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Plan of Talk

• Some general background

• Statistical mechanics

• Some puzzles - black holes et.al.



Closeness of distributions

p(x|θ)
p(x|θ)• Given a distribution: 

• And a sample:

• Estimate a parameter:

• Use log likelihood:

x1, . . . , xn

θ

lnL(θ) =
n∑

i=1

ln p(xi|θ)



Closeness of distributions II

• Derivative is score: 

• Variance is:

U(θ) =
d lnL(θ)

dθ

Var[U(θ)] = E

[

−d2 lnL(θ)

dθ2

]



Closeness of distributions III

lnL(θ + δθ) − lnL(θ) = δθ
d lnL(θ)

dθ
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Fisher information

Gij(θ) = −E

[

∂2 ln p(x|θ)

∂θi∂θj

]

= −

∫

p(x|θ)
∂2 ln p(x|θ)

∂θi∂θj

dx



An example: Gaussian 

p(x|θ) =
1√

2πσ2
exp

(
−(x− µ)2

2σ2

)

Gij =
1
σ2

(
1 0
0 2

)

R = −1



Statistical Mechanics

p(x|θ) = exp(−θ1H1 − θ2H2 − lnZ)

Gij = ∂i∂j lnZ

R = − 1
2G2
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Statistical Mechanics: ideal gas

p(H,V |α,β) =
exp(−βH − αV )

Z(α,β)

Z(α,β) =
(

2πm

h2β

)3N/2

α−(N+1)

Gij =
(

α−2 0
0 3

2β−2

)

R = 0



Statistical Mechanics:vdW
(

P + a
N2

V 2

)
(V − bN) = NkBT

D(α,β) =
2αβ

v̄3
− 1

(v̄ − b)2

R =
4

3D2

(
αβ
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Statistical Mechanics:vdW

Maxwell’s curve

Spinodal curve

Unphysical
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Examples

RIsing = 1 +
cosh h

√

sinh
2
h + e−4β

1D  Ising (and Potts)

Ising + 2D gravity

R = −
1

2G2
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1D Ising curvature
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What’s so special about f ?

Nothing - we can Legendre transform

Gij = −∂i∂jS

Gij = ∂i∂jE

Ruppeiner

Weinhold



Black hole stat mech

Consistent results except for black holes

dM = TdS + ΩHdJ + φdQ

M =

[
πJ2

S
+

S

4π

(
1 +

πQ2

S

)2
]1/2

Kerr-Newman 4d



Inconsistent curvatures

J = 0 Reissner-Nordstrom

Q = 0 Kerr

Different results from different 
thermodynamic potential



Inconsistent curvatures
Kerr Higher d

M =
d− 2

4
S

d−3
d−2

(
1 +

4J2

S2

) 1
d−2

Weinhold metric is flat

R = − 1
S

1− 12d−5
d−3

J2

S2(
1− 4d−5

d−3
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) (
1 + 4d−5

d−3
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)

Ruppeiner ain’t



Quevedo’s suggestion

G = (dΦ− δabI
adEb)2 + (δabE

aIb)(δcddEcdId)

{Φ, Ea, Ia}→{ Φ̃, Ẽa, Ĩa}

Φ = Φ̃− δklẼ
k Ĩ l Ei = −Ĩi Ej = Ẽj

Ii = Ẽi Ij = Ĩj



Quevedo’s suggestion

RRN = − 8π2Q2S2(πQ2 − 3S)
(πQ2 + S)3(πQ2 − S)2

S = πQ2 M = Q extremal

S =
πQ2

3
M =

2Q√
3

flat



Conclusions
• Information geometry can be applied to 

stat mech

• Critical behaviour (and scaling) accessible 
from curvature

• Black hole thermodynamics puzzling

• Legendre invariance?


