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Motivations to study phase transitions on complex networks

® Academic interest. Unusual features of the Ising (Leone
et al.’02, Dorogovtsev et al.’02, Tadi¢ et al.’05 ), XY

(Kwak et al.’07), Potts (Igl6éi, Turban’'02) models

® Social networks as models for opinion formation
(Galam'99 - '09, Sznajd'00, Sznajd-Weron'05, Staufer,

Solomon’07, Kulakowski'08)

® Integrated nanosystems with nontrivial architecture

(Moriarty’'01, Wang et al.’03, Archer et al.’07)




Complex network — more complex, than a random graph
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e A, B: typical scale (k);

e C: scale-free;
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o A, B: typical scale (k); Mm = X722 o k™MP(k) < oo.

e C: scale-free; moments with m > A — 1 diverge.

e C: social, protein reaction, sexual partners, computer, etc.



Coupled order parameters on a scale-free network

Anisotropic free energy:
®(Z,T) = ©o(@) + LT — To)|7)? + 512 + S273

describes different types of ordering with coupled order
parameters x1, o, ¥ = {x1,z2} (Watanabe’'85, Imry'75).

Our task: to generalize coupled order parameters model(s)
for the case of a scale-free network using:

e phenomenological (Landau) approach;

e microscopic (Ising) approach.



Microscopic (mean field) approach
The spin Hamiltonian
H=-) 5-S;—h>_ 5.
(4,4)
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The mean-field approach:
e [ he mean value og; of the k; spins surrounding the i-th node

1
o; .— ]{_ Z Sj =0
¢ (,9)
e Terms of order (AS)? are neglected, AS; = S; — o

The Helmholtz free energy per site:

kmax
F(o,T) = Y P(k) [—T In(2r) + %kUQ _ TinIg(ko/T)] .
k=1

Io(z): modified Besselfunction of the first kind; (asymptotics):
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Phenomenology: Landau theory
Gibbs potential: d®(T,h) = —SdT — Mdh.
Landau free energy (>K>To 7 (1937) 19):

(T, h, M) = do(T)+L L1 N 24 b4 —h.

b (T, M)

Eé%éLlagng;U Minimum of &: air TR = 0.

(0, T>T. h=0, ’1(T T.) 1,
M = { (h/b)1/3, T =T, X = b1/3h 2/3,

T -T)Y2, T <T., h=0. Y1t




Assumptions of Landau theory on networks

e [ he free energy depends of the node degree distribution
(Goltsev et al.’03)
kma,a:
(2, T) = /1 dkP(k) f(Z, kZ).

o f(Z, k¥) is an analytic function
2

F(Z,kT) = fo+ z a; k' 7| + z bk Z)* + Z k' > ah ..

p=1

e The free energy is finite for finite (k),

z|

(3 k3) ~ k[F, k|7 — oo



Landau free energy

A>D5

P(F,T) = Po+ (T~ T|a + =1



Landau free energy
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Landau free energy

A>5
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Landau free energy
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Landau free energy
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Landau free energy minimum
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Phase diagram

Two types of ordering: [1,0] and [1,1]
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Isothermal suscepibility

Susceptibility tensor:

Xp,v — (axu/ahv)T — 5MVX|| + (1 — 5MV)XL7 u,v=12.

Critical exponents, A\ > 3:
T>T.: x=x1~T-T)" =1

T < X|| ~ (T—Tc)_l, lim x| — oo.

c—0

Amplitude ratios:

A>5: [y/l_=2; 3<A<5: I[4/IT_=X-3



Behaviour in the vicinity of 1.:
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Logarithmic corrections

At 'upper critical’ value A = 5 the scaling behaviour reads:

h=0: r=20:
M ~ 8in7|? M ~ RY9inhp,
x ~ 7 7 In7|, X ~ h7|Inh|,
Cp ~ 7% InT|% Cp, ~ h™%|In h|%.

Logarithmic correction-to-scaling exponents are found:

& B 1Al & |ae| e
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Logarithmic correction-to-scaling exponents obey the fol-

lowing relations:

Recall:

Compare
with:
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Conclusions
A general theory, not restricted by specific properties of any model.

Critical behaviour is governed by:
— structure of a network;

— symmetry of the OP.
Types of ordering (phases): [1,1], [1,0], [0,1], [O,0].

Role of the high-degree vertices (hubs):
— Rapid decay (A > 5): usual Landau theory;

— "Upper critical dimension" A = 5: logarithmic corrections (scaling relations
hold);

— 3 < A < 5: non-trivial A-dependence of the exponents and amplitude ratios;

— 2< A< 3T, = o0.



