +&1) &m0+ (5 +&) g0 Inly =1l = [eno — (x5 +€) gr20] Iyl
%fo [((X{ &) nly — 1+ xniy])’ — (4 + &) 2 ﬁ ]

‘ add time-translations = logarithmic Schrédinger—invariance‘ HossmINY & ROUHANT 10




6. Numerical experiments

(A) Kardar-Parisi-Zhang (KPZ)
(B) critical directed percolation (DP)

simple ageing of the correlators and responses, especially

) = o (0) Ao = 5 ()

fe(y) ~ yie/z , frly) ~ yR/Z y>1

values of the non-equilibrium exponents & scaling relations

KPZinlD:Ac=Ag=11+a=b+2 b=-28=-3 2z=3
DP : Ac=Ag=dtz+ i lra=b=2

‘what can be said on the form of the scaling function of the auto—response?‘

explore applicability of logarithmic ageing-invariance



(A) assumption : R(t,s) = <¢(t)1;(s)> 1D KPZ equation/RSOS model

good collapse = no logarithmic corrections =
no logarithmic factors for y > 1 =

= only £ =1 remains

—1-a'
fr(y) =y */7 <1—i) [ho—go|n <1—i> —%foln2 <1—}1/ﬂ

use specific values of 1D KPZ class 28 — 2 =1
find integrated autoresponse x(t,s) fo du R(t,u) = s'/3£,(t/s)

fly) = y1/3{A0 1(1i)]
() ey e ()]

with free parameters Ag, A1, A and &




\

J 1 non-log LsI with a = &’ :
e 1 . .
S/ 1 deviations ~ 20%

i 1 non-log LSI with a # 4’ :
/ s=20000 3 works up to &~ 5%

xts)s "1 -1-1)7)
[
=)
|
|

(o]
: \
i \
: \
|
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v s
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1 log Lst1 : works better

L 4 v than & 0.1%
107 10 10 10

R a Ao Ay Ao
(¢p¢) — LSI —0.500 0.662 0 0

(¢1Z) — L'LSI | —0.500 0.663 —6-10"* 0

<¢1Z) — L2LSI | —0.8206 0.7187  0.2424  —0.09087

logarithmic LSI works at least down to y ~ 1.01, with
a — a~ —0.4873 (can we make a conjecture?)



(B) assumption : R(t,s) = <¢(r)&(s)>

s1'+n R(I,S) (I/.!') 1.792197 (I_M)USIEDZH

1D critical contact process

good collapse = no logarithmic corrections =

(1 - )1/> [hO — g1208 In(1 = 1/y) — ga1,0¢ In(y — 1)

1
2

0.4

s=4
s=64
s=512
s=65536
LSI1
LSIloga

t/s-1

JEE2E(L=1/y) + 362y — 1)

find empirically :

very small amplitude of
In-terms

=|fo=0

require both & # 0, 5’ #0

BUT : logarithmic factor for y > 1

logar. 1.ST works at least down to y ~ 1.002, with a’ — a ~ —0.002.



7. Conclusions

@ physical ageing occurs naturally in many systems
relaxing towards non-equilibrium stationary states
considered here : absorbing phase transitions & surface growth

@ scaling phenomenology essentially the same as in simple
magnetic systems

@ but finer differences in relationships between non-equilibrium
exponents

@ a major difference w/ equilibrium : intrinsic absence of
time-translation-invariance = 2 scaling dimensions

@ shape of scaling functions :
logarithmic local scale-invariance ?
non-logarithmic LSI is quantitatively insufficient for examples studied
performed numerical experiments on auto-response function :
(i) 1D KPZ equation (ii) 1D critical directed percolation
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