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Agenda:

◮ Dimerized Heisenberg Models

◮ Quantum Phase Transitions (Phenomenology)

◮ QMC: Critical Exponents

◮ QMC: Thermodynamics at Criticality



Dimerized quantum magnets: Ingredients

◮ take a bunch of (molecules with) spins S

◮ lattice + interaction H = J
∑

〈i ,j〉 SiSj + T = 0K

◮ add deformation / perturbation / modulation α

The cuprates, magnetism, ...
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Dimerized quantum magnets: Ingredients

◮ take a bunch of (molecules with) spins S

◮ interaction H = J
∑

〈i ,j〉 SiSj + α
∑

〈i ,j〉′ SiSj

◮ add deformation / perturbation / modulation α

J

α

The cuprates, magnetism, ...



Driving a Phase Transition: Quantum Melting

QCP α = J ′/J

finite staggered magnetization
no excitation gap
O(3) symmetry broken

gas of singlets
finite excitation gap ∆
no symmetry broken



Characterizing the Phase Transition

m

m ∼ (α − αc)
β

m(αc) ∼ L−β/ν

αc α = J ′/J

L



Objectives:

m

m ∼ (α − αc)
β

m(αc) ∼ L−β/ν

αc α = J ′/J

L

GOAL :
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Universality?
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=> Predictions (from key principles):

◮ universality: all magnets have same β, ν

◮ in fact: β = 0.369, ν = 0.711 (3D O(3)
universality class)



Criticality: Field theoretic predictions and the NLSM

express magnetic order in terms of a field n̂(r)

Action of field theory

Sn =
1

2g
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dτ

Z
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#

(NLSM)

+ iSB Berry phase terms

La2CuO4

Haldane (1983), Chakravarty et al.(1989), Chubukov et al.(1993), ...

NLSM is in 3D O(3) universality class!
d-dimensional quantum system → d + 1 - dim class. system

z = 1
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What has been done?

Model crit. J ′/J, exponent ν who, method

0.939(1), ν = 0.695(30)
Troyer et al.

1997; QMC

2.5220(1), ν = 0.7106(9)
Wang et al.

2006; QMC

1.909(1), ν = 0.71(3)
Matsumoto et al.

2001; QMC

≈ 2.56(7), ν?
R. Singh et al.

1988; Series Exp.

≈ 1.82(1), ν?
A. Läuchli et al.

2002; (QMC)
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0.939(1), ν = 0.695(30)
Troyer et al.

1997; QMC

2.5220(1), ν = 0.7106(9)
Wang et al.

2006; QMC

1.909(1), ν = 0.71(3)
Matsumoto et al.

2001; QMC

≈ 2.56(7), ν?
R. Singh et al.

1988; Series Exp.

≈ 1.82(1), ν?
A. Läuchli et al.

2002; (QMC)

=> Generally Accepted:

Transition is indeed in 3D O(3) universality class! ??



Computer Experiments: Expectations vs Reality

◮ perform quantum Monte Carlo investigations

◮ scan couplings, measure stagg. magnetization

mz
s =

1

N

∑

j

(−1)x+ySz
j

◮ access ground state (β large enough)

β

m
z s
/L

Q
2

10010
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2.15



Computer Experiments: Expectations vs Reality

◮ perform quantum Monte Carlo investigations

◮ scan couplings, measure stagg. magnetization

mz
s =

1

N

∑

j

(−1)x+ySz
j

◮ access ground state (β large enough)

m

m ∼ (α − αc)
β

m(αc) ∼ L−β/ν

αc α = J ′/J

L

L = 12
L = 8

α

m
z s

4.003.503.002.502.001.501.00

0.22

0.20

0.18

0.16

0.14

0.12

0.10

0.08

0.06



The critical coupling from the Binder parameter Q2

◮ to obtain the critical coupling, best to use Binder parameter

Q2 =
〈(mz

s )
4〉

〈(mz
s )

2〉2

should cross at the critical point (for different lattice sizes)

α

Q
2

2.542.532.522.512.50

2.50

2.45

2.40

2.35

2.30



The critical coupling from the correlation length ξy/L

◮ similar for correlation length

ξy =
Ly

2π

s

S(π, π)

S(π, π + 2π/Ly )
− 1

◮ here from L=8 to L=96 (ca 9216 quantum spins)

α

ξ y
/L

2.542.532.522.512.50

0.56

0.52

0.48

0.44

0.40

0.36

0.32



Bracketing the critical coupling

take intersection points for curves from L and 2L

Q2

Q1

ξy

ρs

1/L

α

0.120.100.080.060.040.02

2.56

2.54

2.52

2.50

2.48

2.46

fit αc(L, 2L) = αc + cL−1/v−ω αc = 2.5198(3)



Results for plaquette model

Binder parameter:

α

Q
2

1.861.851.841.831.821.811.801.79

2.45

2.40

2.35

2.30

2.25

2.20

2.15

spin stiffness: 32

α

ρ
s
L

1.861.851.841.831.821.811.801.79

1.8

1.6

1.4

1.2

1.0

0.8

Scaling of crossing points:

Q2

Q1

ρs

ξ

1/L

α

0.120.100.080.060.040.02

1.84

1.82

1.80

1.78

1.76

1.74

Estimate for the critical coupling:
αc = 1.8229(3)



Finite-size scaling: Data collapsing

Scaling assumption:

AL = Lλ/ν(1 + cL−ω)fA

(

|t|L1/ν
)

staggered model

α

ξ y
/L

2.542.532.522.512.50

0.56

0.52

0.48

0.44

0.40

0.36

0.32

plaquette model 32

α

ρ
s
L

1.861.851.841.831.821.811.801.79

1.8

1.6

1.4

1.2

1.0

0.8



Finite-size scaling: Data collapsing

Scaling assumption:

AL = Lλ/ν(1 + cL−ω)fA

(

|t|L1/ν
)

staggered model

(1/2)ρsL/(1 + cL−ω)

ξy/L(1 + cL−ω)

(α/αc − 1)L1/ν + dL−φ/ν
1.51.00.50.0−0.5−1.0−1.5

1.2

1.1

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

ν = 0.689(5)

plaquette model

ρsL/(1 + cL−ω)

ξ/L(1 + cL−ω)

(α/αc − 1)L1/ν + dL−φ
2.01.51.00.50.0−0.5−1.0−1.5−2.0−2.5

2.0

1.8

1.6

1.4

1.2

1.0

0.8

0.6

0.4

ν = 0.714(5)

Is there a difference?



Magnetization at criticality: exponent β/ν

|mz
s | ∼ L−β/ν

pl
ladder
bilayer

β/ν = 0.515(4)

ln(L)

ln
(〈
|m

z s
|〉)

4.54.03.53.02.52.0

−1.8

−2.0

−2.2

−2.4

−2.6

−2.8

−3.0

−3.2

O(3):

β/ν = 0.5188(3) Campostrini, Rossi, Vicari, Hasenbusch, Pelisseto (2002)



Magnetization at criticality: exponent β/ν

|mz
s | ∼ L−β/ν

jjp
pl

ladder
bilayer

β/ν = 0.515(4)

β/ν = 0.545(4)

ln(L)

ln
(〈
|m

z s
|〉)

4.54.03.53.02.52.0

−1.8

−2.0

−2.2

−2.4

−2.6

−2.8

−3.0

−3.2

O(3):

β/ν = 0.5188(3) Campostrini, Rossi, Vicari, Hasenbusch, Pelisseto (2002)



Scaling at criticality: exponent ν

sξ =
∂

∂α
(ξ/L) ↾αc

∼ L1/ν

plladderjjpν = 0.709(6)

ν = 0.689(5)

ln(L)

ln
(s

ξ
)

4.54.03.53.02.5

3.5

3.0

2.5

2.0

1.5

1.0

0.5

O(3): ν = 0.7112(5) Campostrini et al.(2002)



The critical Binder parameter

1/L

Q
2
(α

c)
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Q2 =
〈(mz

s )
4〉

〈(mz
s )

2〉2

◮ (a) plaquette

◮ (b) ladder

◮ (c) bilayer

◮ (d) inc. bilayer

◮ (e) classical O(3) model in 3D

◮ (f) the staggered model
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Experimentally detectable?: Thermodynamics of χu

r

T

rc
0

thermally
disordered

quantum
disordered

quantum critical

ordered (at T = 0)

QCP

a)
non-universal

M. Vojta (2003)

NLSM prediction for χu at critical point:

χu = d〈Mz〉/dH = ΩT

=

√
5

πc2
ln

(√
5 + 1

2

)

(

8π

15
ρs + 0.7937T

)

Chubukov, Sachdev, Yeh (1993)



Experimentally detectable?: Thermodynamics of χu

NLSM prediction for χu at critical point:

χu = d〈Mz〉/dH = ΩT

staggered L = 256
ladder L = 256

T

χ
u

1.201.000.800.600.400.200.00

0.10

0.08

0.06

0.04

0.02

0.00

bilayer L = 192
staggered L = 256

T

χ
u

0.250.200.150.100.050.00

0.020

0.015

0.010

0.005



Experimentally detectable?: Thermodynamics of χu

NLSM prediction for χu at critical point:

χu = d〈Mz〉/dH = ΩT

take L = 128, 256
assume χu ∼ Tκ

model κ

bilayer 0.99(2)
plaquette 0.98(2)
staggered 0.89(2)

as κ = d/z − 1
⇒ z ≈ 1.05

bilayer
staggered

plaq

log(T/J)

lo
g
(χ

u
)

−0.50−1.50−2.50−3.50

−2.50

−3.50

−4.50

−5.50

−6.50



Summary: Overview

Model crit. J ′/J, exponent ν who, method

0.939(1), ν = 0.695(30)
Troyer et al.

1997; QMC

2.5220(1), ν = 0.7106(9)
Wang et al.

2006; QMC

1.9096(2), ν = 0.708(4) here

2.5196(2), ν = 0.690(5) here

1.8230(2), ν = 0.709(4) here



Summary: What you should take home

◮ are completely different quantum magnets (different critical
exponents, thermodynamic behaviour).

◮ effects not captured by NLSM

◮ universality is violated due to suble quantum effects.

◮ conjecture: geometry of the staggered model leads to resonating
interference of topological terms (iStop) in the action that
change criticality.



Outlook

◮ field theoretical analysis (started)

◮ other quantities (dynamical correlation functions ?)

◮ extend to S = 1 and S = 3/2.

◮ experimental investigation of these systems ( ?? )

◮ honeycomb and herringbone model (partly finished)
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A critical vacancy
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A critical vacancy

S

Sachdev, Buroghain, Vojta, Science 286, 2479 (1999):

consider one vacancy (×) in quantum critical
system:

◮ χ− = χ0 + χimp

χimp =
C ⋆

T
(1 + . . . )

C ⋆ =
1

4
(1 + (33ǫ/40)1/2 + . . . )

◮ C ⋆ universal within universality class

so far 2 QMC studies for dimerized models:

◮ Troyer (2004): C ⋆ = 1/4 (no visible quantum effect)

◮ Höglund, Sandvik, PRL (2007): C ⋆ = 0.262(2)



A critical vacancy: Preliminary QMC results

herringbone
staggered

ladder
plaq

T

T
χ

z im
p

0.400.350.300.250.200.150.100.050.00

0.26

0.24

0.22

0.20

0.18

0.16

0.14

0.12

◮ simulations VERY demanding (as χimp = χ− − χ0)

◮ can argue pro anomalous C ⋆ > 0.25

◮ staggered model again different, asymptotic T → 0 difficult



Deconfined Excitations?

1. Senthil et al. (2004): Deconfined Quantum Criticality in 2D where
Berry phases play decisive role.

2. Yoshioka et al. (2004): argued in favour of deconfinement in
staggered model based on CP1 + U(1) (but: questioned by Senthil
et al.)


